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1. Introduction

Following the work of Mirrlees (1971), the theory of optimal
nonlinear income taxation has investigated the properties of optimal
income tax schedules when a government's limited information about
taxpayers prevents the use of non-distorting lump-sum taxes. Com-
parative static analyses of optimal nonlinear income taxes attempt
to gauge how changes in the underlying structure of the economy
affect optimal taxes and their associated distortions. In this article, we
derive new comparative static results that show how optimal
nonlinear income taxes and the associated allocations change
when the distribution of skills changes. Changes in the demographic
structure of the population may arise for a number of reasons. For
example, the skill distribution may change due to mobility between
jurisdictions, as in Hamilton and Pestieau (2005); it may change over
time due to the augmentation of skills through education, as in Brett
andWeymark (2003); or it may differ between identifiable subgroups
of the population who, because of this tagging, may face different
tax schedules, as in Boadway and Pestieau (2007).

We focus our attention on models with a discrete skill distribution
and an arbitrary finite number of skill types. As noted by Brett and
Weymark (2008a), it is possible to perturb discrete skill distributions
in two ways. One can change the support of the distribution, say by
increasing the skill level of individuals of a particular type. Com-
parative static analyses of this sort have been carried out by Brett and
Weymark (2008a) and Simula (2010). Alternatively, one can keep the
set of possible skill levels fixed and change the number of individuals
with some skill level. This second kind of comparative static analysis is
the focus of this article. Hamilton and Pestieau (2005) and Boadway
and Pestieau (2007) have addressed some aspects of this issue, but
only for the case of two skill types.

Because of the technical challenges inherent in the optimal income
tax problem, existing comparative static results for nonlinear taxes
are available only under restrictive assumptions concerning individ-
ual preferences. Weymark (1987) and Brett and Weymark (2008a,b)
derive comparative static results for many changes in the economic
environment for the case of preferences that are quasilinear in leisure.
Hamilton and Pestieau (2005) also consider these kinds of prefer-
ences. Boadway and Pestieau (2007) and Simula (2010) consider
preferences that are quasilinear in consumption. We consider both
kinds of quasilinearity, using the Weymark model for quasilinear-in-
leisure preferences and a generalization of the Simula model for
quasilinear-in-consumption preferences.

In the models used by Simula and Weymark, the government
maximizes a weighted sum of individual utilities subject to an
economy-wide resource constraint and incentive compatibility con-
straints. The social welfareweights are chosen so as to satisfy standard
redistributive criteria, like those described by Guesnerie and Seade
(1982), Röell (1985), and Hellwig (2007), but are otherwise arbitrary.
The restrictions on the welfare weights guarantee that the adjacent
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downward incentive compatibility constraints bind (in the termi-
nology of Guesnerie and Seade, there is a strict monotonic chain to
the left). Having this pattern of binding incentive constraints
allows both Simula and Weymark to derive tractable reduced-form
optimization problems that can be used to describe the choices of
some of the variables of interest. Weymark's reduced-form can be
used to compute the optimal after-tax incomes (consumptions) and
the optimal marginal tax rates, whereas Simula's reduced-form can be
used to compute optimal before-tax incomes and optimal marginal
tax rates.

At an optimum, individuals of all types (except the most highly
skilled) face a positivemarginal tax rate. Equivalently, their before-tax
income (labor supply) is distorted downward in the sense that a one
unit increase in both the before- and after-tax income of such an
individual would make that individual better off. This proposed
increase does not violate the resource constraint, but it is not optimal
because it violates a self-selection constraint. In particular, it would
make it attractive for individuals of the next highest type to pretend to
be of that type. Satisfaction of this self-selection constraint can be
restored if the proposed increase is combined with transfers to
individuals of the next highest type. These additional transfers might
destroy incentive compatibility for the still more highly skilled, so
additional transfers might be needed to obtain a feasible allocation.
The total of all such transfers constitute the information rents received
by higher types. These rentsmake the cost of increasing the before-tax
income of individuals more than just the additional after-tax income
that they receive. Moreover, the social cost of these rents determines
the size of the optimal marginal tax rate of the type being considered.
When preferences are quasilinear (in either sense), it is possible to
derive explicit formulae for the social costs of the information rents
and to deduce how the distribution of skills affects these costs. These
formulae play an important role in our comparative static analyses.

When preferences are quasilinear in leisure (resp. consumption),
we are able to sign the directions of change in each person's opti-
mal consumption (resp. income) and optimal marginal tax rate in
response to an increase in the number of individuals of any given skill
type. Moreover, the directions of change in the optimal marginal
tax rates are the same for the two specifications of preferences.
In particular, we show that for any skill type other than the highest, if
the number of individuals of that type increases, then so does their
optimal consumption (resp. income) when preferences are quasi-
linear in leisure (resp. consumption).

The general character of our results can be illustrated by
considering an increase in the number of individuals, nk, of a particular
type, say k, other than the highest skilled when preferences are
quasilinear in leisure. An increase in nk does not change the size of the
information rents associated with an increase in the consumption
of type k individuals. It does, however, increase the number of type
k individuals facing the distortion caused by these rents. As a result,
an increase in nk provides the government with an incentive to
reduce these distortions. Therefore, the optimal marginal tax rate
for individuals of type k falls, which induces an increase in their
consumption.1

An increase in nk also affects the optimal marginal tax rates faced
by individuals of other types. For a type ibk, individuals of type k
are receivers of information rents when the consumption of type i
individuals increases. An increase in nk increases the aggregate
amount of information rents because they must now be paid to
more individuals. However, and perhaps unexpectedly, the social
marginal cost of the rents may actually decrease. The rents are a
source of utility to individuals of type k. Thus, the benefits associated
with the rents increase. The costs of the information rents are borne
by all individuals in society. If individuals of type k have a social
1 There are additional effects, but we show that the effect described here dominates.
welfare weight greater than the average social welfare weight, then
the additional benefits outweigh the additional costs and the net
social marginal cost of the information rents decreases. In this case,
the marginal tax rate faced by individuals of type i decreases, with the
consequence that their consumption increases so as to increase these
information rents. For a type jNk, individuals of type k help finance the
information rents associated with increases in the consumption of
type j individuals. If individuals of type k have a social welfare weight
greater than the average social welfare weight, their tax contributions
weigh more heavily in the computation of the social cost of the
information rents. In this case, an increase in nk causes the net social
marginal cost of the rents to increase. Consequently, the marginal tax
rate faced by individuals of type j increases and their consumption is
decreased so as to decrease the information rents.2

In Section 2, we present a general framework that encompasses
the models of both Simula and Weymark. We carry out our com-
parative analyses for the Weymark and Simula models, respectively,
in Sections 3 and 4. Section 5 contains concluding remarks. Our proofs
are gathered in an Appendix.

