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The use of advanced analytical and numerical modelling in structural engineering has increased rapidly in recent
years. A key feature of these models is an accurate description of the material stress-strain behaviour. Develop-
ment of standardised constitutive equations for the full engineering stress-strain response of hot-rolled carbon
steels is the subject of the present paper. The proposed models, which offer different options for the representa-
tion of the strain hardening region, feature an elastic response up to the yield point, followed by a yield plateau
and strain hardening up to the ultimate tensile stress. The Young'smodulus E, the yield stress fy and the ultimate
stress fu are generally readily available to the engineer, but other key parameters, including the strains at the
onset of strain hardening and at the ultimate stress, are not, and hence require predictive expressions. These ex-
pressions have been developed herein and calibrated against material stress-strain data collected from the liter-
ature. Unlike the widely used ECCS model, which has a constant strain hardening slope, the proposed models,
reflecting the collected test data, have a yield plateau length and strain hardening characteristics which vary
with the ratio of yield to ultimate stress (i.e. with material grade). The proposed models require three basic
input parameters (E, fy and fu), are simple to implement in analytical or numerical models, and are shown herein
to be more accurate than the widely employed ECCS model. The proposed models are based on and hence rep-
resentative of modern hot-rolled steels from around the world.

© 2017 Elsevier Ltd. All rights reserved.
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1. Introduction

With the increasing use of advanced computational and analytical
methods in structural engineering, there is a crucial need for accurate
representations of the key input parameters. Development of accurate,
yet simple models to describe the full stress-strain response of hot-
rolled structural steels is the subject of the present paper. Representa-
tion of the full stress-strain curve is particularly important in analytical,
numerical or design models for scenarios in which large plastic strains
are encountered. Such scenarios include the simulation of section
forming [1], the response of structures under extreme loads [2,3], the
modelling and design of connections [4,5] and the design of structural
elements incorporating inelastic behaviour and strain hardening [6,7].

Although a number of stress-strain models have been developed for
hot-rolled carbon steels [8–10], they are either only applicable to a lim-
ited strain range or are too complex to be readily implemented in prac-
tice. Comprehensive reviews of existing stress-strain models for
structural steel have been presented by Huang [9], Foster [11] and
Bruneau et al. [12], while a brief overview is presented in the following
section. In this paper, two material models for hot-rolled carbon steels
roy.gardner@imperial.ac.uk
are proposed – a quad-linear material model suitable for use in design
calculations allowing for yielding and strain hardening and a bilinear
plus non-linear hardening model suitable for incorporation into ad-
vanced numerical simulations. The proposed models are based upon
and calibrated against data from over 500 experimental stress-strain
curves collected from the global literature from 34 individual sources
and featuring material produced around the world.
2. Overview of existing stress-strain models and previous work

2.1. General

A typical stress-strain curve of hot-rolled carbon steel subjected to
quasi-static tensile load is illustrated in Fig. 1. In the elastic range, the
slope is linear and is defined by the modulus of elasticity, or Young's
modulus E, taken as 210,000 N/mm2 for structural steel according to
EN-1993-1-1 [13]. The linear path is limited by the yield stress fy and
the corresponding yield strain εy, and followed by a region of plastic
flow at an approximately constant stress until the strain hardening
strain εsh is reached. At this point, the plastic yield plateau ends and
strain hardening initiates. Beyond this point, stress accumulation
recommences at a reducing rate up to the ultimate tensile stress fu
and the corresponding ultimate tensile strain εu, as illustrated in Fig. 1.
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Fig. 1. Typical engineering stress-strain curve for hot-rolled carbon steel.

Fig. 2. Existing linear material models for hot-rolled carbon steels.
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2.2. Existing stress-strain models

