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Abstract

This paper reports a numerical study of the thermal and fluid-dynamic behaviour of laminar mixed convection in a non-Newtonian fluid
inside a vertical duct enclosed within two vertical plates that are plane and parallel, having linearly varying wall temperatures. The other inlet
conditions consist of a parabolic distribution of the velocity field and a constant fluid temperature. The problem is assumed to be steady and
two-dimensional. The formulation of a mathematical model in dinmmess co-ordinates and the discretisation of the governing equations
by means of the finite difference method, have made it possible to create a numerical code developed in Matlab environment. The study
was focused on the simultaneous presence and on the mutual fisteraicnatural and forced convection, starting from the effects of the
re-circulation on the heat transf@ihe quantitative results of the ansiy, which are strongly affected Itiye variation of the Grashof number
and of the exponent of the power law, are given in terms of graphic visualisations of the fluid velocity profiles and, when the governing
parameters vary, of the various geometries characterising the heat transfer.
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1. Introduction comes more difficult when it is unsteady [3], or in the case
of a porous medium [4]. Mixed convection problems have
Combined forced and free convection (mixed convection been widely studied: going ahead to the beginning of the
flow) is encountered in many technical and industrial appli- 1960’s, researchers began to undertake studies in geomet-
cations, which include solar central receivers exposed to therical conditions similar to the ones considered here, regard-
wind currents, electronic devices cooled by fans, nuclear re-ing solutions of forced convection [5], completely developed
actors cooled during emergency shutdown and (especiallymixed convection [6] or cases [7,8] that questioned the one-
for the dynamic inlet conditionisere adopted) heat exchang- directionality of the flow, neglecting the effects of the buoy-
ers placed in low-velocity-emonments. Various recent re-  ancy forces. In many applications, the effects of natural con-
searches on mixed convection are significant with particu- vection, again associated with the presence of temperature
lar reference to the above-mentioned industrial applications: gradients, may be compared to those of forced convection.
in [1] a study of mixed convection heat and mass trans- Thjs js why it is necessary to introduce a criterion of evalua-
fer along a vertical wavy surface has been carried out nu-jon capable of quantifying the contribution of both mecha-

merically. Ref. [2] deals with a procedure for rapidly es- nisms, In Refs. [9,10], for instance, the following criteria are
timating the flow-rate and heatansfer for laminar free suggested:

and mixed convection in inclined ducts. The problem be-

(1) Pr =1 fixed, an estimate of the ratio between the effect
* Corresponding author. of natural and forced convection is given by the value of
E-mail address: cesare.biserni@mail.ing.unibo.it (C. Biserni). Gr/Re%:
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Nomenclature

Boussinesq number

half-width of theduct.....................
friction factor
gravitational acceleration
Grashof number

size of the mesh pitch in transversal direction m
o

size of the mesh pitch in axial direction
power-law index

number of grid points in the transversal and axial
direction

length of the duct expressed in half-width units
Nusselt number
Prandtl number
Reynolds number
fluid temperature
fluid velocity vector

transversal component of velocity

-gnt

transversal component of the non-dimensional

velocity

X transversal co-ordinate.................... m
X non-dimensional transversal co-ordinate

y axialco-ordinate ......................... m
Y non-dimensional axial co-ordinate

Greek symbols

thermal molecular diffusion coefficient of the
................................ i
thermal expansion coefficient of the fluid . =K
non-dimensional temperature
non-dimensional stream function
non-dimensional vorticity

D ™

"4
2
Subscripts

transversal direction
axial direction
average value
boundary values

wall
values fory — oo

geos==

e Gr/Re? « 1= the buoyancy forces are negligible in

comparison to the ones of inertia and therefore the

mechanism of forced convection is prevailing;
e Gr/Re? ~ 1 = the motion is affected to the same

extent by the two types of forces and therefore the

convection is mixed;
e Gr/Re? > 1 = the preponderant influence of the

buoyancy forces makes the effects deriving from

the accumulative motion ohe fluid negligible and
therefore natural comction appears to prevail.