2. The framework

The economy consists of H individuals, who are partitioned into
N types according to their labor productivities. The number of
individuals of type i is denoted by ni. The productivity of this type of
individual is given bywi. Types are ordered such thatw1bw2b···bwN.
The production sector is assumed to exhibit constant returns to scale
and the labor market is perfectly competitive. With these assumptions,
the before-tax labor income of an individual of type i is given by

yi = wili; ð2:1Þ

where li is his labor supply.
The government chooses a tax schedule without the ability to

observe individual skill types, wi, or labor supply, li. It can observe
before-tax income, yi, and is assumed to be able to set any anonymous
tax schedule it wishes using income as the tax base. Without loss
of generality, we can set the price of the consumption good equal to 1,
so an individual's consumption, ci, is simply his after-tax income.

Individuals have preferences over c and l represented by a com-
mon cardinally significant utility function ũ c; lð Þ. Because of differ-
ences in skills, preferences over the observable variables c and y are
type-specific, given by

�ui c; yð Þ = ũ c;
y
wi

� �
: ð2:2Þ

For the Weymark (1986, 1987) model, we multiply Eq. (2.2) by wi (a
type-specific monotonic transformation) to obtain a utility function
ui c; yð Þ. See Eq. (3.2) below. For the Simula (2010) model, we simply
set ui=ūi.

An allocation c1; y1;…; cN ; yNð Þ is a list of the consumptions and
before-tax incomes of the N types of individuals. Because taxation is
anonymous, revealed preference implies that when individuals
optimize on their common budget set, the resulting allocation satisfies
the self-selection (i.e., incentive compatibility) conditions

ui ci; yið Þ≥ ui cj; yj
� �

; i; j = 1;…;N: ð2:3Þ

The taxation principle (cf. Guesnerie, 1995) implies that the set of
allocations that can be obtained by individuals maximizing subject to
some anonymous tax schedule is equivalent to the set of allocations
2 The preceding discussion also applies to quasilinear-in-consumption preferences
except that changes in before-tax incomes are substituted for changes in consump-
tions.
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satisfying Eq. (2.3). Thus, the government can be viewed as directly
choosing the consumption levels and before-tax incomes of each type
of individual subject to Eq. (2.3) rather than indirectly determining
the allocation through the choice of the tax schedule.

The government employs a weighted utilitarian social welfare
function of the form

W u1;…;uNð Þ = ∑
N

i=1
λiniui; ð2:4Þ

where the λs are social welfare weights that satisfy

λ1 N λ2 N ⋯ N λN N 0: ð2:5Þ

This linear social welfare function may be viewed as a local linear
approximation to a quasiconcave social welfare function at a solution
to the optimal tax problem. By assuming that the social welfare
weights are declining in type, the optimal tax problem is redistrib-
utive in the sense of Guesnerie and Seade (1982); i.e., at the solution
to the optimal tax problem, it would be desirable to transfer resources
from higher-skilled to lower-skilled individuals in the absence of the
self-selection constraints. In the Weymark model, if the social welfare
function is defined in terms of the untransformed utilities ūi, then the
welfare weight applicable to type i is wiλi. Classical utilitarianism
requires these wiλi welfare weights to be the same for all i.3

The government chooses an allocation to maximize Eq. (2.4)
subject to the self-selection constraints Eq. (2.3) and a materials
balance constraint of the form

∑
N

i=1
nici ≤ ∑

N

i=1
niyi: ð2:6Þ

ByWalras' Law, the latter constraint is equivalent to requiring that the
government not run a deficit.

The quasilinear preferences used by Simula and Weymark satisfy
the usual single-crossing property. As a consequence, because the
welfare weights are declining in type, in the government's optimiza-
tion problem it is possible to replace the self-selection constraints
Eq. (2.3) with the requirements that the adjacent downward
incentive compatibility constraints bind,

uiðci; yiÞ = uiðci−1; yi−1Þ; i = 2;…;N; ð2:7Þ

and that the individual consumptions and pre-tax incomes are
nondecreasing in type,

c1; y1ð Þ≤ c2; y2ð Þ≤ ⋯≤ cN ; yNð Þ: ð2:8Þ4

Furthermore, at a solution to the optimal tax problem, the material
balance constraint Eq. (2.6) binds.

Both Simula and Weymark find it convenient to normalize the
welfare weights so that their sum is equal to the total number of
individuals, i.e., so that the average welfare weight is equal to 1.
Formally,

∑
N

i=1
niλi = ∑

N

i=1
ni = H: ð2:9Þ

Because the social welfare function is homogeneous of degree one in
the welfare weights, this normalization has no effect on the optimal
3 The objective function (2.4) is a weighted total utilitarian social welfare function.
When the government chooses an optimal allocation, the population is fixed.
Therefore, maximizing a weighted total utilitarian social welfare function is equivalent
to maximizing a weighted average utilitarian social welfare function.

4 See Matthews and Moore (1987) for a general treatment of the conditions under
which the self-selection constraints can be reformulated in this way.
allocation. The normalization Eq. (2.9) adds considerably to the trac-
tability of the analyses of Simula and Weymark. However, it makes
the comparative static analysis of changes in the composition of
the population somewhat more difficult to determine because if
the number of individuals of, say, type k increases, it may be necessary
to rescale all of the welfare weights so as to re-establish Eq. (2.9).

