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Abstract
A right R-module M is called glat if any homomorphism from any finitely presented right R-module
to M factors through a finitely presented Gorenstein projective right R-module. The concept of glat
modules may be viewed as another Gorenstein analogue of flat modules. We first prove that the
class of glat right R-modules is closed under direct sums, direct limits, pure quotients and pure
submodules for arbitrary ring R. Then we obtain that a right R-module M is glat if and only if M is
a direct limit of finitely presented Gorenstein projective right R-modules. In addition, we explore
the relationships between glat modules and Gorenstein flat (Gorenstein projective) modules. Finally
we investigate the existence of preenvelopes and precovers by glat and finitely presented Gorenstein

projective modules.
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1. INTRODUCTION

The origin of Gorenstein homological algebra may date back to 1960s (2) when Auslander
and Bridger introduced the concept of G-dimension for finitely generated modules over a two-
sided Noetherian ring. In (17), Enochs and Jenda extended the ideas of Auslander and Bridger
and introduced the concepts of Gorenstein projective (whether finitely generated or not) and
Gorenstein injective modules over arbitrary rings. Not much later, the Gorenstein flat module and
the Gorenstein flat dimension were introduced by Enochs, Jenda and Torrecillas (19).

As a generalization of flat modules, Gorenstein flat modules indeed inhabit some properties parallel
to flat modules especially when the ring is Gorenstein (see (9, 18, 20)). Though it was proved that
the Gorenstein flat dimension is a refinement of the classical flat dimension by Bennis (see (5)), the
Gorenstein flat notion of modules has not been proven yet that it is the suitable flat counterpart in
Gorenstein homological algebra over arbitrary rings. Several authors have attempted to contribute
in this sense. For example, we do not know yet whether the class of Gorenstein flat modules is
projectively resolving. This factled to introducing the notion of GF-closed rings (see (4)). Using the
GF-closed notion of rings, Yang and Liu proved that all left R-modules over a left GF-closed ring
R have Gorenstein flat covers (see (35)). However, in (24), Holm and Jorgensen showed that there
are Gorenstein flat modules which are not direct limits of finitely generated Gorenstein projective
modules. This shows that there is not a Gorenstein analogue of the classical Govorov—Lazard
theorem.

In the present paper, we will give a remedy of some of the above situations by introducing a new

flat counterpart in Gorenstein homological algebra, which is called a glat module.



It is well known that a right R-module M is flat if and only if any homomorphism from any finitely
presented right R-module to M factors through a finitely presented projective right R-module (26).
It is natural to ask whether this result has a Gorenstein analogue, i.e., whether is a right R-module
M Gorenstein flat if and only if any homomorphism from any finitely presented right R-module
to M factors through a finitely presented Gorenstein projective right R-module? In (19), Enochs,
Jenda and Torrecillas proved that this is true for a Gorenstein ring. Later, Ding and Chen proved
that this is also true for the case of n-FC rings (15). However, we find the answer 1s no for arbitrary
ring in this paper (see Remark 3.9). So it is valuable to investigate the behavior of those modules M
satisfying that any homomorphism from any finitely presented right R-module to M factors through
a finitely presented Gorenstein projective right R-module. We will call this kind of modules M glat
in the present paper. The concept of glat modules is clearly a generalization of flat modules, which
may be viewed as another Gorenstein analogue of flat modules.

The main results are in Section 3. First we prove that the class of glat right R-modules is closed
under direct sums, direct summands, direct limits, pure quotients and pure submodules for arbitrary
ring R (Theorem 3.5). As applications, we give some new characterizations of F'C rings and right
IF rings in terms of glat modules (Corollaries 3.6 and 3.7). Then we prove that a right R-module M
is glat if and only if M is a direct limit of finitely presented Gorenstein projective right R-modules
if and only if there is a pure exact sequence 0 - A — B — M — 0 with B a glat right R-
module (Theorem 3.8). Next we explore the relationships between glat modules and Gorenstein
flat modules (Gorenstein projective modules). It is shown that any glat right R-module over a left
coherent ring is Gorenstein flat if one of the following conditions holds: (1) R is right coherent;

(2) r.Cot(R) < 00; (3) lIF(R) < oo (Theorem 3.10). We also prove that, for a left coherent



ring R with FP-id(rR) < 00, R is a right perfect ring if and only if every glat right R-module is
Gorenstein projective (Theorem 3.11). Finally, we investigate the existence of preenvelopes and
precovers by glat and finitely presented Gorenstein projective modules. For example, we prove
that every right R-module has a glat cover for any ring R (Proposition 3.15), and every finitely
presented right R-module has a finitely presented Gorenstein projective preenvelope if and only if
the class of glat right R-modules is closed under direct products (Theorem 3.12). For a two-sided
coherent ring R, we prove that every finitely presented right R-module has a finitely presented
Gorenstein projective preenvelope (resp. envelope) if every finitely presented left R-module has a
finitely presented Gorenstein projective precover (resp. cover) and the converse holds in case Ry, is

FP-injective (Theorem 3.17).