)

Pr > 1, an estimate of the ratio between the effect of
natural and forced convection is given by the value of

Rai/ 4 (Rei/ 2pr1/3):

o Ray*/(Re;
1/4

¢ Ra,

3)

1/2pr1/3) — O(1) = Forced convection:
/(Rei/ 2pr1/3y ~ O(1) = Natural convection.

Pr < 1, an estimate of the ratio between the effect of
natural and forced convection is given by the value of

Boy/*/Pey/%:

o Boy/*/Pe;

2 _ O(1) = Forced convection;

° Bo}/ 4/ Pei/ 2 O(1) = Natural convection.

The Eckert—Diaguila diagna [11] defines a representa-
tion of the different fluid-dynamic combinations with the re- '™ g
spective field of influence of the types of convection. When ation of the Biot number along the duct. In Ref. [16] the
making progress with research and consequently with the study considers non-finned ducts and the determination of
formulation of increasingly complex mathematical models, the geometric parameters optimising the heat transfer. In this
the need to validate experimentally the results obtained wasbackground, the present paper presents a numerical investi-
considered of primary importance. In this context is included gation based on finite difference method, in which a power
the numerical and experimental analysis [12] in which the low fluid, having inlet parabolic velocity profile and constant
heat transfer is considerad a mixed convection regime
of air flow between two parallel plates that are uniformly varying temperature along the channel axis direction.

heated. Correlations related to Nu are proposed with refer-
ence to the region in which the flow is fully developed, in
correspondence to the establishment of the secondary flow
and to the zone in which a first increase in heat transfer
is detected (which clearly follows the secondary flow). In
Ref. [13], the problem of convective heat transfer in lami-
nar motion, although limited to the region in which the mo-
tion is fully developed, is generalised to the case of a ver-
tical channel to which heat is asymmetrically exchanged.
Different combinations, consisting of the fact that the two
walls are characterised alternatively by constant thermal flux
or constant temperature, are studied separately as boundary
conditions. Considering the same range of boundary condi-
tions, the above-described study is extended in Ref. [14] to
the mixed convection, with reference to the inversion of ve-
locity flow. This phenomenon is encountered whenever the
Re/Gr ratio proves to be lower than a particular threshold
value (a function of the boundary conditions adopted), in the
region adjacent to the lower temperature wall. In Ref. [15],
an analytical survey is presex on the forced convection
of a fluid that flows in laminar motion inside tubes having
circular shaped fins, compugrthe presence of such fins, in
the descriptive mathematical model, with a harmonic vari-

temperature, is consideredide a vertical duct with linearly
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Fig. 1. Schematization of the model.

2. Description of the physical model

With reference to Fig. 1, we consider a power-law fluid
in laminar flow inside a vertical duct with walls of semi-
infinite length (0< y < oo; y increasing downwards) placed
at a distance from the axis, which is equalte= +d and
x = —d. An inlet parabolic velocity profile is also assumed:

Vo = (10, vo) = (0, vo) (1)
v0 = U [(=3/2)(x/d)* + 3/2] )

The flow is steady and two-dimensional. The walls are
assumed to have a linear variation of temperature,

Tw=To— (A/d)y (3

in which A represents the constant rate of temperature
change along the walls. The egutice temperature of the fluid
is considered constant and equivalenTo

T(x,0=To 4)

This pattern of constant inlet temperature of the cross section? (X =1, 0< Y <00) =0
guarantees the absence of buoyancy forces prior to enteringd¥ _
the channel, so that the eventual occurrence of the lattergx l1.y —

can be attributed only and exclusively to the temperature
gradient along the walls.

