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Abstract— The paper gives an approach to decentralized
Model Reference Adaptive Control (MRAC) design for nonlinear
dynamical systems and illustrates the method with an application
to cancer treatment. The nonlinear mathematical model of the
cancer dynamics is described by a set of differential equations
each of which defines the variation of different cell numbers. The
model also includes the treatment effects which are specifically
defined by immune, vaccine and chemotherapy. The proposed
MRAC design methodology is based upon a stable nonlinear
reference model which is produced by a state feedback controller
using the so called State Dependent Riccati Equation (SDRE)
techniques. The plant dynamics is nonlinear by nature and an
adaptation methodology is designed such that response of the
nonlinear reference model is followed. The adaptation is
performed on a state dependent basis mainly using the
adaptation mechanism designed for multi input multi output
(MIMO) linear time invariant (LTI) systems. The proposed
technique is illustrated to develop mixed immunotherapy,
chemotherapy and vaccine therapy drug administration for
cancer treatment using a tumor growth mathematical model.
Simulation results show the effectiveness of the SDRE based
MRAC for MIMO nonlinear systems.

Keywords— Nonlinear Systems, State Dependent Riccati
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1. INTRODUCTION

Adaptive control methodologies are widely used to control
dynamical systems and processes. The recent efforts on the
adaptive control theory are focused on developing adaptation
mechanisms to improve the behavior or performance of
physical systems by collecting and exploiting knowledge about
the system’s function. Within this context, Model Reference
Adaptive Control (MRAC) plays an important role in the
adaptive controller design schemes. One of the most important
advantages of MRAC system is its high-speed of adaptation.
The characteristics of high-speed of adaptation of MRAC are
valuable for the design of adaptive control of nonlinear
systems. It is well-known that the nonlinear systems are more
complex and need more calculation than linear systems in the
MRAC design. A MRAC of a nonlinear system can be
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demonstrated via a nonlinear transformation as an equivalent
feedback system which is a linear time invariant system.

State Dependent Riccati Equation (SDRE) has been an
emerging technique for stabilization of nonlinear systems.
Although there are a number of other methods for stabilization
of nonlinear systems, the SDRE based control strategy is one
of the few successful approaches that have important
properties, such as applicability to a large class of nonlinear
systems, systematic formulation and allowing the control
designer to make tradeoff between control effort and state
errors. Autopilot design [1], MRAC design for nonlinear
systems [5], satellite and spacecraft control [2], control of
pendulum on a cart [6], control of aero elastic systems [3] and
optimal administration of drug in Cancer treatment [4] are
some of the applications of SDRE techniques in recent years.

In the MRAC schemes, many scientists and engineers
explore the context of decentralized adaptive control.
Decentralized control has been widely used in industry due to
ease of implementation, fault tolerance, and reduced
computational effort. These advantages make decentralized
control techniques attractive for applications in complex
dynamical systems. In particular, decentralized adaptive
control is employed to stabilize and track the nonlinear,
interconnected subsystems with unknown parameters.

In this paper, we extend the SDRE method to decentralized
MRAC design for MIMO nonlinear systems and illustrate the
method with an application to cancer treatment. For this
purpose, we consider a patient with known mathematical
model and model parameters and regard the patient as the
reference model of the MRAC. The plant model is composed
of coupling matrix, therefore they can be treated as modeling
error term in the control design. The design of adaptive
controllers for multi input multi output (MIMO) plant models
is more complex than in the SISO case. This means that instead
of designing an adaptive controller for the MIMO plant, we can
design N adaptive controllers for N SISO plant models. This
approach is known as decentralized adaptive control. Then the
objective is to follow the response of stable reference model for
the closed-loop subsystems. The proposed MRAC design
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methodology is based upon a stable nonlinear reference model
which is produced by a state feedback controller using the
SDRE technique. The plant dynamics is nonlinear by nature
and an adaptation methodology is designed such that response
of the nonlinear reference model is followed. The adaptation is
performed on a state dependent basis mainly using the
adaptation mechanism designed for MIMO linear time
invariant (LTI) systems. The proposed technique is illustrated
to develop mixed immunotherapy, chemotherapy and vaccine
therapy drug administration for cancer treatment using a tumor
growth mathematical model.

The paper is organized as follows. Section II contains brief
review of decentralized MRAC systems. In section III, the
proposed SDRE based decentralized MRAC scheme for
MIMO nonlinear systems. An application of the suggested
control methodology is given in section IV with simulation
results for cancer treatment. Section V draws the conclusions.