Various simplified models have been proposed to represent thema-
terial response of hot-rolled carbon steels, among which the linear
models can be grouped as (1) elastic, perfectly-plastic, (2) elastic, linear
hardening and (3) tri-linear. The elastic, perfectly-plastic model is illus-
trated in Fig. 2(a), and forms the basis of the current design methods in
EN 1993-1-1 [13]. This model is a suitable simplification for scenarios in
which strain hardening is not expected to feature (e.g. in the simulation
or design of elementswhose resistance is dominated by instability) or in
which strain hardening is simply ignored. In this model, only two basic
material parameters (E and fy) are needed. The elastic, linear hardening
model offers the simplest consideration of strain hardening, as illustrat-
ed in Fig. 2(b), where Esh is the strain hardening modulus. This model
considers strain hardening, is included in Annex C of EN 1993-1-5
[14], and has been used throughout the development of the strain-
based continuous strength method (CSM), which allows for the benefi-
cial influence of strain hardening on the design of structural metallic el-
ements, including structural carbon steel [6,7,15], aluminium [16,17]
and stainless steel [18,19]. However, due to the existence of a yield pla-
teau, this elastic, linear hardening model is less suitable for hot-rolled
carbon steels. The next level of complexity ofmaterialmodels after elas-
tic, linear hardening is the tri-linear model which considers both a yield
plateau and strain hardening, as shown in Fig. 2(c). Similar to the elastic,
linear hardening model, the tri-linear model assumes a constant strain
hardeningmodulus Esh (after the yield plateau), but this does not accu-
rately capture the observed strain hardening behaviour, which shows a
progressive loss in stiffness up to the ultimate tensile stress fu (see Fig.
1).

The Ramberg-Osgood model [20,21] is widely used to describe the
rounded stress-strain response of metallic materials such as stainless
steels, aluminium and cold-formed carbon steels that have undergone
sufficient plastic deformation to eliminate the yield plateau. The
Ramberg-Osgood expression is defined by Eq. (1) and features the
Young's modulus E, the 0.2% proof stress σ0.2, which is conventionally
considered as an ‘equivalent’ yield stress, and the strain hardening ex-
ponent n. The Ramberg-Osgood model has been shown to be capable
of accurately capturing the stress-strain curve up to σ0.2, but can be-
come inaccurate at higher strains, as demonstrated for stainless steels
in [22]. This observation led to several studies aimed at improving the
model at large strains [22–24]. Huang [9] proposed a three-stage
stress-strainmodel based on theRamberg-Osgood expressionwhich in-
cludes both a yield plateau (assuming an inclined yield plateau) and
strain hardening, as given by Eq. (2), where ε0.2 is the total strain at
the 0.2% proof stress, E0.2 and Est are the tangent moduli at the 0.2%
proof stress (ε0.2, σ0.2) and the strain hardening point (εsh, σsh), respec-
tively, andmsh andmu are exponents determining the shape of the sec-
ond and third stages of the curve, respectively. The accuracy of the
proposedmodel was assessed by comparing its predictions with exper-
imental stress-strain curves aswell as the predictions from two existing
stress-strain models for metals with a yield plateau: Mander's model
[25] and a modified power law model [26]. The proposed model could
successfully predict the behaviour of hot-rolled carbon steels with a
yield plateau over the full strain range up to εu. However, it is only
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Fig. 3. Proposed quad-linear material model together with typical experimental stress-
strain curve.

Fig. 4. Proposed bilinear plus nonlinear hardening model together with typical
experimental stress-strain curve.
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suitable for certain steel grades and the predictive equations are consid-
ered too lengthy to be implemented in practical design calculations and
analytical formulations.
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2.3. Existing predictions of εsh and Esh

The strain hardening strain εsh and the strain hardeningmodulus Esh
are sensitive to a number of factors, including the chemical composition
of the material, the cross-section shape, residual stresses caused by the
forming process, thermal effects and even the testingmachine and con-
trol system employed to measure the stress-strain curve. The length of
yield plateau has been found to vary with loading direction [27], mate-
rial grade [28], cross-section shape [29] and location from where the
coupon was extracted [30]. With respect to the strain hardeningmodu-
lus Esh, variation has been shown to existwithmaterial grade [10,29,31],
cross-section shape [29] and the basic definition [32].

A number of studies have been carried out over the past fewdecades
into the determination of values for the two strain hardening parame-
ters εsh and Esh. Boeraeve et al. [33] proposed a quad-linear material
model, using the tangent hardeningmodulus and recommended values
of Esh = 2%E and εsh = 0.025 based on the interpretation of a series of
experimental stress-strain curves with yield stress ranging from
235 N/mm2 to 460 N/mm2. Sadowski et al. [10] presented a statistical
analysis of the post-yield material properties of several steel grades
and proposed predictive expressions for Esh and the length of yield pla-
teau based on regression analysis. EN 1993-1-5 [14] permits an elastic,
linear hardeningmodel with Esh = 1%E in limit state design using com-
putational methods, and this model has also been employed in the CSM
to represent material strain hardening effects [6,7,15–19]. A series of
studies have been conducted to develop suitable expressions for defin-
ing Esh in the CSM elastic, linear hardening material model on the basis
of tensile coupon test data [29] and full cross-section tensile test results
[8]. Foster [8] also reported that the yield plateau of full cross-sections in
tension was consistently shorter than the corresponding plateau mea-
sured in tensile coupon tests, by an average of about 40% and 30% in
hot-rolled I-sections and hollow sections, respectively. The ECCS publi-
cation [34] recommended a constant strain hardeningmodulus of Esh=
2%E together with a strain hardening strain εsh of 10εy. This model has
been supplemented [35] with a horizontal line at f= fu and an ultimate
strain limit of 15%.

