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The microstructural influence on the strain field at opening mode crack tips in porous
materials, and especially its practical implication for understanding macroscopic failure,
i.e. on a scale above, is investigated. Theoretical subscale microstrain fields are approxi-
mated using a gradient-enhanced elasticity theory and compared to microstrain fields
computed in discrete high-resolution finite element microstructural models having vary-
ing pore densities but similar macroscopic geometry and boundary conditions as the the-
oretical gradient-enhanced model. The numerical elastic microstrain and microstress fields
are non-singular in strong contrast to the singular macroscopic fields in classical linear
elastic fracture theories. Experimentally approximated microstrain fields, estimated with
a digital image correlation algorithm on images obtained in X-ray computational tomogra-
phy fracture tests on a small wood specimen, are used to contrast the numerical analyses. A
key observation is that an internal length parameter, used in the gradient-enhanced model,
seems to be linked to the average pore diameter, allowing for direct bridging between
scales.

� 2016 Published by Elsevier Ltd.
1. Introduction

How does a material’s porous microstructure affect its macroscopic fracture behavior? Traditionally, deformation and
fracture analysis of porous materials have been performed using classical continuum theories on the macroscale, cf.
[1,4,5,25], omitting that these continuum theories were designed to describe deformation phenomena that could be cap-
tured by the naked eye. However, in materials where inherent heterogeneities such as pores, holes, embossings or cells
are relatively large compared to the size of natural defects or cracks, global scale deformation fields given by classical con-
tinuum mechanics theories are distorted due to the complex deformations taking place at subscales, a phenomenon that is
commonly referred to as length effects. Some well-knownmaterials displaying such multiscale structural behavior are wood
[1,2], impressed paper [3], solid foams [27] or embossed textiles.

Fig. 1 briefly visualize the multiscale problem and illustrate the need to include subscale fields. Imagine a planar square
domain of a material with small pores on the microscale. While on the macroscale, Fig. 1a, the material is considered con-
tinuous and homogeneous, the material is discontinuous and heterogeneous on the microscale, Fig. 1b. When the material
become subject to a homogeneous and uniaxial load in the vertical direction, the resulting strain eyy is homogeneous on the
macroscale and captures the value e0, Fig. 1c. On the microscale, Fig. 1d, the local microscopic strain fluctuates due to the
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Fig. 1. (a) A material is considered homogeneous on the macroscale, but is heterogeneous and discontinuous on the microscale (b). (c) Homogeneous
macrostrain field of magnitude e0, and non-homogeneous subscale microstrain field (d).

Nomenclature

q relative density
Cijkl, C

l
ijkl material stiffness tensor (macro, micro)

rij, r
l
ij , �rij, ~rij stress tensor (macro, micro, gradient enhanced, interpolated)

eij, e
l
ij , �eij, ~eij strain tensor (macro, micro, gradient enhanced, interpolated)

KI macroscopic stress intensity factor
c internal characteristic length
lc average cell diameter
E, v macroscopic elastic constants (Young’s modulus, Poisson’s ratio)
�e0, �r0 microscopic maximum normal strain and cohesive stress
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variations in the microstructure and can be twice as high at the vicinity of the pores. Linking the strain field on the subscale
to the strain field on the scale above is mathematically difficult, especially if the subscale deformation is non-homogeneous
and gradients are present, such as in the vicinity of crack tips, defects or pores (and even more so if the defects/pores are
randomly positioned).

One realize that the wide range of length scales affecting deformation and fracture in such kind of materials poses a dif-
ficult modeling problem, because the relation between the discontinuous microstructure and the prevailing deformation/
fracture processes leads to inherent size effects. Thus, if one aims at a material description above the scale of a discrete dis-
continuous substructure, i.e. within a macroscopic continuummodel, it is clear that any fracture model of such materials has
to capture these length-scale effects occurring at subscales. Historically, the crack-tip problem has attracted much attention
and many models have been suggested for different materials to eliminate unphysical stress and strain singularities appear-
ing in classical theories of elasticity, which assume the material being idealized continuums, e.g. the early models of Baren-
blatt [6] and Dugdale [7]. To obtain general mathematical theories, much work has been done in the field of nonlocal and
gradient elasticity, which includes length parameters in the models that limit the magnitude of stress and strain. The
physical motivation to introduce gradient theories was originally presented in the early 1960s by Toupin [8] and Kröner
Please cite this article in press as: Joffre T et al. Microscopic strain fields at crack tips in porous materials analyzed by a gradient-enhanced
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[9]. During that decade much work emerged in the field, e.g. Mindlin [10] and Kröner [11]. Since then, numerous nonlocal
and gradient theories incorporating internal material length scales have been suggested, cf. the pioneering works by Eringen
et al. [12,13] or Aifantis et al. [14–18]. Later work includes [19,20]. The simplicity and attraction of the pioneer Aifantis and
co-workers’ formulations relies in that only one additional constitutive parameter is required. However, the proposed solu-
tions have resulted in some controversy, mainly because the derived stress fields may not be divergence-free, or satisfy the
compatibility equations, according to classical theories of continuum mechanics. Some details and physical explanations are
still lacking, but the gradient enhanced theory has been observed to capture experimental behavior of heterogeneous mate-
rials fairly well, cf. [21], although not perfect. As pointed out by Aifantis [18], there is still no available framework for relating
internal material lengths to physical properties even though the need has been documented in several studies, e.g. [21–24].
The lengths are usually treated as pure phenomenological fitted constants and not much progress has been made toward
their physical identification through microstructure simulations or laboratory tests.