2. PRELIMINARIES

Throughout this paper, R is an associative ring with identity and all modules are unitary. Mg
(resp. gM) denotes a right (resp. left) R-module. For an R-module M, the character module
Homyz(M,Q/Z) is denoted by M and the dual module Homg (M, R) is denoted by M*. fd(M) and
pd(M) stand for the flat and projective dimensions of M respectively. Let M and N be R-modules.
Hom(M, N) and M ® N will mean Homg (M, N) and M Qg N respectively, and similarly for derived
functors Ext"(M, N)) and Tor, (M, N).

Next we recall some definitions needed in the later section.

An exact sequence of projective right R-modules

C:--o>P—>Py— P —>pP — ...



is called a complete projective resolution (23) if Hom(C, P) leaves the sequence C exact whenever
P is a projective right R-module.

A right R-module M is called Gorenstein projective (17, 23) if there is a complete projective
resolution - - - — P; — Py — P — P! — ... with M = ker(P* — P").

A right R-module N is called Gorenstein flat (19) if there is an exact sequence - - - = Fy — Fy —
FO — F' — ... of flat right R-modules with N = ker(F® — F') such that — ® E leaves the
sequence exact whenever E is an injective left R-module.

A right R-module M is called reflexive (1) if the canonical map &y : M — M™** is an isomorphism.
A right R-module M is called cotorsion (18) if Ext!(F,M) =0 for any flat right R-module F.

The cotorsion dimension cd(M) of a right R-module M (27) is the smallest integer n > 0 such that
Ext"t! (F,M) = 0 for any flat right R-module F. If there is no such n, set cd(M) = oo. The right
cotorsion dimension of aring R (27), denoted by r.cot.D(R), is defined to be sup{cd(M) : M is a
right R-module}.

A right R-module M is said to be FP-injective (or absolutely pure) (29, 31) if Ext! (N, M) = 0 for
any finitely presented right R-module N.

The FP-injective dimension of a right R-module M (31), denoted by FP-id(M), is defined to be
the smallest nonnegative integer n such that Ext"*!(F, M) = 0 for any finitely presented right
R-module F. If no such n exists, set FP-id(M) = oo.

R is called a left coherent ring (26) if every finitely generated left ideal of R is finitely presented.
R is called an n-FC ring (15) if it is a two-sided coherent ring with FP-id(Rg) < n and FP-
id(rR) < n for some nonnegative integer n.

R is called a left FC ring (12) if it is a left coherent ring and gR is FP-injective.



R is called an FC ring in case it is a left and right FC ring.

R is said to be a right IF ring (10) if every injective right R-module is flat.

The dimension [.IFD(R) of aring R (14) is defined as [.IFD(R) = sup{fd(E) : E is an injective left
R-module}.

Let C be a class of right R-modules. Following (16), a homomorphism ¢ : M — C is called a C-
preenvelope of aright R-module M if C € C and the homomorphism Hom(¢, C") : Hom(C, C') —
Hom(M, C’) is an epimorphism for each C" € C. A C-preenvelope ¢ : M. — C is said to be a
C-envelope if every endomorphism g : C — C such that g¢ = ¢ is an isomorphism. Dually we
have the definitions of a C-precover and a C-cover.

For unexplained concepts and notations, we refer the reader to (1, 9, 18, 20, 21, 26, 30, 32, 33).

3. MAIN RESULTS

Definition 3.1. A right R-module M is called glat if any homomorphism from any finitely presented
right R-module to M factors through a finitely presented Gorenstein projective right R-module.
Namely, for any finitely presented right R-module A and any homomorphism 6 : A — M, there
are a finitely presented Gorenstein projective right R-module B, y : A — B and ¢ : B — M such

that 0 = yry.

Example 3.2. (1) Any flat module is clearly glat.

(2) Any finitely presented Gorenstein projective module is obviously glat.



Proposition 3.3. Let R be any ring. Then

(1)An injective right R-module E is glat if and only if E is flat.

(2)A finitely presented right R-module M is glat if and only if M is Gorenstein projective.

Proof.

(1) If an injective right R-module E is glat, then for any finitely presented right R-module A and any
homomorphism 6 : A — E, there are a finitely presented Gorenstein projective right R-module Q,
y:A— Qand ¢ : Q — E suchthat & = yry. Since there is a monomorphism A : Q — P with P
finitely generated projective by the proof of (9, Theorem 4.2.6), there exists « : P — E such that
ar = . Hence 6 = a(Ay) and so E is flat.

The converse is trivial.