Details of different tri-linear and quad-linear material models can be
found in [10,33–35]. The existing predictions of εsh and Esh show consid-
erable variation, due mainly to the fact that each study has only exam-
ined a relatively limited set of steel grades, with data collected from a
narrow range of sources. A thorough assessment of both εsh and Esh,
based on a wider range of existing experimental data sets, is therefore
needed and is undertaken herein.

3. Expressions for the proposed standardised stress-strain models

In order to overcome the shortcomings of the existing material
models, two new standardised models to represent the yield plateau
and strain hardening behaviour of hot-rolled steels are proposed: firstly,
a quad-linear stress-strainmodel, illustrated in Fig. 3, and secondly, a bi-
linear plus nonlinear hardeningmodel illustrated in Fig. 4 to capture the
gradual loss of stiffness in the strain hardening regime. The quad-linear
stress-strain model consists of four stages and can be written over the
full range of tensile strains as:

f εð Þ ¼

Eε for ε≤εy
f y for εybε≤εsh
f y þ Esh ε−εshð Þ for εshbε≤C1εu

f C1εu þ
f u− f C1εu
εu−C1εu

ε−C1εuð Þ for C1εubε≤εu

8>>>><
>>>>:
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in which C1εu represents the strain at the intersection point of the third
stage of themodel and the actual stress-strain curve, and fC1εu is the cor-
responding stress, as shown in Fig. 3. The quad-linearmodel, or the first
three stages thereof, is suitable for incorporation into simplified analyt-
ical/design approaches that account for strain hardening, and will also
provide accurate input for numerical simulations. The bi-linear plus
nonlinear hardening model, given by Eq. (4), captures the rounded
strain hardening response of hot-rolled steel and will therefore be suit-
able for advanced numerical simulations of scenarios in which tracing
the gradual loss of stiffness is essential. The nonlinear expression adopts
a similar form to that proposed byMander [25], and features fourmodel
coefficients (K1, K2, K3 and K4)which are calibrated herein based on ten-
sile coupon test data by means of least squares regression. The authors
consider the quad-linear model to be appropriate and suitably accurate
for the majority of engineering applications.
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In the quad-linear model, two material coefficients, C1 and C2, are
used. C1 represents the intersection point discussed previously and
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Table 1
Summary of number and details of hot-rolled carbon steel coupon test data used in the development of the proposed material models.

Reference Steel grade εu εsh Full f-ε curves

[8] S355a 14 (I-sections) 14 (I-sections) 14 (I-sections)
[10] S235a – 74 (SHS/RHS/CHS/sheets) –
[28] – – 10 (sheets) –
[29] S355a 5 (SHS/RHS) 5 (SHS/RHS) 5 (SHS/RHS)
[35] S355a 6 (RHS) 6 (RHS) 6 (RHS)
[39] S460a/S690b 29 (SHS/RHS) 29 (SHS/RHS) 29 (SHS/RHS)
[40] S355a 19 (EHS) 19 (EHS) 19 (EHS)
[41] S355a 7 (I-sections) – –
[42] S355a 4 (I-sections) – –
[43] – 9 (I-sections) 9 (I-sections) –
[44] S355a 31 (RHS) 31 (RHS) 31 (RHS)
[45] S275a 8 (RHS) 8 (RHS) –
[46] S235a/S355a 12 (I-sections) 12 (I-sections) 12 (I-sections)
[47] Q345c/Q460c 9 (sheets) 9 (sheets) 9 (sheets)
[48] S355a 61 (SHS/RHS) 62 (SHS/RHS) 61 (SHS/RHS)
[49] Q345c 20 (sheets) 20 (sheets) –
[50] Q235c/Q345c 12 (I-sections/SHS) 12 (I-sections/SHS) –
[51] Q235c/Q345c/Q460c 6 (sheets) 6 (sheets) 6 (sheets)
[52] Q390c/Q345c 3 (sheets) 3 (sheets) 3 (sheets)
[53] Q235c 8 (sheets) 8 (sheets) –
[54] Q235c 1 (sheet) 1 (sheet) –
[55] Q235c 1 (sheet) 1 (sheet) –
[56] Q345c 24 (sheets) 24 (sheets) –
[57] Q235c 6 (sheets) 6 (sheets) –
[58] S235a/S355a 22 (I-sections) 22 (I-sections) 22 (I-sections)
[59] Q460c 3 (sheets) 3 (sheets) 3 (sheets)
[60] Q420c 6 (angle-sections) 6 (angle-sections) –
[61] Q420c 12 (sheets) 12 (sheets) 12 (sheets)
[62] Q420c 2 (sheets) 2 (sheets) –
[63] Q460c 3 (sheets) 3 (sheets) 3 (sheets)
[64] S690b/S960d 4 (sheets) 4 (sheets) –
[65] – – 10 (I-sections) –
[66] Q345c – 24 (sheets) –
Safebrictile project S235a/S355a/S460a 190 (I-sections/sheets) – –
Total 537 455 235