This study aims at examine such length-scale effects in deformation fields in porous materials by analyzing -theoretically
and numerically- strain fields at in-plane mode I crack tips on macro- and microscales. To compare the numerically approx-
imated strain fields with an estimated ‘‘real” strain field in a porous material on the microscopic scale, X-ray computational
tomography fracture experiments are performed on a wood specimen and subsequently analyzed with digital image corre-
lation techniques.

2. Experimental observation

A crack in the TR-plane in wood, i.e. a crack that extend in the radial direction with its crack lips perpendicular to the
tangential direction (Fig. 2a), is considered to visualize the phenomenon. Thuvander and Berglund [4] studied such fractures
and reported that the crack advances in a step-wise fashion by separating cell walls in the middle lamella (Fig. 2b). At slowly
increased mechanical loading, a radial crack advance one cell diameter and then arrest until the global load is increased suf-
ficiently enough to drive the crack further [4]. Stanzl-Tschegg et al. [5] report that a change in wall thickness or cell size ter-
minates crack growth. Previous studies thus indicate that a prevailing fracture mechanism in wood is controlled by its
microstructural properties.

X-ray computed tomography (CT) is a non-destructive technique to measure material density throughout a volume. The
equipment used, a SkyScan-1172, has a resolution high enough to distinguish individual cells in wood. The instrument has a
built-in tensile stage, which was used to load a small specimen (made of Norway spruce) of size 5 � 5 � 4 mm containing a
natural flaw. The natural flaw, about 2 mm long, was oriented along the radial direction with its crack lips perpendicular to
the tangential direction. The cracked specimen was mounted on a slowly rotating holder that allows X-rays to enter from
different directions. Two-dimensional projection images were then taken in a multitude of directions, which allows subse-
quent reconstruction of the 3D microstructure. The specimen was loaded stepwise in-situ by displacements given to its hor-
izontal boundaries. At some steps, see Fig. 3, CT scans were performed allowing for successive images showing the evolving
deformation process. During each scan, 1600 radiographs were taken over 180 degrees with a pixel size of 2 lm. The average
diameter of the cells is about 20 lm. It should be noticed that the crack is growing in earlywood, i.e. no transition between
earlywood and latewood is considered in this study.

Two-dimensional deformation fields of the wood’s internal structure were estimated by a digital image correlation algo-
rithm [26] using cross-section images at consecutive load steps. In connection to this it is worth mention that while for most
materials a random pattern must be applied to the surface of the specimen that deforms along with the object when doing
image correlation analyses, for wood there is no need for this due to the inherent irregular pattern of the porous
microstructure.

The near straight line that denotes the force-displacement response in Fig. 3 indicates that irreversible deformations is
small, i.e. plasticity is limited, meaning that an assumption that the material remains in its linearly elastic regime through
the loading process is feasible. However, some (small) mechanical relaxation may be noticed.
Fig. 2. (a) Illustration of the porous structure of wood (b) A crack advances in-between the pores (cells), in the lamella, in the TR-plane.
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Fig. 3. Load-displacement curve in the CT experiment.
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The deformation of a 400 � 400 lm domain surrounding the crack tip was used for the calculations. A correlation algo-
rithm divides the image taken at a load step in a number of overlapping subset images, which are tracked in the image taken
in the successive load step. In the correlation procedure, a displacement field is numerically approximated and refined to
obtain a continuous field [26]. The average pore diameter is about 10 pixels, which poses a significant limitation on the sub-
set size, since the latter must contain enough distinct features to yield a good correlation. A too small subset size tends to be
affected by the noise present in each image while a too large subset size smoothen the field to such extent that the defor-
mation field is not correctly captured. Thus, the image correlation analysis involves a trade-off between spatial resolution
and resolving small-scale displacements and strains. In our case, the subsets need to be fairly larger than the representative
irregular pattern constituted by some few pores, wherefore a subset radius of 20 pixels was used. The strain field is finally
estimated by spatial differentiation of the approximated displacement field.
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Fig. 4. Upper row: Parts of reconstructed images of the fracturing wood in the radial plane. Note the natural crack, extending from the left in two scan steps
2–3 indicated in Fig. 3. Lower row: estimated strain fields e22 along the crack plane, evaluated from the images obtained in scans 2–3 using the digital image
correlation algorithm [26]. To magnify perceptibility, a smoothed strain (using the robust ‘‘loess” Matlab function) is also displayed. The tip is always
positioned at x1 ¼ 0, i.e. the origin moves when the crack grows. The strains have manually been put to zero at x2 ¼ 0 and x1 < 0.
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Fig. 4 shows the normal strain e22 estimated in the CT experiments at two different crack lengths and load steps along the
crack plane ahead of the tip (the x2-direction is perpendicular to the crack plane). The tip is always located at the origin in the
graphs.

