Linear Algebra and its Applications 513 (2017) 201-209

Contents lists available at ScienceDirect

ELCHIS

Linear Algebra and its Applications Applications

www.elsevier.com/locate/laa

On the Thara zeta function and resistance @ CoseMark
distance-based indices

Marius Somodi

Department of Mathematics, University of Northern Iowa, Cedar Falls, IA 50614,
USA

ARTICLE INFO ABSTRACT

Article history: We show that the Ihara zeta function of a graph determines
Received 18 August 2016 a resistance distance-based invariant which is a linear combi-
Accepted 26 September 2016 nation of the Kirchhoff index, additive degree-Kirchhoff index,

Available online 29 September 2016

Submitted by R. Brualdi and multiplicative degree-Kirchhoff index.

© 2016 Elsevier Inc. All rights reserved.

MSC:
05C50
05C12
05C07

Keywords:

Thara zeta function
Resistance distance
Kirchhoff index

1. Introduction

Let G be a graph of order n and size m. G may have parallel edges and/or loops. The
Thara zeta function of G is a function of complex argument defined, for |u| sufficiently
small, by

Zo(w) = [J(1 - w D)1,
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where [C] runs over all the prime cycles of G and v([C]) denotes the length of [C]. We
refer the reader to [25] for an in-depth treatment of zeta functions of graphs.

Bass [1] showed that the Thara zeta function satisfies the following determinant for-
mula:

Zg(u) ™t = (1 —u?)"™ " "det(I, — uA +u?*(D - 1,,))

where A and D are the adjacency and degree matrices of G, respectively.

The zeta function of a connected graph G that is md2 (i.e. it has no pendant vertices)
encodes several invariants of the graph, including its order, size, number of loops, girth,
and complexity (the number of spanning trees). In addition, Zg determines whether G
is regular, bipartite, or a circuit graph and, for particular classes of graphs, determines
the graph’s adjacency spectrum [8,9,14,23].

Motivated by the theory of electrical networks, Klein and Randic [16] introduced a
distance function on a simple connected graph G, subsequently called the resistance
distance: the resistance distance between a pair of vertices v; and v; of G is the effective
resistance 7;; between v; and v;, when G is regarded as an electrical network with unit
resistors placed on each edge.

Using the resistance distance metric, a graph invariant called the Kirchhoff index was
defined [5,16] as

1<i<j<n

More recently, two other resistance distance-based graph invariants were put forward:
the additive degree-Kirchhoff index [12], defined as

Kft= Z (di +dj)rsj

1<i<j<n

and the multiplicative degree-Kirchhoff index [6], defined as

Kf* = Z dl-djrij

1<i<j<n

where d; and d; are the degrees of the vertices v; and v;.

A small sample of recent articles about the three invariants is [3,4,7,10,15,17,20-22,
26,27).

If Spec;(G) = {1 = 0,u2,...,un} and Specy(G) = {v1 = 0,v9,...,v,} are the
Laplacian and normalized Laplacian spectra of G, respectively, then [6,13]

Kf:nZ% (1)
i=2
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and

n

Kf*:ZmZ%. (2)

i=2 "t

The additive degree-Kirchhoff index can be determined using a probabilistic approach
(see [19,20] for details): define a random walk on a simple connected graph G of order n,
size m, and degree sequence dy,ds, ..., d,, as the n-state Markov chain with transition

matrix P = (p;;), where p;; = R if vertices v; and v; are neighbors, and 0 otherwise.
i

d:

The stationary distribution © = (7;)1<;<y of the chain is given by m; = 2—7 Let W be
== m

the n x n matrix whose rows are all equal to 7. If T denotes the hitting time of vertex

v; and E;Tj is the expected value of T when the walk starts at vertex v; then, as shown

in [20],

Kft = ZZWjEiTj + ZZmEiTj- (3)

i=1 j#i j=1 i#j

P
It is known that E;T; = 22— where z;; are the entries of the fundamental matrix

Tj
Z=(,-P+W) L
A natural question is whether the Thara zeta function determines any of these Kirch-
hoffian indices. While, for arbitrary graphs, the answer is no, in this note we show that
the Thara zeta function of an md2 graph encodes a resistance distance-based invariant
defined as

Z (dz - 2)(dj - 2)’/‘1']'.

1<i<j<n

2. Main results

For the rest of the note, G is a connected md2 graph that may have parallel edges
and/or loops. If we order the vertices vy, ...,v, of G, then the adjacency matrix of G
is an n x n matrix A = (a;;), where a;; = the number of edges between v; and v;, if
i # 7, and a;; = twice the number of loops at vertex v;. The degree matrix of G is the
diagonal matrix D = diag(dy, ..., d, ), where d; = the number of first neighbors of vertex
v; plus twice the number of loops at vertex v;. The Laplacian matrix of GG is the matrix
L=D-A.