a Specified according to EN 1993-1-1 [13].
b Specified according to EN 1993-1-12 [88].
c Specified according to GB 50017-2003 [69].
d Specified according to EN 10025-6 [89].
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effectively defines a ‘cut-off’ strain to the third stage of the quad-liner
model to avoid over-predictions of material strength, while C2 is used
in Eq. (5) to define the strain hardening slope Esh.

Esh ¼ f u− f y
C2εu−εsh

ð5Þ
Fig. 5. Evaluation of predictive expression for εu for hot-rolled (and cold-formed) carbon
steels.
Owing to the progressive loss of stiffness in the strain hardening
range (see Fig. 1), care must be taken to select a suitable value for the
strain hardening modulus Esh. The initial slope method [36], which as-
sumes a constant value of Esh based on the initial post-yield tangent
slope taken at εsh, is only suitable for the very early stages of the strain
hardening region, while assuming linear hardening from εsh to εu
(which corresponds to taking C2 = 1), can substantially underestimate
the strain hardening over the full tensile strain range. The determina-
tion of Esh within the proposed quad-linear material model utilises
two defined points on the stress-strain curve: the strain hardening
point (εsh, fy) and a specified maximum point (C2εu, fu), as shown in
Fig. 6. Evaluation of predictive expression for εsh for hot-rolled carbon steels.

Image of Fig. 5
Image of Fig. 6


40 X. Yun, L. Gardner / Journal of Constructional Steel Research 133 (2017) 36–46
Fig. 3. This method has been previously used in the development of the
CSM material model for stainless steel and aluminium, and different
values of C1 and C2 have been proposed for different materials [19,37,
38].

It is desirable to characterize the proposed material models using
only the three basic material parameters (E, fy and fu), since the values
of these parameters are readily available in design codes (e.g. EN
1993-1-1 [13]). Therefore, the other additional material parameters
(εu, εsh, C1 and C2) need to be expressed in termsof these three basicma-
terial parameters. Regression analyses and the development of predic-
tive expressions for the additional material parameters are presented
in the subsequent sections of this paper.
4. Experimental database

The experimental database employed herein to underpin the pro-
posed material models comprised over 500 stress-strain curves on
hot-rolled steels produced and tested around the world. To establish
the predictive expression for εu, 347 tensile coupon test results on
hot-rolled carbon steels collected from the literature [8,29,35,39–64]
and 190 received from the Steel Research Group from the University
of Coimbra, from the European project SAFEBRICTILE have been collect-
ed and analysed, while a dataset of 455 tensile coupon test results has
been collected [8,10,28,29,35,39,40,43–66] to establish the predictive
expression for εsh. A summary of the references for the test data, the
number of coupon test results and the steel grades is provided in
Table 1. Note that the material parameters fy, fu and εsh determined
from [10] were not explicitly reported, and these values were
interpreted from thefigures of regression lines using digitizing software
[67].