(2) If a finitely presented right R-module M is glat, then the identity map M — M factors through a
finitely presented Gorenstein projective right R-module G. So M is isomorphic to a direct summand
of G and hence is Gorenstein projective by (23, Theorem 2.5).

The converse is clear. O

Remark 3.4. In general, a glat right R-module which is not injective need not be flat. For example,
Zy4 is a quasi-Frobenius ring. Thus any Z4-module is Gorenstein projective by (7, Theorem 2.2)

and so is glat. But 274 is not a flat Z4-module.



It is clear that every glat right R-module is flat if and only if every finitely presented Gorenstein
projective right R-module is projective. Therefore, for a ring R with finite right global dimension,
every glat right R-module is flat by (18, Proposition 10.2.3).

(2) If aright R-module M is glat but not finitely presented, then M need not be Gorenstein projective
in general. For example, Q is a flat Z-module and so is glat. But QQ is not a projective Z-module

and so is not Gorenstein projective by (18, Proposition 10.2.3).

The class of glat modules admits nice closure properties as follows.

Theorem 3.5. For any ring R, the class of glat right R-modules is closed under direct sums, direct

summands, direct limits, pure quotients and pure submodules.

Proof. Let (M;)ic; be any family of glat right R-modules and N any finitely presented right R-
module. For any homomorphism f : N — @;c;M;, since N is finitely presented, there exists a
finite index set J C I such that im(f) C ®;c;M,;.

Define § : N — ®jcyM; by £(x) = f(x) for any x € N, and ¢ : ®jcyM; — D;e/M; to be the
inclusion. Then f = (&.

Let 7t; : @jcyM; — M; be the jth canonical projection. Since M; is glat, there are finitely presented
Gorenstein projective right R-module U; and g; : N — Uj and h; : Uj — M such that ;& = h;g;.
Sowe getp : N — @jeyUj such that g; = p;j, where p; : ®jcyjU; — Uj is the jth canonical

projection.



Let ®h; : ®jcyU; — @jesM; be the induced homomorphism. Then
7j(®h))¢ = hjpjp = hjgj = m;§.

Hence (®hj)¢ = &. So we get the following commutative diagram:
Dier M;
/ TL
13 j
N — @jeJMj —_ Mj
e @ A

Then f = & = 1(®h;)¢. Since Bjc, U; is finitely presented Gorenstein projective by (23, Theorem
2.5), ®iciM; is glat. So the class of glat right R-modules is closed under direct sums.

Nowlet0 > A > B> C—> Obea pure exact sequence with B a glat right R-module. For any
finitely presented right R-module 7" and any homomorphism « : T — A, since B is glat, there are
a finitely presented Gorenstein projective right R-module Q, y : T — Q and ¥ : Q — B such that
ex=vyy.

LetT % 0 % H — 0be an exact sequence with H = Q/im(y). Then there exists 8 : H - C

such that the following diagram is commutative.

T Q H 0
al wl s
€ ™ v
0 A B C 0



Since H is finitely presented and the sequence 0 — A SB5C—0is pure, thereisn : H — B

such that 8 = 7. Hence we have

(Y —ne)=nyY — Bep =0.

Therefore im(y» — ne) C ker(wr) = A. So we get a homomorphism 6 : Q — A such that €6 =

Y — ne. Thus
ex =yy = (€0 +ne)y = €by.

Since € is monic, o = Oy . It follows that A is glat. Hence the class of glat right R-modules is closed
under pure submodules. In particular, it is closed under direct summands.

Because T is finitely presented and the sequence 0 — A SB35 C = 0is pure, for any
homomorphism p : T — C, there exists v : T — B such that 7v = u. Since B is glat, there are a
finitely presented Gorenstein projective right R-module G, w : T — G and ¢ : G — B such that
ow = v.So u = (wo)w. Thus C is glat. Hence the class of glat right R-modules is closed under
pure quotients.

Finally for any direct system (M;);c; of glat right R-modules, there exists a pure epimorphism
@iciM; — lim_, M;. By the proof above, ®;c/M; is glat, and so lim_, M; is glat. Thus the class of

glat right R-modules is closed under direct limits. O

We point out that the class of glat right R-modules is not closed under direct products in general.
For example, if a ring R is not left coherent, then the class of glat right R-modules is not closed

under direct products (see Theorem 3.12 below).

10



As applications of the theorem above, we give some new characterizations of FC rings and right

IF rings in terms of glat modules.

Corollary 3.6. The following are equivalent for a ring R:

(1) Ris an FC ring.
(2) Every R-module (left and right) is glat.
(3) Every finitely presented R-module (left and right) is glat.

(4) Every cotorsion R-module (left and right) is glat.

Proof.
(1) = (2) Every R-module (left and right) is Gorenstein flat by (15, Theorem 6) and so is glat by

(15, Theorem 5).

(2) = (3) and (2) = (4) are trivial.