It is underlined that analyzing these types of experiments is far from easy. The material is complex and discontinuous
with large cells and the strains fluctuate heavily. The resolution of the CT images (pixel size 2 lm), together with the need
to define sufficiently large subset images for the correlation algorithm (circular domains of radius 20 pixels), produces defor-
mation and strain fields that are not accurately enough for a complete description of the cell wall deformations. The reason
for having relatively large subsets, in comparison to the pore size, is because the correlation algorithm needs sufficiently
large domains to be able to track the reference pattern. Furthermore, strains are even more difficult to accurate estimate than
displacements, because differentiation is sensitive to noise. This means that any noise and error in the displacement field will
magnify errors in the calculated strain fields. Additionally, it is very difficult -perhaps impossible- to determine the exact
position of the physical crack tip. All these limitations and error sources should be kept in mind while evaluating the exper-
imentally estimated strain fields. Some trends may nevertheless be imagined. The estimated fields indicates that the position
of maximum strain is located at some distance ahead of the crack tip, a distance that seems to be of the same order of mag-
nitude as the average pore diameter. There is incertitude about the exact value estimated at the crack tip due to the discon-
tinuity in displacements and the limitations in resolution and image correlation. However, the tendency of an increase in
normal strain ahead of the crack can most likely not be explained only by these circumstances and is thus pointing toward
the presence of peak strain ahead of the tip. The experiments seem to confirm the conclusions in [4,5]. However, we need to
obtain higher resolved CT images and also many more experiments to be convinced and be able to draw stronger and
trustworthy conclusions.

3. Theory

The porous material is considered transversely isotropic and linearly elastic on the macroscopic scale and a state of plane
strain prevails. Small strains are assumed. An important parameter of porous materials is the relative density q (0 6 q 6 1),
given by the ratio of volume of the solid material in relation to the pore space. Gibson and Ashby [27] reports that for a trans-
versely isotropic open porous material, the relation between the material stiffness tensor Clijkl on the microscale and the
material stiffness tensor Cijkl on the macroscale can be fairly well approximated by
Please
elastic
Cijkl ¼ q2Clijkl: ð1Þ

It is further assumed that the average strain and stress fields on the microscale are continuous even though the discrete
microstructure is discontinuous. Let the average stress tensor on the microscale be denoted rl

ij and let its counterpart on

the macroscale be denoted rij. The microscopic elastic strain tensor elij is given by Hooke’s generalized law

elij ¼ ½rl
ij ð1þ vÞ � vrl

kkdij�=El, where El is Young’s modulus on the microscopic scale and dij is Kronecker’s delta. Similarly,
on the macroscopic scale, E is Young’s modulus and the macroscopic elastic strain tensor eij is given by
eij ¼ ½rij=ð1þ vÞ � vrkkdij�=E. The Poisson’s ratio m is assumed to be equal on the two scales. An assumption of elastic strain
energy equivalence is made, which means that the elastic strain energy density in a material element is equal on the micro-
scopic and macroscopic scales, i.e. at an arbitrary material point rl

ije
l
ij ¼ rijeij. Then, using (1), the following relations hold:
elij ¼ qeij and rl
ij ¼ q�1rij: ð2Þ
Consider a macroscopic body containing a straight stationary crack, illustrated in Fig. 5.

A Cartesian (x1; x2) and a polar coordinate system (r ¼ ½x21 þ x22�
1=2, h ¼ tan�1½x2=x1�) are introduced with their origins coin-

ciding with the crack-tip. The crack occupies the negative part of the x1-axis, i.e. x1 < 0 and x2 ¼ 0. The extent of the body in
the x3-direction is large and a state of plane strain prevails. Distant from the crack-tip a pure mode I opening field acts and
the singular macroscopic stress tensor rij is given by:
rij ¼ K I½2pr��1=2f ijðhÞ as r ! 1; i; j ¼ 1;2: ð3Þ

where K I is the LEFM mode I stress intensity factor, cf. Williams [28]. The macroscopic displacement field ui producing the
stress field in (3) is given by
ui ¼ ð1þ mÞK I½r=ð8pÞ�1=2giðhÞ=E as r ! 1: ð4Þ

The angular functions f ijðhÞ and giðhÞ in (3) and (4) are found in every book on fracture mechanics.