The tested coupons were cut either from hot-rolled carbon steel
sheets or hot-rolled/finished carbon steel sections, including square hol-
low sections (SHS), rectangular hollow sections (RHS), circular hollow
sections (CHS), elliptical hollow sections (EHS), angle-sections and I-
sections, of various steel grades. These steel grades include S235, S275,
S355, S460, S690, S960, Q235, Q345, Q390, Q420 and Q460. Grades
S235, S275, S355, S460, S690 and S960 are hot-rolled carbon steels
with nominal yield strengths of 235 N/mm2, 275 N/mm2, 335 N/mm2,
460 N/mm2, 690 N/mm2 and 960N/mm2 respectively, and are specified
according to EN 10027-1 [68]. Q235, Q345, Q390, Q420 and Q460 are
hot-rolled carbon steels with nominal yield strengths of 235 N/mm2,
345 N/mm2, 390 N/mm2, 420 N/mm2 and 460 N/mm2 respectively,
and are specified according to GB 50017-2003 [69]. Note that in the Chi-
nese specification GB 50017-2003 [69], Q denotes that the following
number in the grade designation is the yield strength.
Fig. 7.Comparison betweenproposedmodels and experimental stress-strain curves in the
strain hardening region.
In the aforementioned references, 235 full-range stress-strain curves
were reported and analysed to develop suitable predictive expressions
for the material coefficients C1 and C2 used in the quad-linear model
and to calibrate the four material coefficients (K1, K2, K3 and K4)
employed in the bilinear plus nonlinear hardeningmodel. Development
of the predictive expressions for these parameters is described in the
following section.

5. Development of predictive expressions for material parameters

The collected data are analysed in this section in order to obtain pre-
dictive expressions for the additionalmaterial parameters (εu, εsh, C1, C2,
K1, K2, K3 and K4) used in the proposedmaterial models, after which the
effect of the prediction errors on the accuracy of themodels is assessed.

5.1. Predictive expressions for εu and εsh

Rasmussen [22] proposed a predictive expression for the ultimate
tensile strain εu of stainless steels, as given in Eq. (6), where fy is taken
as the 0.2% proof stress due to the rounded nature of the stress-strain
curve of stainless steel. Arrayago et al. [70] supported the proposals of
[22] for austenitic and duplex stainless steel, but proposed a revisedpre-
dictive model given by Eq. (7) for ferritic stainless steel. Observing a
similar trend in the carbon steel data assembled herein, εu was also con-
sidered to depend on the ratio of yield stress fy to ultimate tensile stress
fu. The experimental ultimate strains εu are plotted against the corre-
sponding fy/fu ratios for the data from 537 hot-rolled and 272 cold-
formed [41,43,45,71–87] carbon steel tensile coupon tests, as shown
in Fig. 5. Note that the cold-formed data covers material extracted
from both the flat and corner regions of cold-formed sections.

εu ¼ 1−
f y
f u

ð6Þ

εu ¼ 0:6 1−
f y
f u

� �
ð7Þ

Fig. 5 shows the negative correlation that exists between εu and the
ratio of fy/fu for carbon steels. Itmay be observed that the hot-rolled and
cold-formed data generally follow a similar trend, but once fy/fu is great-
er than a value of about 0.9 for hot-rolled steel (normally for high
strength material), εu remains almost constant at a value of εu ≈ 0.06.
On the basis of regression analysis, the following predictive expression
for εu is proposed for hot-rolled carbon steels:

εu ¼ 0:6 1−
f y
f u

� �
; but εu≥0:06 for hot‐rolled steels ð8Þ

The same expression is proposed for cold-formedmaterial, butwith-
out the lower bound of εu=0.06 for fy/fu N 0.9. Note that the slope of the
proposed predictive expression is the same as that recommended for
ferritic stainless steel [70], which may have been anticipated due to
the similar basic micro-structure. The predictive expression for εu pro-
vides good average predictions of the test data, with a mean ratio of
the tested to predicted values of εu being 1.11, and a moderate coeffi-
cient of variation (COV) of 0.27. As indicated in Fig. 5, most (80%) of
the hot-rolled carbon steel test data lie within ±40% of the predictions.
Note that test data for high strength steels are fairly scarce and more
data are required to further verify Eq. (8) for such material.
Table 2
Statistical results for the ratios εsh,test/εsh,ECCS and εsh,test/εsh,prop.

εsh,test/εsh,ECCS εsh,test/εsh,prop

Mean 1.15 1.06
COV 0.38 0.29

http://www.uc.pt/en/driic/mobilidade/in
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Table 3
Statistical results for the ratios Esh,test/Esh,ECCS and Esh,test/Esh,prop.