(3) = (1) By Proposition 3.3(2), every finitely presented R-module (left and right) is Gorenstein

projective. So R is an FC ring by (15, Theorem 6).

(4) = (2) Let M be any right R-module. Then by (21, Theorem 4.1.1) and Wakamatsu’s Lemma
(33, Section 2.1), there exists an exact sequence 0 - M — C — L — 0, where C is cotorsion

and L is flat. Since C is glat, M is glat by Theorem 3.5. Ol

Corollary 3.7. The following are equivalent for a ring R:

11



(1) Ris a right IF ring.

1. Every injective right R-module is glat.

(2) Every FP-injective right R-module is glat.

(3) Every finitely presented right R-module embeds in a glat right R-module.

(4) Every right R-module embeds in a glat right R-module.

Proof.

(1) < (2) follows from Proposition 3.3(1). (3) = (2) is trivial.

(2) = (3) Let A be an FP-injective right R-module. Then there exists a pure monomorphismA — E

with E injective. Since E is glat, A is glat by Theorem 3.5.

(4) = (2) For any finitely presented right R-module M, there is a monomorphism y : M — F with
F glat by (4). So there are a finitely presented Gorenstein projective right R-module P, « : M — P
and ¢ : P — F such that Yo = y. Note that « is monic. Hence for any injective right R-module

E and any homomorphism ¢ : M — E, there exists 8 : P — E such that ¢ = Ba. So E is glat.

(2) = (5) is clear since every right R-module embeds in an injective right R-module.

(5) = (4) is trivial. O

The following theorem gives a characterization of glat modules.

Theorem 3.8. The following are equivalent for a right R-module M :

12



(1) M is glat.
(2) M is a direct limit of finitely presented Gorenstein projective right R-modules.

(3) There is a pure exact sequence 0 - A — B — M — 0 with B a glat right R-module.

Proof.

(1) = (2) The proof is modeled on that of (3) = (4) in (19, Theorem 2.1).

We construct a set of pairs (C, f) with C a finitely presented Gorenstein projective right R-module
and f : C — M a map which includes every such C — M up to isomorphism.

Let D = &C over all the set of pairs (C,f) and g : D — M be the homomorphism induced by f.
Set D = ®;enD; with D; = D and let 6 : D — M be the homomorphism induced by g.

We define a directed set I as follows. An element & € [ if @ = (S, Uy), where U, is the sum of
a finite number of the summands C (for various (C, f) and various i) and S is a finitely generated
submodule of U, with §, C ker 6. We order the pairs by o < B if §, € Sg and U, C Ug. For any
o < B, there exists a natural homomorphism go%‘ : Uy/Sa — Up/Sp. Then we obtain a directed
system {Ua/Sa,(pg}. Since S, C ker 6, there exists &, : Uy /Sy — M such that Sﬁwg = &,. S0
there is a homomorphism lim_, U, /S, — M. It is easy to see that lim_, Uy /Sy, = M.

Next we will show that the set J = {y € I : U, /S, is finitely presented Gorenstein projective} is
cofinal in /. For any o € I, since U, /S,, is finitely presented, by (1), the homomorphism Uy /S, —
M has a factorization U, /Sy % C 5 Mwith C finitely presented Gorenstein projective. Note
that each of the summands C in U, is also a direct summand of some D;. So let ny #% i for such
i and U, be the sum of U, and C as a direct summand of Dy,. Write U, = Uy ® C. Let n be

o

the composition Uy > Uy/Sy — Cand S, = {(u,—nw)) : u € Uy}. Then U, /S, = C

13



and S, € S, C ker6. Thus (Sy,Uy) =< (Sy,U,). Since U, /S, is finitely presented Gorenstein
projective, the set J is cofinal in /. Therefore M is a direct limit of finitely presented Gorenstein

projective right R-modules by (18, Remark 1.5.4(3)).

(2) = (3) Let M = lim_, M; with each M; finitely presented Gorenstein projective. Then there

exists a pure exact sequence 0 - K — @&M; — lim_, M; — 0 with &M, glat by Theorem 3.5.

(3) = (1) is clear by Theorem 3.5. [

Remark 3.9. Although the class of glat right R-modules over an n- FC ring coincides with the class
of Gorenstein flat right R-modules by (15, Theorem 5), these two kinds of modules may be different
for arbitrary ring. For example, let K be a field and R = K[x,y,z]/ < X2, VZ, y2 —xz,2% — VX >
be the 6-dimensional K-algebra. Then there exists a Gorenstein flat R-module which is not a direct

limit of finitely presented Gorenstein projective R-modules by (3, Example 4.3) and so is not glat

by Theorem 3.8.

Now we furthermore establish the relationships between glat modules and Gorenstein flat modules.