II.  DECENTRALIZED MRAC FOR SYSTEMS WITH STATE
FEEDBACK

The decentralized MRAC for LTI systems are well

documented in the literature (see [7-11] for more
details). The LTI MIMO system given by
S~p: Q‘CP =ApxP +§pulz (1)

is described as a collection of N MIMO subsystems
SPi: ).CPL' = Api.xPi + bPiuPi + Z?’:l APiijj l,] € N, i ;t] (2)

The system Sp, which is composed of subsystems Sp,
interconnected as in (2) , can be given in a compact form as,

Spi %p = Apxp + Bpup + Ap,xp (3)

where xp = (I, xI, .., xI)T,up = Wl ul, ..., ul)T are the state
and input vectors of Sp at time t € R. In addition to, 4p =
diag(Ap,), Bp = diag(bp,), and the coupling block matrices
are Ap, = diag (Apij).

For each subsystem Sp, a linear reference model is
considered such that

St iy = Ayxy + Byuy 4

The LTI system which is described as an interconnection of N
subsystems,

N

SMi: XMi = AMixMi + le.uMl. +ZAMiijj l,] € N; i ¢] (5)
j=1

The overall system Sy, which is composed of subsystems Sy,

interconnected as in (5), can be given in a compact form:

where xy = (xiy,, xiy,, ...,x[,,N)T is the state vector and wuy =
(uh uly, ...,u,T,,N)Tis the input vector of Sy at time ¢ € R. In
addition to, Ay = diag(Aw,), By = diag(by,) and the coupling

block matrices are Ap,, = diag (AMU')'

The following adaptive controller is proposed;

Up; = Miri + Ll-xpi iEN (7)

where M;(t) € R%*% and L;(t) € R%*™ are time-varying
adaptation gains at time ¢ > t,. The control is given in a
compact form as up = Mr + Lxp. The adaptation gains are
formulated as follows;

M; = —o,Ti\M; — y,T;bjy, Pie;r|

Ly = —oiTiL; — yiT;bjy, Presxp, IEN ®

where o; and y; are given positive scalars and I; € R™*™ ig
the constant symmetric positive definite matrix (see [17] for
the derivation of adaptation gains).

III. SDRE BASED DECENTRALIZED MRAC FOR MIMO
NONLINEAR SYSTEMS

State Dependent Riccati Equation (SDRE) based control
techniques are widely used to design controllers for nonlinear
systems [1, 3, 4, 13, 15]. The details of the SDRE methods are
given in [13]. The methodology defined for LTI systems in
Section II is extended to nonlinear systems in this section. For
this purpose, the following MIMO nonlinear systems are
considered

x=f0)+g@u ®

where x = [xq,x,, ..., x,]T € R™ is the vector of state variables
and u = [uy,uy, ..., u4]" € RY is the input vector. Also f(x) and
g(x) are nonlinear vector functions. Rewriting the nonlinear
dynamics (9) in the state dependent coefficient (SDC) matrix
form such that f(x) = A(x)x, g(x) = B(x), we have

x =Ax)x + B(x)u (10)

Actually, by appraising the SDC matrices for a given state
vector, the nonlinear system could be considered as an LTI
one which is like a frozen system at the state vector. For this
reason for each state vector, an LTI system is acquired
allowing one to design the control input u with known
approaches for LTI systems. A state dependent feedback
control law can then be designed as follows;

u(x) = —K(x)x (11)

where K (x) is the state dependent feedback gain matrix which
can be determined by LQR, pole placement, etc. algorithms.
One of the basic assumptions about the SDRE based control
design is, A(x) and B(x) should be pointwise controllable [6].
The point-wise controllability condition can be checked from
the controllability matrix

W(x) = [B(x) A(x)B(x) ... A(”‘l)(x)B(x)] (12)
Rank[W (x)] = n for all x.