Esh,test/Esh,ECCS

Esh,test/Esh,prop

Using εu,pred
and εsh,pred

Using εu,pred
and εsh,test

Using εu,test
and εsh,pred

Using εu,test
and εsh,test

Mean 0.67 1.04 1.02 1.09 1.07
COV 0.28 0.26 0.26 0.21 0.17

Table 5
Effect of variation in εsh on the prediction of stress f at ε = 2% using quad-linear material
model.

εsh
(%) % change in εsh

εu
(%)

f at ε = 2%
(N/mm2) % change in f at ε = 2%

2.6 50 16.5 355.0 −1.6
2.2 25 16.5 355.0 −1.6
1.7 – 16.5 360.8 –
1.3 −25 16.5 370.3 2.6
0.9 −50 16.5 379.3 5.1
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The test data for the strain hardening strain εsh are plotted against
the ratio of fy/fu in Fig. 6, including the full cross-section tension data
from Foster et al. [8] andWang et al. [39]. Based on regression analysis,
the following equation is proposed to predict εsh for hot-rolled carbon
steels:

εsh ¼ 0:1
f y
f u

−0:055; but 0:015≤εsh ≤0:03 ð9Þ

Using the above equation, the mean value and COV for the ratios of
the tested to predicted values of εsh are 1.06 and 0.29, respectively. As
shown in Fig. 6, the coupon test results for εsh are rather scattered, but
the majority (85%) of the test data lie within ±50% of the predictions
of Eq. (9). Note that the yield plateau lengths from the full cross-section
tensile tests are generally less than those from the coupon tests and thus
the predicted yield plateau lengths from Eq. (9) are on the conservative
side.

5.2. Predictive expressions and values for model coefficients

A total of 235 measured stress-strain curves, covering a wide range
of hot-rolled carbon steel grades, have been collected and analysed to
establish expressions for the material coefficients C1 and C2 used in
the quad-linear model and to calibrate the four material coefficients
(K1, K2, K3 and K4) employed in the bilinear plus nonlinear hardening
model. The least squares regression method was used for fitting the
third stage of the quad-linear model and the strain hardening range of
the nonlinear hardening model to the available experimental stress-
strain curves. Since the data points are not, in general, evenly distribut-
ed along themeasured stress-strain curves, the regression fit will be bi-
ased towards the regions of the curve that have the higher
concentrations of data. Hence, a curve fitting approach has been
employed before using the least squares regression analysis to obtain
the material coefficients in order to represent the experimental stress-
strain curves with an evenly distributed set of data points.

Since the purpose of the curve fitting was to achieve an accurate de-
scription of the strain hardening properties, the data from the elastic
and yield plateau regions of the curves (i.e. below εsh) were discarded
for this purpose. The strain hardening regionwas found to be accurately
represented by a 7th order polynomial [10], as given by Eq. (10), where
a1-a7 forms a set of trial coefficients to be determined. Evenly distribut-
ed data points could then be obtained from the fitted polynomial.

f εð Þ ¼ f y þ ∑
7

k¼1
ak ε−εshð Þk; for εshbε≤εu ð10Þ
Table 4
Effect of variation in εu on theprediction of stress f at ε=2%using the quad-linearmaterial
model.

εu
(%) % change in εu

εsh
(%)

f at ε = 2%
(N/mm2) % change in f at ε = 2%

23.1 40 1.7 359.0 −0.5
19.8 20 1.7 359.8 −0.5
16.5 – 1.7 360.8 –
13.2 −20 1.7 362.5 0.5
9.9 −40 1.7 365.5 1.3
Based on a process of least squares regression to the fitted curves,
the following predictive expressions for the material coefficients C1
and C2 were obtained:

C1 ¼ εsh þ 0:25 εu−εshð Þ
εu

ð11Þ

C2 ¼ εsh þ 0:4 εu−εshð Þ
εu

ð12Þ

Substituting Eq. (12) into Eq. (5), the expression for Esh simplifies to:

Esh ¼ f u− f y
0:4 εu−εshð Þ ð13Þ

The strain hardening region of each test curve is plotted in a normal-
ised form in Fig. 7, together with the third and fourth stages of the pro-
posed quad-linear model. As shown in Fig. 7, the predictive expressions
for the material coefficients C1 and C2 can simply yet accurately reflect
the strain hardening behaviour of hot-rolled carbon steel. Good agree-
ment can also be seen between the test curves and the proposed nonlin-
ear model, described by Eq. (4), whose material coefficients (K1 = 0.4,
K2 = 2, K3 = 400 and K4 = 5) were fitted to the assembled dataset.