Theorem 3.10. Let R be a left coherent ring. Then any glat right R-module is Gorenstein flat if one

of the following conditions holds:

(1) R is right coherent;

(2) r.Cot(R) < 0oy

14



1. lIF(R) < .

In particular, a finitely presented right R-module is glat if and only if it is Gorenstein flat for a

two-sided coherent ring.

Proof. If M is a glatright R-module, then M = lim_, M; with every M, finitely presented Gorenstein
projective by Theorem 3.8. We next show that every M; is Gorenstein flat. For every M;, there is a

complete projective resolution
C:-w->P—>Py—>P > P ...
with M; = ker(PY — P!).

Case 1. R is right coherent.
By (18, Proposition 10.3.2), for a two-sided coherent ring R, every finitely presented Gorenstein

projective right R-module M, is Gorenstein flat.

Case 2. r.Cot(R) < oo.
For any injective left R-module E, ET is flat by (8, Theorem 1). Thus there exists m € N such that

pd(ET) = m < oo by (27, Corollary 19.2.7). So there is an exact sequence
0> 0n—>0n1— - —>0 -0 —E"—0
with each Q; projective. Then we obtain the exact sequence of complexes

0 — Hom(C, Q,,) — Hom(C, Q;n—1) — - -- — Hom(C, Qp) — Hom(C,E") — 0.

15



Since each Hom(C, Q;) is exact, Hom(C, E™) is exact by (30, Theorem 6.3). Note that (C ® E)* =
Hom(C, E*). Thus the complex (C ® E)™ is exact and so is C ® E. Hence every M; is Gorenstein

flat.

Case 3. [.IF(R) < oo.
Let E be any injective left R-module, then there exists n € N such that fd(E) = n < 00. So there

1s an exact sequence

O—-F,—->F,_1—> ---—>F—>Fyp—>E—0

with each F; flat. Thus we obtain the exact sequence of complexes

0—-CQF,—-CQF,—-1—  ---—CQFy— CQ®E — 0.

Since each C ® F; is exact, C ® E is exact by (30, Theorem 6.3). Thus every M; is Gorenstein flat.
It follows that M is a direct limit of Gorenstein flat right R-modules. Since R is left coherent, the
class of Gorenstein flat right R-modules is closed under direct limits by (20, Corollary 2.1.9). Thus
M is Gorenstein flat.

Finally, we assume that A is a finitely presented Gorenstein flat right R-module over a two-sided

coherent ring R. Then there is an exact sequence

o> P> Py—>A—>0

16



with each P; finitely generated projective since R is right coherent. For any injective left R-module

E, since Tor, (A, E) = 0 for any n > 1, we get the exact sequence

On the other hand, since A is Gorenstein flat, there is a monomorphism A : A — F 0 with £O flat
suchthat A ® 1 : A® E — F° ® E is monic for any injective left R-module E. Since A is a finitely
presented, A : A — FY factors through a finitely generated projective right R-module PV, i.e., there
are y : A — PYand ¢ : P° — FO such that . = yy. Note that y is monic. So we get the exact
sequence 0 — A - P* — C! — 0 with C! finitely presented.

Consider the following commutative diagram:

AQE L pogp

o
b1
P°®FE

Since A® 1 is monic, y ® 1 is monic. Hence Tor (Cl, E)=0.S0 Clis finitely presented Gorenstein
flat by (23, Proposition 3.8) since R is left coherent. Repeating the step above to C! and so on, we

get the exact sequence
0—>A—P > p ...
with each P’ finitely generated projective such that

0>AQE—>P QE— P QE— --.

17



is exact. So we get the exact sequence
C:--->P—>Py— P —>pP — ...

with A = ker(P° — P') such that C ® E is exact.
For any projective right R-module P, Pt is injective. So C ® PT is exact. By (30, Lemma 3.60),
Hom(C,P)™ = C® P™. Thus Hom(C, P)* is exact and so is Hom(C, P). Therefore A is Gorenstein

projective and hence is glat. [l

Let R be an n-FC ring. Then any Gorenstein projective right R-module is glat by (15, Theorem 5).

The following theorem exhibits when every glat right R-module is Gorenstein projective.

Theorem 3.11. The following are equivalent for a left coherent ring R with FP-id(rR) < oo:

(1) R is a right perfect ring.
(2) Every glat right R-module is Gorenstein projective.

(3) Every glat right R-module is cotorsion.

Proof.

(1) = (2) Let M be a glat right R-module. Then M = lim_, M; with each M; finitely presented
Gorenstein projective by Theorem 3.8. For any projective right R-module P, there is an exact
sequence 0 - P — N — L — 0, where N is the pure-injective envelope of P. By (33, Lemma
3.1.6), L is flat and so is projective by (1). Thus P is isomorphic to a direct summand of N and

hence is pure-injective.