For concreteness, consider a small increase εk in nk. Following this
change, all of the λs are multiplied by a constant κ so as to re-establish
Eq. (2.9). Let the adjusted weights be

�
λi = κλi; i = 1;…;N: ð2:10Þ

Note that if κ=1, no renormalization is necessary. To re-establish the
normalization, it must be the case that

nk + εkð Þ�λk + ∑
i≠k

ni
�
λi = H + εk: ð2:11Þ

Substituting Eq. (2.10) into Eq. (2.11) and rearranging gives

κ =
H + εk

∑N
i = 1 niλi + λkεk

=
H + εk

H + λkεk
: ð2:12Þ

Therefore,

�
λi = λi

H + εk
H + λkεk

� �
; i = 1;…;N: ð2:13Þ

Hence,

∂�λi

∂εk
= λi

H−λkH
H + λkεKð Þ2

� �
; i = 1;…;N: ð2:14Þ

Evaluating Eq. (2.14) at εk=0 and simplifying yields

∂λi

∂nk
:=

∂�λi

∂εk j
εk =0

=
λi 1−λkð Þ

H
; i = 1;…;N : ð2:15Þ

It follows from Eq. (2.15) that every (re-normalized) λi changes in
the same direction when nk increases. Moreover, the direction of
change in the λs is determined by the initial welfare weight assigned
to individuals of type k. If this initial welfare weight is greater (less)
than the average welfare weight of 1, then the λs must be scaled
downward (upward) following an increase in nk in order to re-
establish Eq. (2.9). The preceding discussion is summarized in the
following lemma.

Lemma 1. An increase in nk accompanied by a proportionate rescaling
of all the λs so as to re-establish the normalization Eq. (2.9) results in:

(i) an increase in λi, i=1,…,N, if λkb1;
(ii) a decrease in λi, i=1,…,N, if λk N1;
(iii) no change in λi, i=1,…,N, if λk=1.

3. The Weymark model

Weymark (1986, 1987) considers the optimal nonlinear income
tax problemwhen individuals have quasilinear-in-leisure preferences
of the form

�uW
i c; yð Þ = v cð Þ−γ

y
wi

; ð3:1Þ

where v is a twice continuously differentiable, increasing, and strictly
concave function with v(0)=0, v′ 0ð Þ = ∞, and lim r→∞v′ rð Þ = 0. The
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marginal disutility of labor, γ, is a positive constant. For convenience,
he uses the linear-in-wages transformation of Eq. (3.1) given by

uW
i c; yð Þ = wiv cð Þ−γy: ð3:2Þ

Weymark's assumptions concerning the form of the utility
function allow him to derive a reduced-form optimal tax problem
that can be used to determine the optimal consumptions of the N
types of individuals. To state this optimization problem, we introduce
a reduced-form welfare weight βi for type i, defined by setting

βi =
niwi + ∑

N

j= i + 1
njλj wi + 1−wi

� 	
− ∑

N

j= i + 1
nj wi + 1−wi

� 	
; i≠N;

niwi; i = N:

8><
>:

ð3:3Þ

It follows from Eq. (2.5) and Eq. (2.9) that βi b niwi for all i≠N.
We reproduce Weymark's result in the following lemma.

Lemma 2. (Weymark, 1986, Problem 5, p. 212) The optimal consump-
tions in the Weymark model are found by solving

max
c1 ;…; cN

∑
N

i=1
βiv cið Þ−γ ∑

N

i=1
nici ð3:4Þ

subject to

0≤ c1 ≤ c2 ≤ ⋯≤ cN : ð3:5Þ

The reduced-form welfare weight βi measures the social value of
an increase in the utility of the type i individuals due to a marginal
increase in ci. If the government had full information about the
individuals' types, then a self-financed marginal increase in ci changes
the total utility of individuals of type i by niwiv′ cið Þ−γni. Such an
increase in ci is socially beneficial if this expression is positive. As
noted by Weymark (1986), the reduced-form welfare weight βi

shows how the term niwi that multiplies v′ cið Þ in this calculation must
be adjusted to take account of the self-selection constraints. The
second term in the top line of Eq. (3.3)measures the social value of the
increases in utility that must be given to individuals more skilled than
those of type i in order to re-establish the binding adjacent downward
incentive compatibility constraints following an increase in ci. The
third term measures the resource cost (in social welfare terms) of the
changes in utility needed to re-establish the bindingmaterials balance
constraint following the adjustments captured by the second term.
The latter adjustments are accomplished by changing each person's
before-tax income by a common amount and, hence, because pref-
erences are quasilinear in leisure, they do not affect the pattern of
binding self-selection constraints. When i=N, increasing ci violates
no self-selection constraint, and so βN is simply nNwN.5

To facilitate the comparison of the Simula andWeymarkmodels, it
is useful to rewrite the objective function in Lemma 2 in terms of the
information rents received by each individual. Let

RW
i cið Þ = wi + 1−wi

� 	
v cið Þ; i = 1;…;N; ð3:6Þ

wherewN+1=wN. RW
i cið Þmeasures the difference between the utility

obtained by an individual of type i+1 and the utility obtained by an
individual of type i at (ci,yi). It is the information rent obtained by type
i+1 individuals when the type i+1 adjacent downward incentive
compatibility constraint is binding.6 The assumptions on v imply that
Ri
W is an increasing concave function of ci.
5 See Weymark (1986, pp. 210–211) for a more detailed discussion of the reduced-
form welfare weights.

6 While there are no type N+1 individuals, some of the subsequent expressions are
simpler to state if we set RNW(cN) identically equal to zero.
Let αi be given by

αi =
∑
N

j= i + 1
ðnjλj−njÞ; i≠N;

0; i = N:

8><
>: ð3:7Þ

By Eq. (2.5) and Eq. (2.9), αib0 for all i≠N. Using Eq. (3.3),
Eq. (3.6), and Eq. (3.7), the objective function in Lemma 2 can be
rewritten as

∑
N

i=1
niwiv cið Þ−γ ∑

N

i=1
nici + ∑

N

i=1
αiR

W
i cið Þ: ð3:8Þ

The social costs of the self-selection constraints are now isolated in
the last term in Eq. (3.8). For each type i≠N, the information rent that
must be provided to prevent a type i+1 individual from mimicking
someone of type i is given a negative weight of αi. Hence, the absolute
value of αi measures the net social cost of each additional unit of
information rent that needs to be allocated to individuals of type i+1
when the consumption bundle of type i is changed.