The resistance distance in a simple connected graph can be expressed in terms of the
minors of its Laplacian matrix [2]: if 4 # j then

det L)

i = (4)
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where L) is the matrix obtained from L by deleting its ith and jth rows and columns
and 7 denotes the complexity of G; if i = j then r; = 0. We use (4) to define the
resistance distance in connected graphs with parallel edges and/or loops. This allows us
to extend the definitions of the three Kirchhoffian indices to such graphs.

In addition, we define (for md2 graphs)

Kf*= > (di—2)(d; —2)ri;.

1<i<j<n

Note that, if G is r-regular, then K f* = (r —2)2K f. In general, for arbitrary connected
graphs,

Kff=Kf*—2KfT +4Kf.
If G has one or more loops at each vertex, then K f*(G) = K f*(G'), where G’ is the
graph obtained from G by deleting one loop from each vertex.

Northshield [18] showed that, for a graph G of order n, size m, adjacency matrix A,
and degree matrix D, if f(u) = det(I,, — uA + u?(D —I,,)) then

In light of Northshield’s result, it is natural to ask if the second derivative of f encodes
any important information about the graph.

Theorem 2.1. Let G be an md2 graph of order n, size m, complexity T, with adjacency
matriz A and degree matriz D. If f(u) = det(I, — uA +u?(D —1,,)) then

(1) = 2(K f* 4 2mn — 2n* + n)T.
Proof. We proceed like in [18]. Let
f(u) = det(I, — uA +u*(D —1,,)) = det((1 — v*)I,, + uL + (u* — u)D)
where L = ({;;) is the Laplacian matrix of G and
M(u) = (1 — )L, + uL + (u? — u)D.

For 1 < p < n, let M,(u) be the matrix obtained by differentiating the pth row of
M(u). Then

det(M(w))' = det(M,(u)).
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Note that the entry (4,7) of M, (u) is

mypij = (1 —ud; +u(d; — 1))8;5 + uly; +
+1((3d; — 2)u — (d; — D)u? — d; — 1)8;5 + (1 — u)lij]6sp

where d;; denotes the Kronecker symbol.

For 1 < p # g < n, let Mp,(u) be the matrix obtained by differentiating the pth
and gth rows of M(u). In addition, let M,,(u) be the matrix obtained by differentiating
twice the pth row of M(u). Then

Fr(1) =) det(Myp(1) +2 Y det(Myg(1)). (5)
p=1

1<p<g<n

Since the non-diagonal entries on the pth row of M (u) are linear in u, then the pth row
of M,,,(1) has all the entries equal to 0 except for the diagonal entry, which is 2(d, — 1).
It follows that

det(M,,,(1)) = 2(d, — 1) det L,

where L) is the matrix obtained from L by deleting its pth row and column. By the
matrix-tree theorem, det L(?) = 7. Therefore

> det(My, (1)) = (4m — 2n)7, (6)

Now let 1 < p < g < n. Then
Mpq(l) =L+ (dp - Q)Sp + (dq - Q)Sq’
where S, = (s;5), with s;; = 6;;0;. Note that

det(L + (dp, — 2)S,, + (dg — 2)S,) =
= det(L + (d; — 2)S,) + (dp — 2) det (L) + (d, — 2)S{)) (7)

where SE}’ ) is the matrix obtained from S, by deleting its pth row and column.
Using the matrix-tree theorem,

det(L + (dy — 2)S,) = det L + (d, — 2) det LY = (d, — 2)7
and

det(L® + (dg — 2)SP)) = det L™ + (dy — 2) det L®? = 7 + (dy — 2) det L®%.



206 M. Somodi / Linear Algebra and its Applications 513 (2017) 201-209

Therefore, according to (7)

det(L + (d, — 2)S, + (d, — 2)S,) =
= (dp + dy — 4)7 + (dp — 2)(d, — 2) det LPD

which, by (4), can be expressed as
(dp +dg —4)7 + (dp — 2)(dg — 2)rpeT.

It follows that

Z det(Mpy(1)) = Z (dp +dg —4)7 + Z (dp —2)(dg — 2)rpgT =

1<p<g<n 1<p<g<n 1<p<q<n

=[(2m —2n)(n — 1) + K f?]7.
The desired equality follows from (5), (6), and (8). O
The corollary from [18] shows that

lim Zg(u) '(1 —w)" "t = —2m7 " (i — )T
u—1-

Corollary 2.2.

lim Zg(u)7H(1 —w)n=m=t yomentl(;m —p)r _
u—1- 1—u

=2"""(Kf* 4+ m? —n® 4 n)r.

Proof. Note that

n—-m-—2 __ (1 + u)minf(u)
(1 —u)?