5.3. Comparison of experimental values of εsh and Esh with predictions from
proposed and ECCS model

In this section, the collected test results for εsh,test and Esh,test have
been compared with the predictions of the proposed expressions (Eq.
(9) for εsh,prop and Eq. (13) for Esh,prop) and the values recommended
by ECCS [34] (εsh,ECCS = 10εy and Esh,ECCS = 2%E). The experimental
strain hardening slope Esh,test was determined byminimising the coeffi-
cient of variation (COV) between the prediction of a linear function and
themeasured datawithin the corresponding region. This effectively de-
fines the hardening region of the stress-strain curve that can bemost ac-
curately represented as linear. Key statistical values, including themean
and COV of the test-to-predicted results, determined from either the
ECCS model [34] or the proposal made herein for hot-rolled steels, are
summarized in Tables 2 and 3 for εsh and Esh, respectively. It can be
seen from Table 2 that the proposed predictive expression for εsh (Eq.
(9)) provides improved mean predictions of the test data compared to
the ECCS model and with reduced scatter (COV). With respect to the
strain hardening slope, the ECCS model generally over-estimates Esh,
as illustrated in Table 3, while the proposed model offers a significantly
improvedmean prediction of the test data andwith lower scatter (COV)
when the predicted values of the strain hardening and ultimate strain
(εsh,pred and εu,pred) are employed in Eq. (13) for the determination of
Esh,prop. Similarly accurate mean predictions of Esh, but with further re-
duced scatter, are obtained when using the measured values of the
strain hardening and ultimate strain (εu,test and εsh,test) in Eq. (13), as in-
dicated in Table 3.



Fig. 8. Comparison of experimental stress-strain curves with the proposed material models and ECCS model.
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Fig. 8 (continued).
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Table 6
Basic material parameters of hot-rolled carbon steels used for comparison.

Reference Steel grade Label E (N/mm2) fy (N/mm2) fu (N/mm2) Label

[46] S235 HEBa 160 Wb 222,970 391 491 Fig. 8(a)
[71] S355 SHS 60 × 60 × 3 TFc 215,200 456 545 Fig. 8(b)
[44] S355 RHS 120 × 80 × 4 TFc 203,700 413 517 Fig. 8(c)
[11] S355 UBd 305 × 127 × 48 Wb 198,700 407 528 Fig. 8(d)
[40] S355 EHS 300 × 150 × 8 215,100 407 527 Fig. 8(e)
[39] S460 SHS 100 × 100 × 5 TFc 211,326 482 616 Fig. 8(f)
[47] S460 Sheet 206,800 537 610 Fig. 8(g)
[39] S690 SHS 50 × 50 × 5 TFc 205,550 747 783 Fig. 8(h)

a HEB: European wide flange H beam.
b W: tension coupon cut from web.
c TF: tension coupon cut from flat portion.
d UB: universal beam of I-shaped cross-section.
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5.4. Effect of variations in εsh and εu

The effect of variations in εsh and εu on the predicted stress from the
quad-linear stress-strain model at ε = 2% is assessed in this section. A
strain of 2% was chosen as representative of the upper level of strains
that may be experienced in general structural applications. The quad-
linear stress-strain curves have been determined for the combinations
of εsh and εu shown in Tables 4 and 5, respectively. In all cases, the
basic material parameters were taken as: E = 210,000 N/mm2, fy =
355 N/mm2 and fu = 490 N/mm2, and the reference values of εu =
16.5% and εsh = 1.7% were determined using Eqs. (8) and (9), respec-
tively. Tables 4 and 5 summarize the percentage variations of the pre-
dicted stress at ε = 2% due to the given percentage variations of the
predicted values of εu and εsh. According to Tables 4 and 5, a reduction
of 40% in εu leads to a 1.3% increase in stress at ε= 2%, while a variation
of ±50% in εsh leads to a maximum variation in stress of 5.1% at ε= 2%.
These comparisons indicate the accuracy of the proposedmodel and rel-
ative insensitivity to variations in the key predicted parameters. Com-
parisons between the proposed models and a series of full range
experimental stress-strain curves are presented in the next section.
6. Comparison with experimental stress-strain curves and summary of proposals