Several techniques have over the years been suggested to extend traditional continuum formulations to include gradient
sensitivity. A convenient approach, cf. [29], is to compute a nonlocal microscopic stress tensor �rij, in a point ðx1; x2Þ, as the
weighted average of the local microscopic stresses rl

ij in a surrounding domain X,
�rijðx1; x2Þ ¼ W�1
Z
X
/ð1Þrl

ij ðx01; x02ÞdXðx01; x02Þ; W ¼
Z
X
/ð1ÞdX; ð5Þ
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where 1 is the distance between ðx1; x2Þ and ðx01; x02Þ, / a symmetric interaction kernel and W a scaling factor that secure that
the two stress tensors are equal for a homogenous stress state in X. The nonlocal formulation (5) is based on an assumption
of mechanical interactions on the microscale (e.g. via connected cell walls) and can for sufficiently smooth fields of rl

ij be
rewritten into a gradient formulation around ðx1; x2Þ according to a Taylor expansion, cf. [16,30],
Please
elastic
rl
ij ðx01; x02Þ ¼

Xn
k¼0

Xn
l¼0

ðx01 � x1Þkðx02 � x2Þl
k!l!

@k@lrl
ij ðx1; x2Þ

@xk1@x
l
2

; ð6Þ
where n denote the order of the series expansion. Dropping unsymmetrical terms in (6), yields after substitution of (6) into
(5),
�rijðx1; x2Þ ¼ rl
ij ðx1; x2Þ þ

1
m!

c2mr2mrl
ij ðx1; x2Þ þ � � � m ¼ 1;2; . . . ð7Þ
where the range of microscopic nonlocal actions is given by an internal microstructural length c through a symmetric inter-
action kernel / ¼ exp½�12=ð4c2Þ�=½4pc2�. For simplicity, the gradient enhancement is here considered isotropic, despite the
fact that many porous materials may be strongly anisotropic (e.g. wood, bone or paper). Here, we aim to illustrate the com-
plex mechanical phenomenon rather than derive a general theory. However, it is possible to extend the formulation (7) to
include anisotropic gradient-sensitive lengths, cf. Gitman et al. [45].

Now, taking the Laplacian of (7), subtract from the original (7), and neglect derivatives of the forth order and higher, an
implicit gradient formulation is obtained in the form of a modified inhomogeneous Helmholtz equation, cf. [16,29],
�rij � c2r2 �rij ¼ rl
ij ; ð8Þ
where the dependence of the coordinates has been dropped. Now, using (2), a mode I gradient-enhanced stress tensor on the
subscale can be approximated using the macroscopic LEFM stress tensors (3) as source terms in (8), i.e.,
�rij � c2r2 �rij ¼ q�1K I½2pr��1=2f ijðhÞ: ð9Þ

As seen in (9), in the limit c ! 0 and q! 1 the classical macroscopic LEFM fields in (3) are recovered. In addition to physical
conditions of traction-free crack surfaces, requirement of finite stresses when r ! 0, and �rij ! rij when r=c ! 1 and q ! 1
leads to the following expressions of the normal stress components of the gradient-enhanced subscale microstress when
solving (9):
�r11 ¼ K I

q
ffiffiffiffiffiffiffiffiffi
2pr

p 3
4
cos

h
2
½1� e�r=c� þ 1

4
cos

5h
2
½1� 6c2=r2 þ 2e�r=cð3c2=r2 þ 3c=r þ 1Þ�

� �

�r22 ¼ K I

q
ffiffiffiffiffiffiffiffiffi
2pr

p 5
4
cos

h
2
½1� e�r=c� � 1

4
cos

5h
2
½1� 6c2=r2 þ 2e�r=cð3c2=r2 þ 3c=r þ 1Þ�

� �

�r33 ¼ K I

q
ffiffiffiffiffiffiffiffiffi
2pr

p 2v cos
h
2
½1� e�r=c�

� �
ð10Þ
A deeper discussion of gradient theories and the physical arguments leading to them is found in e.g. [17,18,31–33,39]. It is
underlined that the gradient-enhanced stress �rij should not be considered as a standard macrostress field but rather as a
nonstandard subscale microstress field. When carefully examine (9) and (10), one may observe that in general �rji;j–0 where-
fore the gradient-enhanced subscale microstress field is not divergence-free, nor does the gradient-enhanced strain fields
cite this article in press as: Joffre T et al. Microscopic strain fields at crack tips in porous materials analyzed by a gradient-enhanced
ity theory. Engng Fract Mech (2016), http://dx.doi.org/10.1016/j.engfracmech.2016.10.005

http://dx.doi.org/10.1016/j.engfracmech.2016.10.005


T. Joffre et al. / Engineering Fracture Mechanics xxx (2016) xxx–xxx 7
satisfy the classical compatibility equations in continuum mechanics. For discontinuous materials with holes, or pores, the
classical compatibility equations may not be sufficient to guarantee that the strains can be obtained from single-valued dis-
placement fields. It should be said that the physical meaning of having divergence in the gradient-enhanced stress field (and
hence not traditional stress equilibrium) is not entirely understood and has lent some criticism. The theory may thus be
questioned, and the interested reader is advised to e.g. [39] for a thorough discussion on this matter.