Za(u) T (1 —w)" T = (1 - )" T f(u)(1 - ) =

SO

m—n+1 _
lim [Ze(u)~1(1 — )2 4 2 (m = n)r

] =

u—1- 1—u
(At w)mf(w) 2 (m— )T,
_ulinllf[ (1 —u)? + 1—u I=
w4 27 (- (1 - w)
u—1- (]. — u)2 '

Since f(1) = detL = 0, the previous limit equals

lim

(m = n)(1+ ™" () + (14 W)™ () = 27 (= )7

u—1- 72(1 77.1,)

(8)



M. Somodi / Linear Algebra and its Applications 513 (2017) 201-209 207

Using the Theorem from [18], /(1) = 2(m — n)7 so the previous limit equals

Sllm — )2 (1) 4 27 ()] = 27 2 — )P+ ()] =
=2"""[Kf 4+ m? —n®+njr. O

Since the Thara zeta function of an md2 connected graph encodes the graph’s order,
size, and complexity, it follows that the Thara zeta function also determines the graph’s
K f# invariant.

The question arises whether the Ihara zeta function of an arbitrary connected md2
graph determines K f, Kf¥, or K f*. The answer to this question is no. Durfee and
Martin found two simple connected md2 graphs (“the crab” and “the squid”) that have
the same Thara zeta function but different degree sequences (see Example 2.2 from [11]).
We calculated the Thara zeta functions of the two graphs (all computations summarized
in this note were done using Sage) and found

Z(u)~t = (48u!® + 72u" — 8u'? + 64u't — 12! + 41u° — 8u® + 22u” — 5ub + 10u° —
—2u* +5u — 2u® — 1) (u? +u+1)2(u? —u+1)(u? +1)(u® — 1) u—1).

We also determined the Laplacian and normalized Laplacian characteristic polynomials
of the crab and the squid graphs and, by (1) and (2), calculated the Kirchhoff and
multiplicative degree-Kirchhoff indices of each graph using Viete’s relations. In addition,
we determined the fundamental matrix Z and calculated the additive degree-Kirchhoff
index of each graph using (3). The results are summarized below:

607 9166 22,843
h:Kf=—, Kft="r Kf==
Crab graph: Kf = =, Kf*=—2, Kf ==
593 8956 22,339
i h:Kf=—, Kft=—+, Kf==
Squid grap f=— Kf T f 12
Combining the three Kirchhoffian indices (or using the Thara zeta function), we find that
249
both the crab and the squid have K f* = 1

Corollary 2.3. Let G and H be connected md2 graphs that have one or more loops at each
verter and G' and H' be the graphs obtained from G and H by deleting one loop from
each vertex. If Zg = Zg then K f*(G') = K f*(H').

Czarneski found a pair of non-isomorphic graphs, with loops at each vertex, that have
the same Ihara zeta function [9, Figure 2.3]:

Z(u)™t = (240u° — 232u* + 139u® — 51u? + 13u — 1)(u — 1)(1 — u?)°.

These graphs have K f? = 43, so the graphs obtained from them by deleting one loop
from each vertex have the same multiplicative degree-Kirchhoff index (K f* = 43).
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Let S(G) be the subdivision graph of a simple graph G, i.e. the graph obtained
from G by adding one vertex to each edge. Yang and Klein [26] expressed the three
Kirchhoffian indices of S(G) in terms of the three Kirchhoffian indices of G. Using their
results (Theorems 2.3, 2.4, and 2.5), we get

Kf(5(G)) = 2Kf%(G) (9)
and
Kf(S(GQ)) = %KfZ(G)—l—QKf*(G)—i-%(mQ —n®+n). (10)
The equality from display (10) leads to:

Remark 2.4. Let G and H be simple connected md2 graphs that have the same order,
size, and K f#(G) = K f#(H) (all these conditions are satisfied if G and H have the same
Thara zeta function). Then K f*(G) = Kf*(H) if and only if Kf(S(G)) = Kf(S(H)).

We recall that Setyadi and Storm [24] enumerated (up to an isomorphism) all the
simple connected md2 graphs on up to 11 vertices and calculated their Ihara zeta func-
tions. They found a unique pair of non-isomorphic md2 graphs of order 8 that have the
same Thara zeta function (see Figure 2 from [24]):

Z(u)™t = (144ut 4 240 +1720° 4+ 98u™ — 9u® + 45u° — 3u? + 120 — 3u? +u — 1) x
x (3u? +u+1)(2u? +u+1)(1 —u?)%(u —1).

Using Sage, we found that their graphs have the same additive degree-Kirchhoff index.

Therefore, by the previous remark, their subdivision graphs (which have order 22) have

the same Kirchhoff index and, from (9), the same K f# invariant. The Kirchhoffian indices

of Setyadi and Storm’s graphs are:

Kf(G)=19.70, Kf*(G)=2204, KfH(G)=1326, Kf*(G)=34
Kf(H)=19.75, Kf*(H)=2202, Kf*(H)=1326, Kf*(H)=34
(all the values are exact). We also note that S(G) and S(H) have different additive
degree-Kirchhoff indices and different multiplicative degree-Kirchhoff indices. This fol-

lows from Theorems 2.4 and 2.5 [26], as G and H have the same additive degree-Kirchhoff
index but different multiplicative degree-Kirchhoff indices.
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