18



By (21, Lemma 3.3.4), for any n > 1, we have
Ext"(M,P) = Ext”(li_r)nM,-,P) = 1i<£n Ext"(M;, P) = 0.
Thus there exists an exact sequence

cvv > P —>Py—>M—>0

with each P; projective, which remains exact whenever Hom(—, P) is applied to it.
On the other hand, since R is left coherent right perfect, every right R-module has a projective

preenvelope by (13, Proposition 3.14). Thus there is a complex
0—>M-—P' - p - ...

with each P’ projective such that Hom(—, P) leaves the sequence exact whenever P is a projective

right R-module by (18, Proposition 8.1.3). So we get the complex
C:.o>P—>Py—>P > pl— ...

of projective right R-modules with M = coker(P; — Py).

We next prove that C ® G is exact for any left R-module G with FP-id(G) = n < co. We proceed
by induction on 7.

Let n = 0, then G is FP-injective. So G is projective by (8, Theorem 3). Thus the complex

Hom(C,G™) is exact. Since (C ® G)* = Hom(C, G"), the complex C ® G is exact.
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Let n > 1. There is an exact sequence 0 - G — E — L — 0 with E injective and FP-

id(L) = n — 1, which induces the exact sequence of complexes
0-C®G—->CQE—->CQL— 0.

By induction, C ® L is exact. Thus C ® G is exact by (30, Theorem 6.3). In particular, C ® R is
exact since FP-id(gR) < oo. Therefore C is a complete projective resolution. So M is Gorenstein

projective.

(2) = (1) Let P be any projective right R-module. For any flat right R-module F, F' is Gorenstein
projective by (2). So Ext!(F, P) = 0. Thus P is cotorsion. Hence R is a right perfect ring by (22,

Corollary 10).
(1) = (3) is trivial since every right R-module is cotorsion.

(3) = (1) Let F be any flat right R-module. Then F is cotorsion by (3). Hence R is a right perfect

ring by (33, Proposition 3.3.1). [l

Next we turn to the existence of preenvelopes and precovers by glat and finitely presented

Gorenstein projective modules.

Theorem 3.12. The following are equivalent for a ring R:

(1) Every right R-module has a glat preenvelope.

(2) Every finitely presented right R-module has a glat preenvelope.
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(3) Every finitely presented right R-module has a finitely presented Gorenstein projective preenve-
lope.

(4) The class of glat right R-modules is closed under direct products.

In this case, R is a left coherent ring.

Proof.

(1) = (2) is trivial.

(2) = (3) Leta : M — F be a glat preenvelope of a finitely presented right R-module M. Then
there exist a finitely presented Gorenstein projective right R-module P, homomorphisms 8 : M —
Pand y : P — F such that « = yf. It is easy to verify that 8 : M — P is a finitely presented

Gorenstein projective preenvelope.

(3) = (4) Let (F));cs be a family of glat right R-modules, G any finitely presented right R-module
anda : G — ]_[je 7 Fjany homomorphism. Then there exist finitely presented Gorenstein projective
right R-modules Q;, homomorphisms ¢; : G — Q; and ¢; : Q; — Fj such that mja = ¢;¢;, where
T ]_[J-e ;Fj — Fj is the canonical projection. By (3), G has a finitely presented Gorenstein
projective preenvelope B : G — H. So there are ¥; : H — (Q; such that ¢; = ;8. Hence there is

n:H— HjeJFj such that 7;n = @;¥;. So
i = @i¢; = @iy = mnp,

and whence a = nB. Thus ]_[J-6 ; Fjis glat.
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(4) = (1) follows from Theorem 3.5 and (11, Theorem 4.1).
Finally suppose that R satisfies one of the equivalent conditions. Let M be any finitely presented
right R-module. Then M has a finitely presented Gorenstein projective preenvelope M — N. So

we the exact sequence

Hom(N,R) — Hom(M,R) — 0.

By the proof of (9, Theorem 4.2.6), there exists an exact sequence
0O>N—>Q—->M -0

with Q finitely generated projective and M’ Gorenstein projective. So we get the induced exact

sequence
Hom(Q, R) — Hom(N, R) — Ext'(M/,R) = 0.

Since Hom(Q, R) is a finitely generated left R-module, Hom(N, R) is also finitely generated and so

is Hom(M, R). By (10, Proposition 1), R is a left coherent ring. [

Corollary 3.13. The following are equivalent for a ring R such that the class of glat right R-modules

is closed under direct products:

(L) R isaleft FC ring.
(2) Ris aright IF ring.

(3) Every right R-module has a monic glat preenvelope.
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(4) Every finitely presented right R-module has a monic finitely presented Gorenstein projective

preenvelope.

Proof. By Theorem 3.12, R is a left coherent ring.

(1) & (2) follows from the fact that a ring R is left FC if and only if R is left coherent right /F (see

(25, Theorem 3.10)).