3. Description of the mathematical model

The laws governing the phenomenon are the continuity
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except in the evaluation of the buoyancy terms: all the
properties of the fluid are independent of temperature,
except for density, which has a linear dependence. The
governing equations may be expressed in the following non-
dimensional form,

REN
_ 5
%2 5)
VIR IR 92 90
— - =——(I2I"'2) - Gr— (6)
X 9Y 9y 9X 9x? D, ¢
AW (90 v 90 820
Pri—(—-1)|-—— | =— (7)
axX \ oYy Y 30X X2
where
VO | Vm n-2 Vm
Pr=—|—2 (= ®8)
ol d d
Gr — gﬁkd2n+l|vm|172nvm (9)

w6
Starting from the physical model examined and using the
symmetry with respect ta = 0 and 0< y < oo typical
of the geometry being considered, one can determine the
boundary conditions for the natimensional functions.
These may be expressed, with reference to the various
“significant” locations, as follows:

Duct axis

Y(X=00<Y<o00)=0 (10)

2(X=00<Y<00)=0 (1))

a0

- - 12

0Xloy (12)

Duct entrance

PO0<X<1l Y=0= _EX +§X (13)

20<X<1,Y=0=-3X (24)

0<X <1, Y=0=0 (15)

Duct wall

U(X=10<Y<o0)=1 (16)
(17)
(18)

4. Description of the numerical method

Here a procedure is defined based on the finite differ-
ence method to solve the parabolic equations with backward-
differences in the directio of the flow and central dif-

equation, the equations of Navier—Stokes and the energyferences in the cross direction. The governing equations,

equation, in which the approximation of Boussinesq was
used. Accordingly, the fluidsi considered incompressible,

written with the finite difference method, take on the fol-
lowing form:
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Q1= iz(‘l’i+l,j+l — 22U i1+ Yis 1) (19) calculation schemeit becomes natural to use I'Hopital's
1 H rule, from which we obtain:
m[(wﬂrl,ﬂrl — Vi 1+ (82 j+1— $2i,)) N = (¥ > 0 2 |1
— (i1, j+1 — 2i—1,j+) Wi 41— ¥ j)] 1T Om
=i[|9' 1+l i1 11 — 212l T 201 —Iim(YeO)iﬁ(%b(:l) (24)
gLt b bt ht - 30,,/0Y
-1
+ 1921 j4l" " 2i-1,j41] Bearing boundary condihs in mind, one obtains:
Gr
2H (91+1,./+1 91—1,/-1—1) (20) Nuj = N,2 = Nuy (25)
m,2
_ZHK[(‘I’HLJH_ Vi-1,j+1) O j+1 — 6ij) This means that the numerical scheme is not capable of

evaluatingNu for 0 < Y < H; therefore, when wishing

1 to determine its value in proximity to the entrance, it is

——Wisrj+1— ¥ ) necessary, leaving aside the convergence problems, to use
1H a mesh with a very fin& pitch.

" Pru?
Where H and K are the pitch in the transversal and axial 5 Tne effect of the Grashof number and the power-law
direction; the indexes, /) indicate the point of co-ordinates  exponent
[X=(@G—-1DH, Y = (j — DK]. Indicating with N, the
number of nodes in theX direction andN, in the ¥ The solution of the system is an(8?) in the entire

direction, we havé=1,..., Ny+1landj=1,..., Ny +1. domain, whereas at the inlet it is ar(&); consequently, in
As far as the boundary conditions are concemned, the o qer 1o obtain a better approximation of the input zone, one
vorticity at X = 1 is evaluated by developing a Taylor series ¢q1q consider decreasing the valuekafSuch an operation
of £2 and¥ up to the second order in the proximity k¥f= 1, cannot in any case be computed without reduciigat
just as the temperature cpndition)atz Ois e_valuatgd with the same time with a heavy slow-down of computational
the accuracy of 1), using the Taylor series far in the time requested. This suggests two different methods for
proximity of X = 0, thus obtaining as a final result: conducting the research: one could look for valuesHof
301, j+1— 402 j4+1+63j41=0 (22) andK as a compromise which give a good approximation in
the entire domain or, as an alternative, conduct two separate
analyses relative to the entrance region and the fully-
developed region. In this study, an attempt will be made,
within the limits of possibility, to consider both possibilities:
the first to have a global vision of the phenomenon, and
the second for a more detailed comparison with the results
existing in literature.