The equilibrium equation for the gradient-enhanced subscale stress �rij may take the form �rji;j ¼ f j where f j is a gradient-
sensitive internal body force taking into account subscale bulk-surface interaction, cf. [18,39], at internal pores, etc. The
gradient-enhanced stress field may thus be interpreted so that it reflects the subscale stresses emerging from displacement
jumps on a discontinuous subscale. Even though the meaning of �rji;j–0 is still an open scientific question, the concept has
proven powerful and the analytic solutions, e.g. [18], includes length scales and seemingly captures the subscale’s discon-
tinuous heterogenic structure. However, the theory obviously needs further investigations and deeper physical understand-
ing to be more convincing and trustworthy. Nevertheless, we believe the strategy may help engineers to analyze fracture
phenomena since length effects can be incorporated in the models fairly easy and thus reveal their importance. In connection
to this it is worth mentioning that a substantial amount of studies during the last decades, cf. [40–44], have identified the
need to include size-dependent strengthening/hardening associated with plastic deformations involving strain gradients and
some different theories have been proposed. The suggested theories are fairly different with respect to the structure of the
equations, however, each aims to capture boundary layer phenomena related to phase and grain boundaries, or slips in single
crystals, within small deformation formulations. It is nowadays generally accepted that plasticity theories must be higher
order, not only by incorporation strain gradients but also in having higher order stresses that are work conjugate to the strain
gradients, cf. Hutchinson [40]. Furthermore, we remind that the macrostresses rij and the macrostrains eij are still given by
the classical singular LEFM solutions, and the gradient-enhanced subscale microscopic elastic strain tensors �eij are related to
�rij via Hooke’s generalized law �eij ¼ ½�rijð1þ vÞ � v �rkkdij�=El. Hence, the strain field �eij approximates the physical material
behavior on the microscale in regions with high magnitudes of stress and strain gradients, cf. [17,21,34]. Applying the
micro/macro stiffness approximation in (1), the subscale microstrain in the direction perpendicular to the crack plane is
Please
elastic
�e22 ¼ qK Ið1þ vÞ
E

ffiffiffiffiffiffiffiffiffi
2pr

p 5� 8m
4

cos
h
2
½1� e�r=c� � 1

4
cos

5h
2

1� 6c2=r2 þ 2e�r=cð3c2=r2 þ 3c=r þ 1Þ� �� �
ð11Þ
Using a value of v ¼ 0:3, (11) give that the maximum �e22 is equal to 0:2qK I=½Ec1=2� and located on the crack plane at r=c � 1.
In Fig. 6, the bounded subscale microscopic average strain distribution according to (11) ahead of the tip is shown,

together with the microscopic singular LEFM-strain. The two strains are similar for r=c > 6.
4. Finite element discrete microstructural model

The applicability of the gradient-enhanced theory to approximate subscale length effects on the macroscale is in the fol-
lowing judged by comparing the theory with discrete finite element microstructural models having identical macroscopic
geometry and boundary conditions as the gradient-enhanced theory, but different discrete microstructural lengths (i.e. pore
sizes and densities). The bodies are limited to circular discs with radius R and unit thickness with their centers located at the
crack-tip, whereupon boundary layer problems are formulated.

The microstructural models are solved using well-established finite element algorithms implemented in a Matlab [35]
code, discretized with 3-node isoparametric elements. Voronoi tessellation combined with the Distmesh algorithm [36] is
employed for mesh generation. Planar meshes that contain randomly positioned and randomly shaped round pores of sim-
ilar sizes are generated, which resembles porous cracked microstructures, Fig. 7.

In planar structures with evenly distributed round shaped pores (i.e. macroscopic isotropic bodies) the average pore
diameter lc can be approximated to [27]
lc ¼ 2½ð1� qÞ=p�1=2=Nc; ð12Þ

where Nc is the average number of pores per unit length along a line in any direction. All structural meshes have Nc ¼ 25 and
the cell walls are assumed isotropic with a Poisson’s ratio equal to v ¼ 0:3. Fig. 8 shows some examples of loaded structures
with three different densities. The densest meshes contain about 220 � 103 elements.

The aim is to compare the gradient-enhanced approximations of the subscale microstrains with those obtained in discrete
structural finite element models of porous materials having different densities q and average pore diameters lc. However,
rather than using one solution for a unique configuration with a certain average pore diameter and density, characteristic
solutions are used that consists of the union of solutions from 100 unique configurations having the same average pore diam-
eter lc and density q but different random seeds used for the mesh generation. A statistical variation is thus included in the
analysis.

While the theoretical macroscopic normal strain fields are symmetric with respect to the x1-axis, the scattered micros-
train fields in the finite element solutions are not, because of the random unsymmetric porous microstructures. To circum-
vent this, the discrete microstrain fields are mirrored around their macroscopic symmetry axes, meaning that every unique
integration point in the elements provide duplicate strains and positions: one at the integration point itself, at ðx1; x2Þ, and
cite this article in press as: Joffre T et al. Microscopic strain fields at crack tips in porous materials analyzed by a gradient-enhanced
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another at the mirrored position ðx1;�x2Þ. The union of 100 scattered strain fields is then interpolated on a quadratic grid
covering the whole problem domain. The number of equally-sized square cells in the interpolating grid is determined so that,
in average, each pore in the microstructure is covered by 50 squared grid-cells, as illustrated in Fig. 9a.