(2) & (3) & (4) are easy by Theorem 3.12 and Corollary 3.7. ]

Recall from (6) that a commutative ring R is called Gorenstein semihereditary if R is a coherent
ring and every submodule of a (Gorenstein) flat R-module is Gorenstein flat.
Clearly, a commutative ring R is semihereditary if and only if R is a Gorenstein semihereditary ring

and every glat R-module is flat.

Corollary 3.14. The following are equivalent for a commutative ring R such that the class of glat

R-modules is closed under direct products:

(1) R is a Gorenstein semihereditary ring.
(2) Every R-module has an epic glat preenvelope.
(3) Every finitely presented R-module has an epic finitely presented Gorenstein projective preen-

velope.

Proof.
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(1) = (3) By Theorem 3.12, every finitely presented R-module M has a finitely presented
Gorenstein projective preenvelope f : M — N. Since imf is finitely presented Gorenstein flat
by (1), imf is finitely presented Gorenstein projective by Theorem 3.10. So M — im(f) is an epic

finitely presented Gorenstein projective preenvelope of M.

(3) = (2) Let M be any R-module. Then M = lim_, M; with every M; finitely presented. By (3),
every M; has an epic finitely presented Gorenstein projective preenvelope f; : M; — N;, which is
also an epic glat preenvelope. Then we get the epimorphism M = lim_ M; — lim_, N; by (18,
Theorem 1.5.6).

We next show that lim_, M; — lim_, N; is a glat preenvelope. That is to say, we must show that
the morphism Hom(lim_, N;, F) — Hom(lim_, M;, F) is an epimorphism for any glat R-module
F. In fact, the morphism Hom(N;, F) — Hom(M;, F) is monic since f; : M; — N; is epic. Also
the morphism Hom(N;, F) — Hom(M;, F) is epic since f; : M; — Nj is a glat preenvelope.
So we get the isomorphism Hom(N;, F) = Hom(M;, F). Hence we obtain the isomorphism
lim. Hom(N;, F) = lim .. Hom(M;, F).

From (18, Theorem 1.5.14), we have the following commutative diagram:

Hom(lim N;, F') — s Hom(lim M;, F)

| |

lim Hom(N;, F) =, lim Hom(M;, F).
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Thus the morphism Hom(lim_, N;, F) — Hom(lim_, M;, F) is an epimorphism. Note that lim_, N;
is glat by Theorem 3.8. So M = lim_, M; — lim_, N; is a glat preenvelope which is an

epimorphism.

(2) = (1) By Theorem 3.12, R is a coherent ring.
Let A be a submodule of a flat R-module B. Then A has an epic glat preenvelope ¢ : A — C by
(2). It is easy to see that ¢ is also monic. Thus A = C is glat, and so is Gorenstein flat by Theorem

3.10. ]

It is known that every right R-module has a flat cover (18) and has a Gorenstein flat precover for

any ring R (34). Here we have

Proposition 3.15. Every right R-module has a glat cover for any ring R.

Proof. 1t holds by Theorem 3.5 and (11, Theorem 2.6). O

Let R be an n-FC ring. Then every finitely presented left R-module has a finitely presented
Gorenstein projective precover by (15, Theorem 14). On the other hand, every right R-module has
a Gorenstein flat preenvelope by (28, Theorem 5.3) and so has a glat preenvelope by (15, Theorem
5). Thus every finitely presented right R-module has a finitely presented Gorenstein projective
preenvelope by Theorem 3.12.

At the end of the paper, we prove that, for a two-sided coherent ring R, there exists certain duality

between finitely presented Gorenstein projective precovers (resp. covers) of finitely presented left
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R-modules and finitely presented Gorenstein projective preenvelopes (resp. envelopes) of finitely
presented right R-modules.

The following lemma is needed.

Lemma 3.16. Let R be a right coherent ring. If M is a finitely presented Gorenstein projective right

R-module, then M is reflexive and M* is a finitely presented Gorenstein projective left R-module.

Proof. By (9, Theorem 4.2.6), there is an exact sequence
0>M—->P P - ...

with each P! finitely presented projective such that Hom(—, P) leaves the sequence exact whenever
P is a projective right R-module.

Since R is right coherent and M is a finitely presented, there is an exact sequence
cor—> P —>Pyp—>M—0

with each P; finitely presented projective. Note that Ext"(M, P) = 0 for any projective right R-

module P and n > 1. So we get the exact sequence

---—>P1——>P0—>P0—>P1—>---
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of finitely presented projective right R-modules such that Hom(—, P) leaves the sequence exact

whenever P is a projective right R-module. Hence we get the induced exact sequence
o= (PH = (P = (Po)" = (P — -

with M* = ker((Py)* — (P1)*), and so we get the complex

oo (P = (PO = (PO = (P >

which is naturally isomorphic to the exact sequence - -- — P; — Py — P> — P! — ... Thus

the complex - - - — (P)** — (Py)** — (P — (PYy** — <. isexact. So M = M** ie., M is

reflexive.