As Lemma 3 demonstrates, the influence of an increase in the
number of individuals of one skill type, say k, on βi depends on the
relationship between i and k and on the sign of 1−λkð Þ.

Lemma 3. Suppose that there is a marginal increase in nk accompanied
by a proportionate rescaling of the λs so as to re-establish Eq. (2.9). Then:

(i)
∂βi

∂nk
has the same sign as (1−λk) if k b i and i b N.

(ii)
∂βi

∂nk
has the opposite sign to (1−λk) if k N i.

(iii)
∂βi

∂nk
= 0 if kbN and i=N.

(iv)
∂βi

∂nk
N 0 if k= i=N.

If kb i and ibN, then changes in nk influence βi solely through
changes, if any, in the rescaled λs. If, for example, (1−λk) is positive,
then by Lemma 1, an increase in nk leads to an increase in the rescaled
λs. In this case, the social value of the utility transfers to individuals of
types greater than i required to re-establish the binding adjacent
downward incentive compatibility constraints following an increase
in ci increases and, therefore, so does βi.

If kN i, the utilities of the type k individuals must be increased to re-
establish the binding adjacent downward incentive compatibility
constraints following an increase in ci. When nk increases, there are
more of this type of individual for whom this utility increase applies,
and this contributes to social welfare. Further, because there are more
of these individuals, the resource cost of restoring materials balance
following the incentive compatibility adjustments also increases. In
other words, in addition to the effect on βi due to the rescaling of
the λs described above, when kN i, there is a direct effect on βi of
increasing nk due to the increase in the social value and resource cost
of these individuals. This increase in social value is proportional to λk,
the welfare weight assigned to individuals of type k, whereas the
increased resource cost is proportional to the average welfare weight
of all of the individuals, which is equal to 1. If (1−λk) is positive, then
the increment to marginal social cost is greater than the increment to
marginal social benefit when only the direct effect of increasing nk is
considered, which results in a decrease in βi. We thus see the direct
effect of changing nk on βi when kN i has the opposite sign to (1−λk),
whereas the effect due to the rescaling of the λs has the same sign as
(1−λk). Part (ii) of Lemma 3 shows that the direct effect dominates
the rescaling effect.
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As we have seen, βN=nNwN. The last two parts of Lemma 3 follow
directly from this observation.7

For the rest of this section, we assume that the optimal
consumptions satisfy 0bc1b⋯ bcN; i.e., the nonnegativity and mono-
tonicity constraints on consumption do not bind. When this
assumption is satisfied, these inequalities remain strict following a
marginal change in any of the nk.8 With this assumption, the first-
order conditions for a solution to the consumption optimization
problem described in Lemma 2 are

βiv′ cið Þ = γni; i = 1;…;N: ð3:9Þ

The left-hand side of Eq. (3.9) is the marginal net benefit (inclusive of
the adjustments needed to restore binding adjacent downward
incentive compatibility and materials balance) of a marginal increase
in ci, while the right-hand side is the direct marginal resource cost of
that same change. It follows from Eq. (3.9) that

ci = v′−1 γni

βi

� �
= φ

γni

βi

� �
; i = 1;…;N: ð3:10Þ

Because v is strictly concave, the function φ implicitly defined in
Eq. (3.10) is decreasing.

A tax schedule consistent with an allocation satisfying Eq. (2.7) is
typically nondifferentiable. Thus, marginal tax rates are only implicitly
defined by the difference between producer and consumer prices
(which are, respectively, 1 and the marginal rate of substitution) at an
individual's consumption bundle. In light of Eq. (3.1), the implicit
marginal tax rate for labor income applicable to type i is given by

τW
i = 1− γ

wiv′ cið Þ ; i = 1;…;N : ð3:11Þ

For fixed γ and wi, the implicit marginal tax rate varies inversely with
consumption. It then follows from Eq. (3.9) that the optimal implicit
marginal tax rates are given by

τW
i = 1− βi

niwi
; i = 1;…;N : ð3:12Þ

Eqs. (3.3) and (3.12) imply that the standard properties of optimal
taxes apply: individuals of typeN face a zero implicit marginal tax rate
and all other types of individuals face positive implicit marginal tax
rates.

The comparative static responses of the optimal consumptions and
the optimal implicit marginal tax rates to an increase in the number of
individuals of any skill type can be deduced from the closed-form
expressions Eq. (3.10) and Eq. (3.12). These responses are character-
ized in following theorem.

Theorem 1. Suppose that there is a marginal increase in nk accompa-
nied by a proportionate rescaling of the λs so as to re-establish Eq. (2.9).

(i) If kbN, then the optimal ck increases and the optimal τkW

decreases.
(ii) If λkN1, then the optimal ci decreases and the optimal τiW

increases for all i=k+1,…,N−1 and the optimal ci increases
and the optimal τiW decreases for all i=1,…,k−1.

(iii) If λkb1, then the optimal ci increases and the optimal τiW

decreases for all i=k+1,…,N−1 and the optimal ci decreases
and the optimal τiW increases for all i=1,…,k−1.
7 When k= ibN, the presence of the term niwi in the definition of βi results in the

sign of
∂βi

∂nk
in the first two parts of Lemma 3 being indeterminate.

8 Minor qualifications to our comparative static results are needed if the pattern of
binding constraints (3.5) in the reduced-form optimization problem in Lemma 2 is
altered when nk changes.
(iv) If λk=1, then the optimal ci and the optimal τiW do not change for
all i≠k,N.

(v) Neither the optimal cN nor the optimal τNW change.