In this paper, we consider the N interconnected MIMO
nonlinear subsystems. Accordingly, the system equations are
recast in the SDC form as follows;

Sp(x): xp = Ap(xp)xp + Bp(xp)up + Ap,(xp)xp 13)
where Ap(xp) and Bp(xp) are SDC matrices of the decoupled
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matrix and Ap,(xp) the coupling block matrices of the plant
with appropriate dimensions. Also the reference model is
modified in SDC form as follows;

SM (xm): J.Cm = Am(xm)xm + Bm (xm)um + ADM(xm)xM (14)

where A, (x,,) and Bp(x,) are SDC matrices of the
reference model with appropriate dimensions. In order to have
a desirable reference response, the control law for the
reference nonlinear system could be designed as follows;

_Krﬁ(xm)xm + T‘(Xm) (15)

where KT (x,,) is the state feedback gain matrix which may be
determined by pole placement technique for each frozen state.
Here r(x,,) is the reference model signal to be tracked. The
adaptive controller for the nonlinear plant can then be
designed as follows;

U (X)) =

u = M(x)r(x,) + L(x)x (16)

where M(x) and L(x) are state dependent adaptation gains
which are regulated by the following adaptation rules;

M(x) = —aTM(x) — YI'BJ (xp) P (xm) e (xm, )77 (x;)
L(x) = —oTL(x) — YI'BL () P (xm)e (tm, x)xT 17

Note that the adaptation gains are modified in two different
ways; one is the adaptation due to state dependent nature and
the second is the adaptation mechanisms defined by (17)
which may be considered as an additional adaptation for
nonlinear plants.

V. MIXED DRUG ADMINISTRATION FOR CANCER
TREATMENT

We consider the cancer mathematical model, in the absence
of therapy, proposed by de Pillis and Radunskaya (2003) [16],
which is compound from six components of follows;

daT
= = al(1=bT) = cNT = DT = Kr(1 — e™")T (18)
dn =eC N + r N NT — Ky (1 -MyN 19
e f gzh-zi-TZ p n(1-e (19)
T
= P _ 2
i mlL +]k+D2T2L qLT + (1N + r,C)T — uNL
—-K (- 2
1( e g+l (20)
ac
= a—BC—Kc(1—eT)C 1)
aMm
—— = —¥YM + vy (t) (22)
dt
dI
Frin —u; I+ v, (t) (23)
(L/T)
D =d Gy @b

The tumor-free equilibrium for all six state variables is given
by (T, Ng, Lg, Cg, Mg, Iz) = (0, ﬂ ,0, ﬁ ,0,0). We shift the

equilibrium point to the orlgm by employmg the error states, as
fOHOWS X1 = T Xy = 2 N — X3 = L Xg = 2 C—

xs =M,

E‘
x¢ 2 1. The new [x; X, X3 x4 X5 Xg]”

B
state denotes

the error state and SDC parameterization of system by using
free 8 vector will be as follows (see [17] for details):

Bf
+ KrQxs5x,0,

.7.C1 = ax1(1 - bxl) - Cx1x291 - Cxle(l - 91) -

dxfx; (1 — 63)
sxb 4+ x} sxb 4}
+ KrQxsx,(1 - 6;) (25)

. +gea xf +gx12x296 gxix, (1= 65)
Yo = ez Bf \h+x2 h+ x?

— Pxyx,(1—6,) —
+ KnyQx,x505 + Ky Qxpx5(1 — 65)
L
—— X
NBf
jd2x3 X1 7013
X3
h(sx! +x3) + d2x2lx?
jd?x2tx (1 - 613)
h(sxt + xé)z + d2x2'x?
—qx3x(1—6;,) + T1x1x2911

911) +

X1

l
dx3x1 03

- lexZ94

(26)

X3 = —mx3 +

X3 — qx3X167

+ T1x1x2(1 X1 +T2X1X4912

/)’f
012) + 2_3C1

ﬁ
Qx + K; Qx5x36
'BI{ 3 6 LUX5X308
1X6X3U9
K 1-6 _—
+ K Qxsx3( 8) + 9+ %
n Prxex3(1 — 6)
gr + Xe

+ 1rx x4 (1 — —ux2x,6,0

—ux3x, (1 — 69) —

+ V(1) (27)

KcaQ
Xy = —Px4 + KcQx4X5014 + KcQx4x5(1 — 014) + sz (28)
X5 = —yxs + Vy () (29)
Xe = —H1xe + Vi (2) (30)
The parameter 8eR'* is selected from the pointwise stability
point of view for {A(x,0), B} pair. We assumed that 6; €
[0,1]; i = 1; 2; ...; 14. Then we numerically determine that
maximum pointwise controllable space related to different sets
of 0 parameter. The result of this numerical study showed that
by selecting 6 = [0,50,50,50050000,501110], the
maximum value of |det(MC(x))| and consequently the largest
pointwise controllable space for the pair {A(x,6), B}
achieved [13, 14]. We can now write the SDC matrices as
follows;
[f11 @12 a;3 0 a5 0
az1 Azz 0 e 4z 0
AG) =|%31 932 a3 Gsa Ass 36
0 0 0 Ags  Qyus 0
0 0 0 o -y O
0 0 0 0 0 1
For stabilizing of reference model (cancer patient which all
model parameters are known as table 1.) we use SDRE optimal
control by using LQR method like as [4]. For this propose, the
SDRE control is determined for the type quadratic cost
functional J@) = ;7Gx + uTR()w)dt,
In which the weighting matrix Q(x) and control weighting
R(x) are state dependent. For simplicity of problem we use
constant weighting matrices Q and R as follows:

B(x) =

[=NeNoh o Ne)
OrRrO OO O
(=Nl
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In this section, to show the effectiveness of proposed
algorithm, we consider two cancer patients, first patient with
known parameters (Table I.) as reference model and the second
patient with different nonlinear mathematical model and
unknown parameters as unknown plant dynamics. Initial
conditions and model parameters for both models are 2 X 107
Tumor cells, 1 x 103 NK cells, 10 CD8'T cells, and 6 x 108
number of circulating lymphocytes. v, = 107 , for the CD8'T
cell population represents an immunotherapy in which immune
cell levels are boosted. The drug intervention terms in the
equations for vy; = 5 and v; = 5 X 10° reflect the amount of
chemotherapy and immunotherapy drug given over time.

By using the SDRE based decentralized MRAC for MIMO
nonlinear systems defined in Section III, we apply the
suggested algorithm to develop mixed immunotherapy,
chemotherapy and vaccine therapy drug administration for
cancer treatment using a tumor growth mathematical model
[16]. The plant dynamics, reference model, the controller and
the control input of the reference model are as follows;

Nonlinear plant system; x = Ap(xp)xp + Bp(xp)up
Decentralized plant dynamics;
xp, = Ap,(xp)xp; + bp,(Xp)up, + ADp].(xP)xPj
Model reference nonlinear system;
K = A (X)) Xom + By (e Uy
Decentralized model reference dynamics;
Xy = Am, (o) Xag, + bag, Caduy ADMj (xem)xm;
The decentralized control law; up, = M;(xp)7; + L;(xp)xp,
The control input of the reference model is given by

uyy, () = =Ky, (X)) X,

Total Turmor Cells Poputation

250 300 350

Fig. 1. Tumor cells population of unknown and reference patient

x10°

35
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Total NK Cells Population
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Fig. 2. Total NK cells population of unknown and reference patient

Total CDB+T Cells Population

i i i i
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Time(day)

Fig. 3. Total CD8'T cells population of unknown and reference patient

10"
7)(0

Number of Circulating Lymphocytes
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Time{day)

Fig. 4. Number of circulating lymphocytes of unknown and reference patient

12210
Mp

n The Bloodstream

e

Chemetherapy Drug Concentration

350

Fig. 5. Chemotherapy drug concentration in the bloodstream of unknown and
reference patient

Immunotherapy Drug Concentration in The Bloodstream

Fig. 6. Immunotherapy drug concentration in the bloodstream of unknown and
reference patient

Figures 1 to 6 illustrate the responses of both the
“reference patient” and the “unknown patient”. Clearly the
number of tumor cells for both patients eradicate in a short
period of treatment as given in Fig.l. The proposed
decentralized MRAC scheme adjusts the drug amounts to
stabilize the other cells of the unknown patient. Fig. 2 shows
that the NK cell of the unknown patient reaches to the normal
level and follows the response of reference patient. Similarly,
CD8*T cell of the unknown patient and circulating
lymphocytes of the unknown patient follow the responses of
the reference patient as seen in Figs. 3 and 4 respectively. Figs
5 and 6 illustrate the drug concentrations in the bloodstream
which are the 5™ and 6" states of the nonlinear dynamics.