The analysis of the influence oBr was conducted
while considering the value of the exponenfixed at 0.7
(or 1); in this way, a choice was made to neglect, as a
first approximation, the variation of. This choice was
made because varying n does not change the qualitative
evaluating at the same time the effect of this feature on theShap.e of the 9btamed curves, while it changeg only the

detailed numerical values. With reference to the diagrams in

stability of the algorithm. ) : .
. . . . Figs. 2 and 3, negative values have been found for the axial
Once the equations are discretised, moving gr":ldua”yvelocities in the proximity to the walls fo@r—d(ﬁ" <0 and

ahead inside the duct, one can evaluate the variables in the

(j 4+ Dth location in the flow direction, employing Gauss’ at the centre fOGfddL;" > 0 (because of the system chosen
elimination method. The calculation dfu at the first pitch ~ and in coherence with the physical model utilised, the above
of the grid (j = 1) requires separate mention; in fact, at the conditions becomé&r < 0 andGr > 0, respectively). In

= (641, j+1 — 0i—1,j+D) (¥ 41 — Wi ) |

(0i41,j+1— 20; j41+6i-1,j+1) (21)

Egs. (19)-(22), together witmitial conditions and (first-
kind) boundary conditions, constitute a system of 3 1
equations in 3 — 1 unknowns. Such equations have been
discretised with the finite difference method at the node
j + 1 in order to use Gauss' method of elimination: for
this reason, the cross derivativesdafo ands2 in Egs. (20)
and (21) are evaluated at thigh node rather than at the
(j + Dth. The term of vorticity of the power-law in the
momentum equation (20) is evaluated by referring to the
previous loop. The accuracy of the solution may suffer from
such a procedure; however, this problem can be mitigated
by reducing the number of nodes in the Y direction, and by

inlet of the channel, one has: agreement with the necessary re-distribution of the velocity

30 profiles (Figs. 4 and 5), for negativevalues at the centre,

ox 1x=1 - 9 (23) we have positive cross-section velocity peaks, and negative
m lr=0 O peaks for positiver. The heat transfer is generally assisted

This indeterminate form must be resolved in order to avoid by velocity inversion in the central zone, a phenomenon, in
discontinuity in the value ou: by using a finite difference  fact, that occurs in occasion of a flow increase that laps on
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Fig. 5. Trend of the transversal velocity f@r = 450,Pr =1, n =1,
A =—1, Ny =100 andNy = 1000.

Fig. 2. Trend of the axial velocity foBr = —50,Pr=1,n =1, A = -1, 1100

N, =100 andNy =4000.
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Fig. 6. Comparison, aGr varies, of the output temperature fBr = 1,
n=07,To=100,1 = -1, N, =60 andN, = 300.

Fig. 3. Trend of the axial velocity fobr = 450,Pr =1,n=1,1 = -1, 0.8 7”4;:) I T T TTTT =
Ny =100 andNy = 1000. 0.7 300 ad
-25
-50

10%-1 1070
Y

Fig. 7. Comparison, aé&r varies, ofom for Pr =1, n = 0.7, » = —1,
Ny =60 andNy = 300.

Om and of Nu. The temperature proves to be higher for
Fig. 4. Trend of the transversal velocity f@r = —50, Pr =1, n =1, Gr > 0 on the entire section, and has a flatter pattern in the
%=1, Ny = 100 andVy = 4000. transversal direction, as well as the average non-dimensional

temperature, measuring theffdrence of temperature of
the walls. This is also highlighted in the diagrams reported in the fluid and of the wall (averaged temperature in a given
Figs. 6, 7, 8 and 9, relative to the patterns, within the length section), which is constantly lower f@r > 0. The indicator
of the channel expressed in equivalent diameters, of theof the global heat transfeNu, takes on values that keep
temperature, of the non-dimensional average temperatureon growing asGr increases. The pressure losses (Fig. 10)
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Fig. 8. Comparison, a&r varies, ofNu for Pr =1, n = 0.7, A = -1,

N, = 60 andNy — 300. Fig. 10. Comparison, aSr varies, ofRe- f for Pr=1,n =0.7, A = -1,

Ny =60 andNy = 300.
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Fig. 9. Comparison, &8r varies, ofufor Pr=1,n = 1,4 = —1, Ny =60 Fig. 11. Comparison, as varies, ofém for Gr = —50, Pr = 1, » = —1,
andNy = 300. Ny =80 andNy = 300.