In order to understand the economic forces at work, we first
consider the case in which kbN and analyze the effect of increasing nk
on the consumption and implicit marginal tax rate of this type of
individual. If λk=1, an increase in nk has no effect on the welfare
weights. Consequently, the only effect of nk on βk is the direct welfare
effect. Specifically, by Eq. (3.3), a marginal increase in nk increases βk

bywk. By Eq. (3.9), the netmarginal benefit of amarginal increase in ck
therefore increases by wkv′ ckð Þ. It also follows from Eq. (3.9) that a
marginal increase in nk causes the resource cost of a marginal increase
in ck to increase by γ (the marginal disutility of labor) because the
extra consumption is given to more individuals of this type. Because
the optimal implicit marginal tax rate is positive, wkv′ ckð Þ N γ. Hence,
an increase in nk causes the marginal benefit of increasing ck to
increase by more than the marginal cost. This provides an incentive to
increase ck (and thereby reduce τkW) when nk increases. Loosely
speaking, as nk increases, the tax wedge between the gross wage paid
to and the net-of-tax wage received by individuals of type k becomes
more costly to society. The government's optimal response to this
increased social cost is to reduce the size of this tax wedge.

When λk≠1, by Lemma 1, an increase in nk also affects the
(rescaled) welfare weights. As we have already noted, changes in
these weights affect the social value of the utility changes of higher-
skilled individuals required to re-establish the binding adjacent
downward incentive compatibility constraints following an increase
in ck. The change in this social value might reinforce or attenuate the
direct welfare effect described in the preceding paragraph. As the
proof of Theorem 1 demonstrates, the direct welfare effect of an
increase in nk on ck and τkW (i.e., the direct tax wedge effect) always
outweighs the effect that operates through the rescaling of the
welfare weights.

The only channel through which an increase in the number of
individuals of skill-type k can affect the consumption or implicit
marginal tax rate faced by individuals of type i (i≠k,N) is through
changes in the reduced-form welfare weight βi. Parts (ii)–(iv) of
Theorem 1 follow directly from this observation. If, for example, an
increase in nk induces an increase in βi, then the marginal benefit of ci
increases and the government optimally increases ci and reduces τ iW.
The circumstances under which such an change occurs are described
in our discussion of Lemma 3.

It is always optimal for the highest-skilled individuals to face a
zero marginal tax rate. Because preferences are quasilinear in leisure,
there is only one consumption level compatible with this restriction
and, hence, both cN and τNW are completely insensitive to the demo-
graphic structure of the economy.

Theorem 1 provides a way to determine the sign of the
comparative static response of every individual's optimal consump-
tion and optimal marginal tax rate to an increase in the number of
individuals of any type.9 For any pair of distinct types i and k with
i≠N, the direction of change in the optimal values of ci and τ iW in
response to an increase in nk depend on the sign of (1−λk) and on
which of i and k is the greater. However, because λ1N1 and λN b1, it is
possible to provide more succinct descriptions of the comparative
statics of this model than in Theorem 1 when it is the number of
individuals at one end of the skill distribution that changes.

Corollary 1.

(i) An increase in n1 results in (a) an increase in the optimal value of
c1, a decrease in the optimal values of c2,…,cN−1, and no change
in the optimal value of cN and (b) a decrease in the optimal value
9 For the reasons discussed in Weymark (1987), it is not, in general, possible to
provide comparative static results for changes in before-tax incomes.



10 See Simula (2010) for an alternative interpretation of the α weights and the
information rents in his model.
11 The only difference in the proof is that (wi+1−wi) is replaced by 1 and that the
proof for kb i now also applies for k= i.
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of τ1W, an increase in the optimal values of τ2W,…,τN−1
W , and no

change in the optimal value of τNW.
(ii) An increase in nN results in (a) a decrease in the optimal values of

c1,…,cN−1 and no change in the optimal value of cN and (b) an
increase in the optimal values of τ1W,…,τN−1

W and no change in
the optimal value of τNW.

An increase in n1 reduces the normalized social welfare weights
attached to all other types of individuals. As we have seen in Lemma 3,
as a consequence, the reduced-form welfare weight βi decreases
for all i for which 1b ibN. Thus, for such i, the social marginal benefit
of ci decreases, resulting in a decrease in the optimal value of ci. On
the other hand, an increase in nN increases the normalized social
welfare weights and decreases the reduced-form welfare weights of
all other types of individuals, resulting in a decrease in their optimal
consumptions.

Theorem 1 can also be used to determine how the optimal con-
sumptions and marginal tax rates change when the numbers of more
than one skill type change provided that the responses for each skill
type reinforce each other. If they do not, then the comparative statics
depend on the values of the parameters that characterize the econ-
omy, in which case the formulae provided in the proof of Theorem 1
can be used to determine the comparative static responses to such
changes in the composition of the population.

4. The Simula model

Simula (2010) considers the optimal nonlinear income taxproblem
when consumers have quasilinear-in-consumption preferences of
the form

uS
i c; yð Þ = ηc−h

y
wi

� �
; ð4:1Þ

where the function h is thrice continuously differentiable, increasing,
and strictly convexwith h(0)=0, h‴ rð Þ≥0 for all r, and limr→∞h′ rð Þ = ∞.
The marginal utility of consumption, η, is a positive constant.

The information rent accruing to a type i+1 individual when his
adjacent downward incentive compatibility constraint is binding is
now

RS
i yið Þ = h

yi
wi

� �
−h

yi
wi + 1

� �
; i = 1;…N ; ð4:2Þ

where, as before, wN+1=wN. Convexity of h implies that Ri
S is

increasing in yi. The assumption on the third derivative of h implies
that Ri

S is convex in yi.
Using these expressions for the information rents, it is possible to

derive a reduced-form optimization problem for the Simula model
that can be used to determine the government's optimal choice of
before-tax incomes. This problem is presented in following lemma,
which generalizes Simula (2010, Problem 2) by allowing for the
number of individuals of each type to be nonconstant.