Since the structural meshes are circular, and not quadratic, about 20% of the grid cells are excluded in the interpolating
scheme since they are located outside the meshes. This means that, depending on the mesh resolution, about 2–18 data
points from each unique and mirrored porous mesh are located inside each interpolating grid cell, as illustrated in Fig. 9.
Thus, about 200–1800 data points are in each grid-cell. Bicubic interpolation is applied to account for nonlinearities in
the strain field. It is straightforward and follows established routines included in the Matlab code. However, the interpolation
produces slightly discontinuous, or fluctuating, strain fields e#ij on the scale above (i.e., the macroscopic scale), because of the
scattered data, wherefore a smoothing algorithm is applied, Garcia [37,38]. This is a physical requirement since the interpo-
lated strain fields should represent smooth continuous homogeneous fields in order to be compared to a theoretical subscale
gradient-enhanced strain field �eij. The robust least-square based algorithm smooth the (slightly) discontinuous interpolated
strain e#ij using a cosine transform. The algorithm minimizes the influence of outlying data and determines the amount of
smoothing carried out by a generalized cross-validation (GCV) method while securing physical boundary conditions prevails,
i.e. ~e11 ¼ ~e22 ¼ ~e12 ¼ 0 along the crack surfaces. The applied algorithm, smoothn.m, is available at the Matlab central file
exchange server. The interested reader is advised to [37] and [38] for further details.

The interpolated slightly smoothed strain fields ~eij should be interpreted as microscopic strains in equivalent homoge-
neous continuums representing typical subscale average strain fields in porous materials with a specific average pore diam-
eter lc , density q, and subject to a remote macroscopic mode I load. It is underlined that the equivalent microstrains
represent the subscale microstrain fields in an average sense.
Fig. 7. Close-up of a crack-tip region in a typical microstructural mesh (q ¼ 0:3). The tip is located at the center of the figure and the straight crack extends
to the left. The bodies are loaded so that a pure macroscopic mode I field is acting distant from the crack-tips. Boundary conditions are given as prescribed
displacements given by (4).
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Fig. 8. Deformed (exaggerated) porous 2D meshes. The bodies are loaded in macroscopic mode I via displacements on their boundaries at r ¼ R. In the limit
q ! 1, the material approaches a continuum.

Fig. 9. (a) In average is each pore covered by 50 squared grid-cells. (b) Small part of one unique and mirrored porous mesh with integration points
indicated. A part of the interpolation grid and the (triangular) elements’ edges are also drawn. (c) Union of 100 unique mirrored structures attached to the
same grid-part as in (b), forming a characteristic structure (only the data points are shown) reflecting an equivalent homogeneous continuum.
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5. Results and discussion

5.1. Microstrains

It seems fair to assume that the porous material’s characteristic length is controlled by the average pore diameter lc. This
assumption is somewhat in agreement with the experimental observations in [4,5] and the tendencies in Fig. 4. Fig. 10 shows
the interpolated strain ~e22 computed from the union of solutions of 100 unique structural geometries in each set-up. The
strain ~e22 reflects a typical porous material having certain inherent properties q and lc . One may notice, in Fig. 10, that
the maximum microstrain along the crack plane is relatively larger in magnitude and located closer to the tip in porous
structures of higher densities compared to in those of lower densities. It is stressed that the different porous bodies are

always loaded on their boundaries (with constant radii) with equal displacements given by (4). The length ½K I=E�2 is equal
in all investigated cases.

Assuming that the characteristic length is controlled by the average pore diameter lc , the theoretical maximum micros-

train �e22 along the crack plane is given by �e0 � 0:2qK I=½El1=2c � and is located at one pore diameter ahead of the tip. In Fig. 11,
the microstrains ~e22 are contrasted with the theoretical gradient-enhanced subscale microstrain �e22 given by (11), using lc as
the material characteristic length c.

As seen in Fig. 11, the overall mechanical behavior is fairly well captured even though it is not a perfect match. To reveal
this observation further, Fig. 12 shows the distance x0=lc to the peak ~e22 along the crack plane, and also maxf~e22g compared to
the theoretical counterpart �e0 at different densities q and average pore diameters lc . Contours of normalized strains are
shown in Fig. 13 for the special cases q ¼ 0:4 and q ¼ 0:6 to expose the near-tip fields.