Since all (P))* and (P;)* are finitely presented projective, itis easy to see that the exact sequence
= (PH* > (PY* > (Py)* — (P))* = -+~ is Hom(—, P) exact for any projective right

R-module P. So M* is a finitely presented Gorenstein projective left R-module. O

Theorem 3.17. Let R be a two-sided coherent ring. If every finitely presented left R-module has a
finitely presented Gorenstein projective precover (resp. cover), then every finitely presented right
R-module has a finitely presented Gorenstein projective preenvelope (resp. envelope). The converse

holds if Rg is FP-injective.

Proof. We first assume that every finitely presented left R-module has a finitely presented Goren-

stein projective precover.
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Let M be any finitely presented right R-module. Then M* is a finitely presented left R-module
by (10, Proposition 1) since R is left coherent. Suppose that ¢ : N — M™ is a finitely presented
Gorenstein projective precover. Let ¢ : M — F with F finitely presented Gorenstein projective be
any homomorphism. Note that F* is finitely presented Gorenstein projective by Lemma 3.16 since
R is right coherent. So there exists 6 : F* — N such that 96 = ¥*. Then we have the following

commutative diagram:

é
F _F> e

N

M%M**?N*
@

oy

By Lemma 3.16, F is reflexive. So we have
(87 10%)(0*8um) = 87 (90) 6y = 87 ™8 = 85 Spy = V.

Note that N* is finitely presented Gorenstein projective by Lemma 3.16. Therefore the composition
©* 6y M — M*™ — N* is a finitely presented Gorenstein projective preenvelope of M.

Now we furthermore assume that every finitely presented left R-module has a finitely presented
Gorenstein projective cover.

For any finitely presented right R-module M, the finitely presented left R-module M* has a finitely
presented Gorenstein projective cover ¢ : N — M*. We only need to show that any & : N* — N*
such that £(¢*837) = ¢*8p is an isomorphism by the proof above. Note that §y;+¢ = ¢**S§y. Then
(Srm) Spxp = (8p1)*** S, which means that ¢ = (57)*¢** 8y by (1, Proposition 20.14). Since N

is reflexive by Lemma 3.16, <p8];1 = (8p)*@™*. Note that (837)* @™ E* = (Sp)* ™, so we have
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Thus 8;15 *§n 1s an isomorphism since ¢ is a cover. Hence £* is an isomorphism and so £** is
an isomorphism. By Lemma 3.16, N* is also reflexive. So & = SIQ*IS**SN* is an isomorphism. It
follows that ¢*§), is a finitely presented Gorenstein projective envelope of M.

Conversely, we assume that every finitely presented right R-module has a finitely presented
Gorenstein projective preenvelope and Rg is FP-injective.

Let A be any finitely presented left R-module, then A* is a finitely presented right R-module by (10,
Proposition 1) and A is reflexive by (31, Theorem 4.8) or (25, Corollary 2.4). Let y : A* — B be
a finitely presented Gorenstein projective preenvelope and o : C.— A with C finitely presented
Gorenstein projective be any homomorphism. Since C* is finitely presented Gorenstein projective
by Lemma 3.16, there exists t : B — C* such that Ty = «*. Then we have the following

commutative diagram:

So
Gy (E*80) = 85 (x)*8c = 8, a8 = 8, 'S4 = .

Note that B* is finitely presented Gorenstein projective by Lemma 3.16. Therefore the composition
8;1)/* : B* — A™ — A s a finitely presented Gorenstein projective precover of A.
Next we furthermore assume that every finitely presented right R-module has a finitely presented

Gorenstein projective envelope and Rg is FP-injective.
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For any finitely presented left R-module A, the finitely presented right R-module A* has a finitely
presented Gorenstein projective envelope y : A* — B. Then 8;1)/* is a finitely presented
Gorenstein projective precover of A by the proof above.

Let n : B* — B* satisfy that 8;1)/*7; = 8;1)/*. Then we have n*y**(SA_I)* = y**(8;1)*. Note

that §py = y**84+ and B is reflexive. Thus y = 83 Y 54+, Also

Sar = (8483 ) 8ax = (837 (Ba) 84 = (83",

Then

V—531 N Ly —531 ST Ly *33531 (b7 Ly 77*3BV~

Thus (Sgln*(SB is an isomorphism since y is an envelope. Hence n* is an isomorphism and so 1n**
is an isomorphism. By Lemma 3.16, B* is also reflexive. So n = §. L8+ is an isomorphism.
Therefore 8;1 y™* is a finitely presented Gorenstein projective cover of A.

This completes the proof. ]
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