Lemma 4. The optimal before-tax incomes in the Simula model are
found by solving

max
y1 ;…; yN

∑
N

i=1
ni ηyi−h

yi
wi

� �� �
+ ∑

N

i=1
αiR

S
i yið Þ ð4:3Þ

subject to

0≤ y1 ≤ y2 ≤ ⋯≤ yN : ð4:4Þ

With full information about types, it is socially beneficial to
increase the consumption of each individual of type i by a self-
financed marginal increase in yi if the derivative of the term in square
brackets in Eq. (4.3) for type i is positive. To take account of the self-

selections constraints, αi
dRS

i yið Þ
dyi

is first added to this derivative before

determining the sign of the resulting expression. For i=N, no
adjustment is required because an increase in yN violates no self-
selection constraint. For any other i, the adjustment is negative

because dRS
i yið Þ
dyi

N 0 and αib0. Thus, as in Eq. (3.8), the social costs of the

self-selection constraints are captured by the last term in the reduced-
from objective function.

In the Simula model, following an increase in yi, the incomes of
higher types are first adjusted to restore the binding adjacent down-
ward incentive compatibility constraints and then everyone's con-
sumption is changed by a common amount so as to restore budget
balance. Because preferences are quasilinear in consumption, the lat-
ter changes preserve the pattern of binding self-selection constraints.
It is straightforward to use these observations to interpret the
individual terms in the expression for αi along the lines that was
done above for βi.10

The following lemma can be established using the argument that
was used to establish Lemma 3.11

Lemma 5. Suppose that there is a marginal increase in nk accompanied
by a proportionate rescaling of the λs so as to re-establish Eq. (2.9). Then:

(i)
∂αi

∂nk
has the same sign as (1−λk) if k≤ i and i bN.

(ii)
∂αi

∂nk
has the opposite sign to (1−λk) if k N i.

(iii)
∂αi

∂nk
= 0 if k≤N and i=N.

Part (i) also includes the case of k= i because the effect of changes
in yi on the utility of an individual of type i are not included in αi. The
intuition for these results is essentially the same as the intuition for
the results in Lemma 3.

Henceforth, we assume that the nonnegativity and monotonicity
conditions Eq. (4.4) are all non-binding. The government's reduced-
form optimization problem is then the unconstrainedmaximization of
Eq. (4.3). The first-order necessary conditions for the optimum are

nih′
yi
wi

� �
1
wi

−αi
dRS

i ðyiÞ
dyi

= ηni; i = 1;…;N: ð4:5Þ

The left-hand side of Eq. (4.5) describes the marginal costs of an
increase in yi. There are two sources of marginal cost. Because
individuals of type i nowworkmore, they suffer a loss in utility. This is
captured by the first term on the left-hand side of Eq. (4.5). In
addition, because the information rent RW

i yið Þ is increasing in yi, the
social cost associated with this rent also increases with an increase in
yi. These costs are accounted for by the second term on the left-hand
side of Eq. (4.5). The right-hand side of Eq. (4.5) is the marginal
benefit of an increase in yi. Because a one-unit increase in yi produces
ni units of output, such a change increases the total utility of
individuals of type i by ηni. According to Eq. (4.5), at the optimal
before-tax income of a type i individual, the marginal benefit of an
increase in yi is equal to its marginal cost.

When preferences have the functional form given in Eq. (4.1), the
implicit marginal tax rates are given by

τS
i = 1−h′

yi
wi

� �
1

ηwi
; i = 1;…;N: ð4:6Þ
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It follows directly from Eq. (4.5) and Eq. (4.6) that the optimal
implicit marginal income tax rates (which satisfy the standard
properties) are

τS
i = − αi

ηni

dRS
i yið Þ
dyi

; i = 1;…;N : ð4:7Þ

For fixed η and wi, τ iS and yi move in opposite directions.
The comparative static responses of the optimal incomes and the

optimal implicit marginal tax rates to an increase in the number of
individuals of any skill type are characterized in Theorem 2.

Theorem 2. Suppose that there is a marginal increase in nk accompa-
nied by a proportionate rescaling of the λs so as to re-establish Eq. (2.9).

(i) If kbN, then the optimal yk increases and the optimal τkS decreases.
(ii) If λkN1, then the optimal yi decreases and the optimal τiS increases

for all i=k+1,…,N−1 and the optimal yi increases and the
optimal τ iS decreases for all i=1,…,k−1.

(iii) If λk b 1, then the optimal yi increases and the optimal τiS decreases
for all i=k+1,…,N−1 and the optimal yi decreases and the
optimal τ i

S increases for all i=1,…,k−1.
(iv) If λk=1, then the optimal yi and the optimal τ i

S do not change for
all i≠k,N.

(v) Neither the optimal yN nor the optimal τN
S change.

A marginal increase in nk perturbs both sides of the optimality
condition Eq. (4.5) for i=k. The right-hand side rises by η, the
marginal utility of the output produced by an additional person of

type k. The first term on the left-hand side increases by h′
yk
wk

� �
1
wk
, the

marginal disutility of before-tax income, now experienced by one
more individual of type k. For types kbN, the optimal implicit

marginal tax rate is positive, which implies that η N h′
yk
wk

� �
1
wk
. Thus,

the total utility of individuals of type k increases when nk increases.
Therefore, in the absence of changes in the marginal costs of
information rents (as would be the case if λk=1), a marginal increase
in nk augments the net social value of yk and the government has an
incentive to increase yk and reduce τk

S. Once again, the government
wishes to reduce a tax wedge when that wedge applies to more
individuals. Typically (i.e., when λk≠1), a change in nk also affects the
marginal information rents, but as we have shown in Theorem 2,
these effects never completely offset the tax-wedge effect.

It is apparent from Eq. (4.7) that a marginal increase in nk can
affect the optimal marginal income tax rate faced by individuals
of type i (i≠k) only through its effect, if any, on αi. Suppose, for
example, that an increase in nk induces an increase in the absolute
value of αi. Then the marginal cost of the additional information
rents associated with an increase in yi goes up. This gives the gov-
ernment an incentive to reduce yi. Accordingly, τ i

S is increased.
Because Lemma 5 identifies the effects of an increase in any nk on
any αi, in Theorem 2 we are able to provide a complete account of
the effects of an increase in nk on the solutions to government's
reduced-form optimization problem.