are analysed with reference to the friction facfarthis is
affected considerably, as far as the module is concerned, by f-
the derivative ofv in transversal direction calculated on the - "
wall, while the sign$ in accordance with. /
We have analysed how the variation of the power-law °' 7
exponent affects the results for two values Gf, one /
higher than zero and one lower, which are equivalent to g o ~
Gr = 450, Gr = —50, respectively. We did this in order
to verify whether the influences of were regardless of -
the sign of Gr or not. First of all, an observation must
be made on the variation, generated /pyof the length ,
of the entrance region that, as one will be able to see, 10n-1 1040
will prove to be indispensable in order to establish the Y
accuracy of the following considerations. From the analysis Fig. 12. Comparison, as varies, ofém for Gr = 450,Pr =1, » = —1,
of the diagrams in Figs. 11 and 12 of the mean non- Nx =200 andNy = 700.
dimensional temperatures, which are certainly the most
significant ones for establishing the depletion of the entrance
region, one assumes that for decreasings length tends  and almost emphasised by the analysis of the other two
to decrease fofGr > 0, and vice-versa for < 0. With guantities being examined: from Table 1, which synthesises
reference to the diagrams of Figs. 13 and 14, the transversathe correspondences that can be deduced from the respective
velocity gradients tend to be amplified as n decreases bothgraphic patterns, it is shown that when n decreases, the
for Gr < 0 and Gr > 0, generating an increase in the behaviour differences betwe@&r > 0 andGr < 0, relative
value (in module) of the extreme points, i.e., the points of toNu, Re- f, velocity and temperature, become increasingly
minimum and maximum. This characteristic is confirmed evident.

ooo
N
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Table 1
Table of comparison &t = 10
Nu Re- f v(min) v(max) om t[°C]l, X =0
Gr Gr Gr Gr Gr Gr
n -50 450 -50 450 -50 450 -50 450 -50 450 -50 450
1 158 43 —18 170 -0.1 -0.04 22 207 064 017 1028 1067
0.9 15 4.6 -25 205 -0.18 —0.06 23 22 0.67 02 1025 1070
0.8 14 5 —-37 255 -0.28 -0.09 25 23 0.72 0215 1021 1073
0.7 125 54 —64 325 -0.51 -0.1 275 25 0.82 023 1015 1075
\ —%7 — | |
25 — 038 | — 0.9 %\
s \ —_— 0.19 oH— D.g =y

: ' 7

y \

0 \
\:7 o L=

-0.5

AI\N

0 01 02 03 04 05 06 07 08 09 1 g a1 0 5 04 0}(‘5 06 0.0 08 08 1
X
Fig. 13. Comparison, as varies, of axial velocity foiGr = —50, Pr = 1, Fig. 14. Comparison, as varies, of axial velocity foiGr = 450, Pr =1,
= —1, Ny =80 andN, = 300. A = —1, Ny = 200 andy = 700.
6. Conclusions and future developments dimensionalisation of the equations. One may demonstrate

that the utilisation of the kernel of this code would entail, in
&;UCh a case, an error in the evaluation of the energy equation,

Several conclusions and ideas for future research emerged™ > = .
which is equivalent to:

from this study. The study focused on the interaction be-

tween natural and forced convection: particular care has (T — Tw)dZTw
been posed to the effects of the re-circulation of the stream- 7"2’/2 (26)
lines on the heat transfer. The Grashof number as well as the  Re*(G#)

power law exponent, that have been considered Separat.ely(:onsequently, if the model developed should be reused
proved to be the parameters that greatly affect the quantita-yithout making any substantial modifications, the results
tive results of the numerical investigation. The originality of \yould be reliable only if, for a determined trend B, this

the numerical scheme employed consists of its extreme sim-t5ctor were equivalent, in order of magnitude, to the error
plicity and the fact that is does not need a stabilisation pro- mage by discretising the equations.

cedure. Moreover it is sufficiently exact with regard to the

objective of this research: the results obtained in the cases

presenting inverse flow zones, in the fully developed por- Acknowledgements
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