6.1. Comparison with experimental stress-strain curves

Sample comparisons between eight representative experimental stress-strain curves and the corresponding predicted curves from the proposed
and ECCS material models are shown in Fig. 8. The measured values of only the three basic material parameters (E, fy and fu) from the eight coupon
tests, as given in Table 6, were used in the predictedmaterial curves. It may be seen from Fig. 8 that consistently good agreement is achieved between
the predicted and measured stress-strain curves using the proposed models, whereas the ECCS model [34] shows, in some cases, substantial devia-
tion up to 16% from the observed response. This could be due to the fact that the ECCS model was developed based on lower steel grades produced
more than three decades ago and is less suitable for thewide range of modern structural steel grades now in common use. The key advantages of the
proposed models over the existing ECCS model are (1) the more accurate predictions of εsh and Esh and (2) the more accurate representation of the
gradual loss of stiffness in the strain hardening region.

6.2. Summary of proposals

The proposed quad-linear and bilinear plus nonlinear hardening material models for hot-rolled carbon steels are summarized as follows:

f εð Þ ¼

Eε for ε≤εy
f y for εybε≤εsh
f y þ Esh ε−εshð Þ for εshbε≤C1εu

f C1εu þ
f u− f C1εu
εu−C1εu

ε−C1εuð Þ for C1εubε≤εu

8>>>><
>>>>:

quad‐linear modelð Þ ð3Þ

f εð Þ ¼

Eε for ε≤εy
f y for εybε≤εsh

f y þ f u− f y
� �

0:4
ε−εsh
εu−εsh

� �
þ 2

ε−εsh
εu−εsh

� �
= 1þ 400

ε−εsh
εu−εsh

� �5
" #1=5

8<
:

9=
;for εshbε≤εu

8>>>><
>>>>:
bilinear plus nonlinear hardening modelð Þ

ð14Þ

εu ¼ 0:6 1−
f y
f u

� �
; but εu≥0:06 for hot‐rolled steels ð8Þ

εsh ¼ 0:1
f y
f u

−0:055; but 0:015≤εsh ≤0:03 ð9Þ



Table 7
Values of the key parameters from the proposed material model for a series of standard structural steel grades [13].

Steel grade
E fy fu εy εsh εu

εsh/εy
Esh

C1(N/mm2) (N/mm2) (N/mm2) (%) (%) (%) (N/mm2)

S235 210,000 235 360 0.11 1.50 20.83 13.4 1616 0.33
S275 210,000 275 430 0.13 1.50 21.63 11.5 1925 0.35
S355 210,000 355 490 0.17 1.74 16.53 10.3 2283 0.38
S450 210,000 440 550 0.21 2.50 12.00 11.9 2895 0.41
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C1 ¼ εsh þ 0:25 εu−εshð Þ
εu

ð11Þ

Esh ¼ f u− f y
0:4 εu−εshð Þ ð13Þ

The values of the key parameters (εu, εsh and Esh), calculated from the derived predictive expressions, for a series of standard hot-rolled structural
steel grades from EN 1993-1-1 [13], based on nominal material properties and nominal element thickness t ≤ 40 mm, are given in Table 7.
7. Conclusions

A comprehensive study into the constitutive modelling of hot-rolled
carbon steels is presented in this paper. A quad-linear material model
and a bilinear plus nonlinear hardening material model, to accurately
represent the elastic, yield plateau and strain hardening regimes typi-
cally associated with hot-rolled steels have been proposed. The models
use the three basicmaterial parameters E, fy and fu that are readily avail-
able to engineers in material standards, as well as additional material
parameters, forwhichpredictive expressions or values have been devel-
oped. The predictive expressions for the additional material parameters
were calibrated based on a large set of experimental stress-strain data
collected from the literature, and are expressed in terms of the basicma-
terial parameters. As a result, only the three basic material parameters
(E, fy and fu) are required to describe full stress-strain curves. The accu-
racy of the proposed models was assessed by comparing its predictions
with available experimental stress-strain curves on hot-rolled carbon
steel material. The predicted stress-strain curves are shown to be
more accurate than the commonly used ECCSmodel and in good agree-
ment with experimental stress-strain curves over the full range of ten-
sile strains for both normal strength and high strength hot-rolled
carbon steels. The proposed stress-strain curves are suitable for incorpo-
ration into analytical, numerical and designmodels of hot-rolled carbon
steel elements.
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