Theorem 2 is strikingly similar to Theorem 1.12 Indeed, the two
theorems are identical with respect to their statements concerning
the effects of an increase in nk on implicit marginal tax rates. The
similarities between the theorems also provides a measure of con-
fidence in the results being due to fundamental economic forces,
rather than being artifacts of specific functional forms. We have
already discussed at length how, in both frameworks, an increase in
nk amplifies the effects of the tax wedge for individuals of type k,
12 It is straigthforward to state an exact analogue of Corollary 1 for the Simula model.
thereby providing a reason to reduce this wedge. In both models, the
changes in the consumption bundle of individuals of type k as a
consequence of increasing nk impact type i (i≠k) through changes in
the information rents accruing to individuals of type i+1 and in the
social cost αi of these rents for individuals of type i. If the information
rents become more costly at the margin, then the distortions
increase.

5. Conclusion

An individual can be viewed in one of three lights in an optimal
nonlinear income tax problem. First, he can be viewed as person
whose labor supply is distorted downward due to information
asymmetries. Second, he can be seen as the receiver of information
rents, thereby contributing to the distortion of less productive
individuals. Third, he can be regarded as a contributor to the financing
of the information rents paid to individuals of higher types. Our
results suggest that the effect of the number of individuals of a
particular skill-type on optimal marginal income tax rates depends
on which light is switched on in a particular comparative static
experiment. Once a viewpoint is adopted, however, the results are
unambiguous.

Quasilinearity of preferences is a strong assumption. It is unlikely
that some of our more exact results, for example the invariance of the
consumption or before-tax income of individuals of type i to changes
in nk (i≠k) when λk=1, hold for more general preferences. It might
be reasonably conjectured, however, that the marginal distortions
applied to these types will not change if type k individuals have the
average social welfare weight. Moreover, one might expect the
underlying forces uncovered by our analysis to operate in all finite-
population optimal nonlinear income tax models.

Some of the insights of our analysis may carry over into related
screening problems, such as nonlinear pricing. It is natural to ask how
a monopolist might adjust its optimal pricing schedule when the
distribution of consumer preferences changes. Our results suggest
that an increase in the number of individuals of a particular taste type
would induce a decrease in the marginal distortion associated with
that type. It would be of interest to test this intuition in, for example,
the model of Maskin and Riley, (1984).
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Appendix
Proof of Lemma 3. Let ibN and kb i. Then βi is given by the top line of
Eq. (3.3). Differentiation yields

∂βi

∂nk
= ∑

N

j= i + 1
nj

∂λj

∂nk
wi + 1−wi

� 	
: ðA:1Þ

Substituting Eq. (2.15) into Eq. (A.1) yields

∂βi

∂nk
= ∑

N

j= i + 1
nj

λjð1−λkÞ
H

wi + 1−wi

� 	
: ðA:2Þ

Part (i) of Lemma 3 follows from Eq. (A.2).
Now, suppose that k N i. Differentiating Eq. (3.3) yields

∂βi

∂nk
= ∑

N

j= i + 1
nj

∂λj

∂nk
wi + 1−wi

� 	
+ λk−1ð Þ wi + 1−wi

� 	
: ðA:3Þ
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Substituting Eq. (2.15) into Eq. (A.3) and rearranging yields

∂βi

∂nk
= ∑

N

j= i + 1
njλj−H

" #
ð1−λkÞ

H
wi + 1−wi

� 	
: ðA:4Þ

By the normalization rule Eq. (2.9), the term in square brackets in
Eq. (A.4) is negative, from which Part (ii) of Lemma 3 follows.

The other parts of the lemma follow directly from the bottom line
of Eq. (3.3). □

Proof of Theorem 1. Let k bN. Differentiating Eq. (3.10) yields

∂ck
∂nk

=
φ′ð⋅Þγ
β2
k

βk−nk
∂βk

∂nk

� �
: ðA:5Þ

Because φ is decreasing, the right-hand side of Eq. (A.5) has the
opposite sign to the term in square brackets in Eq. (A.5). Using
Eq. (2.15) and Eq. (3.3),

βk−nk
∂βk

∂nk
= ∑

N

j=k + 1
njλj−nj

h i
−nk ∑

N

j=k + 1

njλjð1−λkÞ
H

" #
wk + 1−wk

� 	
:

ðA:6Þ

Because the λs are decreasing and satisfy Eq. (2.9), Eq. (A.6) is

negative if λk≤ 1. Then, by Eq. (A.5),
∂ck
∂nk

N 0.

Now, suppose that λk N 1. By Eq. (2.9),

∑
N

j=k + 1
njλj−nj

h i
= − ∑

k

j=1
njλj−nj

h i
: ðA:7Þ

Substituting Eq. (A.7) into Eq. (A.6) and rearranging yields

βk−nk
∂βk

∂nk

= −∑
k−1

j=1
njλj−nj

h i
−nk λk−1ð Þ−nk

∑N
j = k + 1njλj 1−λkð Þ

H

( )
wk + 1−wk

� 	

= −∑
k−1

j=1
njλj−nj

h i
+ nk 1−λkð Þ H−∑N

j = k + 1njλj

H

" #( )
wk + 1−wk

� 	
ðA:8Þ

Because the λs are decreasing and satisfy Eq. (2.9), the first term
inside the braces in Eq. (A.8) is negative. Because of Eq. (2.9), the
second term inside the braces is also negative when λk N 1. Thus,

Eq. (A.8) is negative. Hence, by Eq. (A.5), ∂ck∂nk
N 0 in this case as well.

Part (i) of Theorem 1 then follows.
To establish Part (ii) of Theorem 1, suppose, once again, that λk N 1

and let i≠k. Differentiating Eq. (3.10), we obtain

∂ci
∂nk

= −φ′ð⋅Þγ
β2
i

∂βi

∂nk
: ðA:9Þ

Because φ is decreasing, ∂ci∂nk
has the same sign as ∂βi

∂nk
. Now let iNk with

i≠N. By Lemma 3.(i), ∂βi

∂nk
b 0, so that ci decreases (hence, τiW increases)

when nk increases. On the other hand, if ibk, Lemma 3.(ii) implies that
∂βi

∂nk
N 0, and ci increases (hence, τ i

W decreases) when nk increases.