As indicated in Figs. 12 and 13, the gradient-enhanced theory approximates both the position and magnitude of the sub-
scale microstrain field ~e22 fairly well. For relative densities less than �0.7 the ratio x0=lc ! 1, while for higher densities the
ratio x0=lc is a bit larger but still less than 4. This is not surprising. When q ! 1, the porous material approaches a classical
homogeneous elastic continuum whereupon the strains tend to infinity when x1 ! 0 while any characteristic length in the
material vanishes. For high densities, the pores are small and the distances between them fairly large meaning that the mate-
rial contains spread voids rather than connected pores. The observation that the characteristic length c is linked to the aver-
age pore size lc is similar to earlier findings, cf. [46]. The result also supports other studies. In [21], it is reported that the
average distance between adjacent connections in planar fiber-based materials gives an internal length scale parameter.
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Fig. 10. Microstrain ~e22 ahead of the tip in characteristic structures of different density q and average pore diameter lc . The spatial position x1 is normalized
with the length ½K I=E�2, which is equal in all cases.
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Fig. 11. Microstrains ~e22 contrasted with the gradient-enhanced subscale microstrain �e22 given by (11) using c ¼ lc .
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Fig. 12. (a) The location x1 ¼ x0 of maximum ~e22 along the crack plane, normalized with the average pore diameter lc . (b) Magnitude of maximum
microstrain ~e22 normalized with the theoretical �e0 ¼ 0:2qK I=½El1=2c �.
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Fig. 13. Contours of microstrains ~e22=�e0 at densities q ¼ 0:4 and q ¼ 0:6.
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In [47], where fracture experiments on crystalline ceramics and metals are scrutinized, it is reported that the characteristic
length can be directly linked to the average grain size.

A conclusion one may draw from the findings here is that the gradient-enhanced theory seems to capture the strain field
on both the macroscopic scale and the microscopic subscale (i.e. Eqs. (2), (3), (10) and (11)) in transversely isotropic porous
materials. The tendency observed from the image correlation analysis of the CT experiments, Fig. 4, seems to imply that the
microstrain field at a fairly straight crack in a porous material is different compared to what is anticipated from classical con-
tinuum elasticity theory. The theoretical observation that the subscale microstrain field has its maximum at some pore
diameter from the physical crack tip illustrates the difficulty to interpret the experiments. The average pore diameter in
the examined wood material is about 20 lm. Since it is very difficult (if possibly at all) to determine the exact position of
the physical crack tip in the experiments together with the limitations in the image correlation analysis, we cannot tell
for sure but rather imagine a tendency of peak strains ahead of the tip.

5.2. Note on incompatibility

The normal microstrain in the near-tip region is bounded (Fig. 12) for all analyzed densities q < 1. A key observation in
Figs. 10–13 is that the microstrains in the microstructural models are finite in contrast to the classical singular LEFM strain
field, which implies that the porous microstructure affects the mechanical behavior, meaning that traditional continuum
theories are perhaps not accurate enough when analyzing fracture in porous materials because their lack of length scales.
The gradient-enhanced model, on the other hand, seems to offer a fair approximation (however not exact) of the expected
near-tip microstrain field despite the physical peculiarity of divergence in the gradient-enhanced subscale microstress field,
as discussed in connection to (10), or incompatibility in the subscale microstrain field. However, for materials with pores the
classical compatibility equations may not be sufficient to guarantee that the strains can be obtained from single-valued dis-
placement fields. It is underlined, again, that the approximated gradient-enhanced fields should not be considered as stan-
dard macrosfields but as nonstandard subscale microfields. To illustrate this further, Fig. 14 shows the stress equilibrium
equation @~r22=@x2 þ @~s12=@x1 evaluated along the crack plane, x1 P 0 and x2 ¼ 0. The relation should be exactly zero for sta-
tionary conditions according to classical theories of continuummechanics. The microstresses ~rij are computed using Hooke’s
law and the interpolated microstrains ~eij from the union of 100 unique solutions, i.e. ~eij ¼ ½~rijð1þ vÞ � v ~rkkdij�=El. Thus, the
microstresses ~rij are always obtained via the microstrains ~eij, interpolated on a regular grid using millions of randomly dis-
tributed scattered data points. For the situation of q ¼ 1, i.e. a homogeneous continuum body, the data points are randomly
distributed in a similar fashion to the characteristic solutions for porous structures.

As illustrated in Fig. 14, only for the homogeneous continuum (q ¼ 1), the stress equilibrium is satisfied and the field is
divergence-free along x1 P 0. However, at lower densities the interpolated microstrains ~eij result in microstress fields ~rij that
are not divergence-free. The physical interpretation of this is definitely not clear. The circumstance that a classical contin-
uumwith a scattered LEFM field reproduces @~r22=@x2 þ @~s12=@x1 ¼ 0 while the averaged solutions capturing 100 unique por-
ous material structures does not is an interesting observation and somehow support the gradient-enhanced theory. Perhaps
are subscale microstrains incompatible on a higher scale? Perhaps is the classical continuum equilibrium equation not
appropriate for subscale microstresses in materials containing pores, evaluated on a higher scale? These strange peculiarities
need to be thoroughly investigated, explained and clearly understood to support, validate and strengthen the gradient-
enhanced theory. These essential scientific questions are subjects for future studies. The physics has to be totally understood
in order to make this theory trustworthy.