Figures 7, 8 and 9 give the control inputs of the reference
patient which are Vim, VIm and VMm respectively. The figures
give the simulation results when the bounds on the drugs are
considered. Figures 10, 11 and 12 illustrate the control inputs
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for the treatment of the reference patient when the bounds on A
—— VLm
the drugs are released. 5 2
x 10° % R
H z
i T 0s
3 :
3 o
z g0
g 7“'50 50 100 150 200 250 300 350
z . . Time (c9) .
: : : Fig. 12. The control input of reference patient VLm (v,,, = 10° at t time of
] e . . the CD8*T cell population an immunotherapy in which immune cell levels are

Time (day)
Fig. 7. The control input of reference patient VLm (If v, <0 = v;,, =0, boosted.

and vy, > 10° = v, = 10°)

T

Figures 13, 14 and 15 give the control inputs of the unknown
patient which are VLp, VIp and VMp respectively. The figures
give the simulation results when the bounds on the drugs are
considered. Figures 16, 17 and 18 illustrate the control inputs
for the treatment of the unknown patient when the bounds on

e 8 5 &
N e @ -

The Contral Input of Model Reference \im
=

22
as the drugs are released.
06
08
- i i ; i i i
'0 0 ‘\;!IE 150 200 260 300 350 ; 9
Time {day) g o
Fig. 8. The control input of reference patient VIim (If v;,, < 0 = v;,, = 0, and N
UV > 5% 10° = v, =5 % 10°.) 5
’ T T T T T
§3 06 g 3
§ 04} 20
= 2
B ol s s i el N ML
2’ 0 ) 50 100 150 200 250 300 350
: an ) ) nmf (day)
;:‘ P Fig. 13. Tile control 1npugt of unknown patient VLp (If v;;, <0 = vy, = 0, and
5 o5l vy, > 107 = vy, = 107)
2 oa}--
5 i i i i i i 1
o 50 100 lﬁTlim :dayjmo 250 300 350 nsz- 08 —Vip
Fig. 9. The control input of reference patient VMm (If vy, < 0 = vy, =0, E L
and Uy >5 = Uy =5) i
z ] _§ B8 s ssnsries st disn sssilisivrsiasfesa s
. —— Vim 5 0
el SR i Caia soin { g 02
—§ Mo E 04
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E g 08
H 9 50 100 150 200 250 300 350
s 7 - Time (day)
g L . Fig. 14. The control input of unknown patient VIp (If v, <0 = v, = 0, and
£ : : g R A vy >5x10° = v, = 5x10°)
- 50 |30 L’IbG Zl]m 25‘0 3|!D 350
Time (day) 1 T
Fig. 10. The control input of reference patient VIm (v, = 5 x 10° at t time £ 08 : ey
of the chemotherapy drug) § os
0 5] L O R S N
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5 06 - R H
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0 AR SRR O o B
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S i SR s et S Fig. 15. The control input of unknown patient VMp (If vy, <0 = vy, = 0,
4 i i i i i ;
0 50 100 150 200 250 300 350 and v, >5 =0 =5.
Time (day) Mp Mp )

Fig. 11. The control input of reference patient VMm (v, = 5 at t time of the
immunotherapy drug)
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Fig. 16. The control input of unknown patient VLp (v, = 10 at t time of the
CD8*T cell population an immunotherapy in which immune cell levels are
boosted.
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Fig. 17. The control input of unknown patient VIp (v, = 5 X 10° att time of

the chemotherapy drug)
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The control input of plant system g
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Fig. 18. The control input of unknown patient VMp (vy, = 5 at t time of the
immunotherapy drug)

TABLE 1. DIFFERENT PARAMETER VALUES OF REFERENCE AND UNKNOWN
PATIENT [16]

Unknown Real Patients
d, = 1.88;1, = 1.81
k, = 5.66 x 107

Reference Patient
d,, = 2.34;l, =2.09
k,, = 3.66 x 107

My = 2.04 x 1071

m, =9.12

Gm = 142X 1076

qp = 1.59 x 107

Pm = 3.42 X 1075

p, =359 x 107

S = 8.39 X 1072

s, =512x 107"

V. CONCLUSIONS

The paper gives an approach to decentralized MRAC
design for nonlinear dynamical systems and illustrates the
method with an application to cancer treatment. The model also
includes the treatment effects which are specifically defined by
immune, vaccine and chemotherapy. The method is based on
SDRE techniques and combines SDRE with MRAC. By using
the state dependent coefficient matrices, the nonlinear system is
transformed into an LTI system allowing one to apply the well-
known design techniques to nonlinear systems. The plant
dynamics is nonlincar by nature and an adaptation
methodology is designed such that response of the nonlinear
reference model is followed. The adaptation is performed on a
state dependent basis mainly using the adaptation mechanism

designed for MIMO LTI systems. The nonlinear reference
model is first stabilized by using SDRE based control methods
and the response of the stable reference model is followed by
the nonlinear plant using an adaptation which gives flexibility
to the adaptation of the control gains for the nonlinear systems.
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