The proof of Part (iii) of Theorem 1 is analogous to the proof of Part
(ii). Part (iv) follows directly from Eq. (A.9) and Lemma 3.

For i=N, substituting Eq. (3.3) into Eq. (3.10) yields

cN = φ
γ
wN

� �
; ðA:10Þ

which is independent of any of the nk. Part (v) then follows. □
Proof of Lemma 4. We present only the derivation of the reduced-
form objective function. The other aspects of the proof are identical to
those presented by Simula (2010).

Let Ui be the utility of an individual of type i, measured according
to Eq. (4.1), at a solution to the optimal nonlinear tax problem.
Eq. (2.7) implies that

Ui = ηci−h
yi
wi

� �
= ηci−1−h

yi−1

wi

� �
; i = 2;…;N : ðA:11Þ

Adding and subtracting h yi−1

wi−1

� �
on the right-hand side of Eq. (A.11)

and using Eq. (4.2) implies that

Ui = Ui−1 + RS
i−1 yi−1ð Þ; i = 2;…;N : ðA:12Þ

Hence,

Ui = U1 + ∑
i−1

j=1
RS
j yj
� �

; i = 2;…;N : ðA:13Þ

It follows from Eq. (A.13) that

∑
N

i=1
niUi = ∑

N

i=1
niU1 + ∑

N

i=2
ni ∑

i−1

j=1
RS
j yj
� �" #

: ðA:14Þ

Reversing the order of the double-sum on the right-hand side of
Eq. (A.15) and simplifying yields

∑
N

i=1
niUi = HU1 + ∑

N−1

i=1
∑
N

j= i + 1
nj

 !
RS
i yið Þ: ðA:15Þ

On the other hand, by Eq. (4.1),

∑
N

i=1
niUi = ∑

N

i=1
niηci− ∑

N

i=1
nih

yi
wi

� �
: ðA:16Þ

Because the materials balance constraint Eq. (2.6) binds,

∑
N

i=1
niUi = ∑

N

i=1
niηyi− ∑

N

i=1
nih

yi
wi

� �
: ðA:17Þ

Equating the right-hand sides of Eq. (A.15) and Eq. (A.17) implies

U1 =
1
H

∑
N

i=1
ni ηyi−h

yi
wi

� �� �
− ∑

N−1

i=1
∑
N

j= i + 1
nj

 !
RS
i yið Þ

( )
: ðA:18Þ

By Eq. (2.4) and Eq. (A.13), social welfare is given by

W = ∑
N

i=1
niλi

 !
U1 + ∑

N

i=2
niλi∑

i−1

j=1
RS
j yj
� �

= ∑
N

i=1
niλi

 !
U1 + ∑

N−1

i=1
∑
N

j= i + 1
njλj

 !
RS
i yið Þ:

ðA:19Þ

Substituting Eq. (A.18) into Eq. (A.19) and using the normalization
rule Eq. (2.9) yields

W = ∑
N

i=1
ni ηyi−h

yi
wi

� �� �
+ ∑

N−1

i=1
∑
N

j= i + 1
njλj−nj

� �" #
RS
i yið Þ; ðA:20Þ

which is the objective function in Eq. (4.3). □
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Proof of Theorem 2. Let kbN. Implicit differentiation of Eq. (4.5)
yields

nkh″
yk
wk

� �
1
w2

k

−αk
d2RS

k ykð Þ
dy2k

" #
dyk = η−h′

yk
wk

� �
1
wk

+
dRS

k ykð Þ
dyk

∂αk

∂nk

" #
dnk

ðA:21Þ

Because h is strictly convex, Rk
S is convex, and αkb0, the term in square

brackets on the left-hand side of Eq. (A.21) is positive. Thus, by the

implicit function theorem, ∂yk∂nk
exists and has the same sign as the term

in square brackets on the right-hand side of Eq. (A.21). Using Eq. (4.5),

η−h′
yk
wk

� �
1
wk

+
dRS

kðykÞ
dyk

∂αk

∂nk
=

∂αk

∂nk
−αk

nk

� �
dRS

k ykð Þ
dyk

: ðA:22Þ

Using Eq. (2.15) and Eq. (3.7), Eq. (A.22) implies

η−h′
yk
wk

� �
1
wk

+
dRS

k ykð Þ
dyk

∂αk

∂nk
= ∑

N

j=k + 1

njλj 1−λkð Þ
H

−αk

nk

" #
dRS

k ykð Þ
dyk

:

ðA:23Þ

The term in square brackets on the right-hand side of Eq. (A.23) is
clearly positive when λk≤ 1. When λk N 1, the argument used to
establish that the first term on the right-hand side of Eq. (A.6) in the
proof of Theorem 1 is negative implies that the term in square
brackets on the right-hand side of Eq. (A.23) is positive because the
latter is the former divided by −nk. Because Rk

S(yk) is increasing in yk,
the right-hand sides of Eq. (A.21) and Eq. (A.23) are positive. Hence,
∂yk
∂nk

N 0, thereby establishing Part (i) of Theorem 2.

To establish Part (ii), first note that it follows directly from Eq. (4.7)

that ∂τSi
∂nk

has the opposite sign to ∂αi

∂nk
when i≠k. If i N k and i bN, by

Lemma 5.(i), ∂αi

∂nk
b 0, so that τiS increases when nk increases. Because η

andwi are fixed, it then follows from Eq. (4.6) that yi decreases. On the

other hand, if i b k, Lemma 5.(ii) implies that ∂αi

∂nk
b0. Therefore, τiS

decreases and yi increases when nk increases.
The proof of Part (iii) is analogous to the proof of Part (ii). Part (iv)
follows directly from Eq. (4.7) and Lemma 5.

Finally, let k=N. Substituting Eq. (3.7) into Eq. (4.5) yields

η = h′
yi
wi

� �
; ðA:24Þ

which is independent of any of the nk. Part (v) then follows. □
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