5.3. Fracture

It is crucial to establish a physically sound connection between the theoretical gradient sensitivity length c and any
microstructural length in the material. Figs. 11 and 12 reveals that assuming c is linked to the average pore diameter lc seems
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Fig. 14. Stress equilibrium equation @~r22=@x2 þ @~s12=@x1 evaluated along x1 P 0 and x2 ¼ 0. The gradients are normalized with the Euclidean norm
jj@~r22=@x2jj2 of all values in the body domain.
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to be a fair assumption and allow for direct theoretical estimations of the gradient sensitivity in isotropic porous materials.
This finding is also in agreement with an observation in [4] that the fracture mechanism in wood is dominated by the pore
size. One may, hence, formulate a crack growth hypothesis as follows: At the pore level, a remote load can produce micro-
cracks. At a crack or defect, these nucleated microcracks most likely appear within a diffuse zone located ahead of a tip and
having a size similar to the average pore size. A main crack may eventually coalesce with these microfractures whereupon
the crack advances one pore length, i.e. the crack undergoes a step-wise stable growing process. Using c ¼ lc , the maximum

microstrain in the tip region is estimated to �e0 ¼ 0:2qK I=½El1=2c � and reveal that a larger pore size lower the magnitude of
microstrains. This observation is consistent with the findings in e.g. [5] who report that a change to a larger pore size ter-
minates radial crack growth in wood.

Hypothesize that when a maximum subscale microstress �r22 reaches a certain critical level �rc, cohesive microfracture
occur. Assume further that a porous material contain a straight crack of length 2a � lc . Then, according to LEFM, the macro-

scopic stress intensity factor is given by K I ¼ r0½2pa�1=2 where r0 is a remote uniaxial global stress acting far away from the
crack. Applying the micro/macro stiffness approximation in (1), using c ¼ lc and v ¼ 0:3, the relation (10) gives that

maxf�r22g � 0:3K I=½ql1=2c �. Since K I ¼ r0½2pa�1=2 a subscale cohesive microstress in transversely isotropic porous materials
can be estimated to:
Fig. 15.
the the

Please
elastic
�rc � 0:75
r0

q
a
lc

� �1=2
: ð13Þ
Eq. (13) link the cohesive subscale microstress �rc to the remote macroscopic stress r0. It would thus be possible to estimate
�rc in standard laboratory fracture tests.
5.4. Note on interpolation

The interpolated strains ~e22 are dependent on the grid density in the interpolation procedure. A too dense grid produce
scattered results, because too few data points are available in each cell, while a too sparse grid become too low-resolved and
produce too averaged and smoothened values. It is, thus, a tricky balance act finding optimum settings. Using the grid res-
olution described in Section 4, in combination with a typical number of scattered data points, the applied interpolation and
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Microstrains ~e22 at q ¼ 1 (i.e. lc ¼ 0) interpolated on a grid from randomly distributed and scattered data points of a pure LEFM field. Also shown is
oretical LEFM singular strain.
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smoothening procedure is able to capture a randomly distributed classical singular LEFM field well, Fig. 15, which lend some
confidence in the chosen grid density.

6. Conclusions

The gradient-enhanced theory seems to offer a fairly good approximation of near-tip subscale microstrain fields in porous
isotropic materials. To judge the theory’s ability to capture mechanical behavior in porous materials, subscale microstrain
fields �e22 in the near-tip regions of stationary mode I cracks, given by the model, are contrasted with microstrain fields
~e22 computed from high-resolution finite element microstructural models of randomly distributed pores with different pore
sizes and densities but similar macroscopic geometry and boundary conditions. When comparing the results in Figs. 10–13
one see that the two microstrain fields, ~e22 and �e22, are surprisingly similar. The relatively simple gradient-enhanced contin-
uum theory produces remarkably similar subscale microscopic fields as the considerably more computationally demanding
discrete microstructural models and seems to be able to approximate subscale length-effects in a convenient and general
way, despite the physical peculiarity of divergence and incompatibility of the gradient-enhanced subscale fields discussed
in connection to (10) and Section 5.2. However, these issues need to be thoroughly investigated, explained and clearly under-
stood to support, validate and strengthen the gradient-enhanced theory. The theory thus need further investigations and
deeper physical understanding to be convincing, trustworthy and reliable. Nevertheless, a key observation in this study is
that the internal characteristic length parameter, used in the gradient-enhanced model, seems to be linked to the average
pore diameter, allowing for theoretical bridging between scales. A relatively larger pore size results in a relatively lower
magnitude of the subscale microstrain field in the tip region (11). Finally, the gradient-enhanced theory seems to be consis-
tent with an experimentally observed tendency in radial fracture in wood. However, limitations in resolution and the image
correlation analysis, and difficulties to localize the physical crack tip, make it very hard to draw trustworthy and convincing
conclusions from the experiment. We also need more experiments to obtain statistical reliable observations. Some trends
may be imagined that seems to indicate that the position of maximum strain is ahead of the tip at a distance that appears
to correspond roughly to some average pore diameter. However, we need to obtain higher resolved CT images to be sure and
to be able to draw stronger conclusions.
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