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Abstract

A right R-module M is called glat if any homomorphism from any finitely presented right R-module

to M factors through a finitely presented Gorenstein projective right R-module. The concept of glat

modules may be viewed as another Gorenstein analogue of flat modules. We first prove that the

class of glat right R-modules is closed under direct sums, direct limits, pure quotients and pure

submodules for arbitrary ring R. Then we obtain that a right R-module M is glat if and only if M is

a direct limit of finitely presented Gorenstein projective right R-modules. In addition, we explore

the relationships between glat modules and Gorenstein flat (Gorenstein projective) modules. Finally

we investigate the existence of preenvelopes and precovers by glat and finitely presented Gorenstein

projective modules.
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1. INTRODUCTION

The origin of Gorenstein homological algebra may date back to 1960s (2) when Auslander

and Bridger introduced the concept of G-dimension for finitely generated modules over a two-

sided Noetherian ring. In (17), Enochs and Jenda extended the ideas of Auslander and Bridger

and introduced the concepts of Gorenstein projective (whether finitely generated or not) and

Gorenstein injective modules over arbitrary rings. Not much later, the Gorenstein flat module and

the Gorenstein flat dimension were introduced by Enochs, Jenda and Torrecillas (19).

As a generalization of flat modules, Gorenstein flat modules indeed inhabit some properties parallel

to flat modules especially when the ring is Gorenstein (see (9, 18, 20)). Though it was proved that

the Gorenstein flat dimension is a refinement of the classical flat dimension by Bennis (see (5)), the

Gorenstein flat notion of modules has not been proven yet that it is the suitable flat counterpart in

Gorenstein homological algebra over arbitrary rings. Several authors have attempted to contribute

in this sense. For example, we do not know yet whether the class of Gorenstein flat modules is

projectively resolving. This fact led to introducing the notion of GF-closed rings (see (4)). Using the

GF-closed notion of rings, Yang and Liu proved that all left R-modules over a left GF-closed ring

R have Gorenstein flat covers (see (35)). However, in (24), Holm and Jorgensen showed that there

are Gorenstein flat modules which are not direct limits of finitely generated Gorenstein projective

modules. This shows that there is not a Gorenstein analogue of the classical Govorov–Lazard

theorem.

In the present paper, we will give a remedy of some of the above situations by introducing a new

flat counterpart in Gorenstein homological algebra, which is called a glat module.
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It is well known that a right R-module M is flat if and only if any homomorphism from any finitely

presented right R-module to M factors through a finitely presented projective right R-module (26).

It is natural to ask whether this result has a Gorenstein analogue, i.e., whether is a right R-module

M Gorenstein flat if and only if any homomorphism from any finitely presented right R-module

to M factors through a finitely presented Gorenstein projective right R-module? In (19), Enochs,

Jenda and Torrecillas proved that this is true for a Gorenstein ring. Later, Ding and Chen proved

that this is also true for the case of n-FC rings (15). However, we find the answer is no for arbitrary

ring in this paper (see Remark 3.9). So it is valuable to investigate the behavior of those modules M

satisfying that any homomorphism from any finitely presented right R-module to M factors through

a finitely presented Gorenstein projective right R-module. We will call this kind of modules M glat

in the present paper. The concept of glat modules is clearly a generalization of flat modules, which

may be viewed as another Gorenstein analogue of flat modules.

The main results are in Section 3. First we prove that the class of glat right R-modules is closed

under direct sums, direct summands, direct limits, pure quotients and pure submodules for arbitrary

ring R (Theorem 3.5). As applications, we give some new characterizations of FC rings and right

IF rings in terms of glat modules (Corollaries 3.6 and 3.7). Then we prove that a right R-module M

is glat if and only if M is a direct limit of finitely presented Gorenstein projective right R-modules

if and only if there is a pure exact sequence 0 → A → B → M → 0 with B a glat right R-

module (Theorem 3.8). Next we explore the relationships between glat modules and Gorenstein

flat modules (Gorenstein projective modules). It is shown that any glat right R-module over a left

coherent ring is Gorenstein flat if one of the following conditions holds: (1) R is right coherent;

(2) r.Cot(R) < ∞; (3) l.IF(R) < ∞ (Theorem 3.10). We also prove that, for a left coherent
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ring R with FP-id(RR) < ∞, R is a right perfect ring if and only if every glat right R-module is

Gorenstein projective (Theorem 3.11). Finally, we investigate the existence of preenvelopes and

precovers by glat and finitely presented Gorenstein projective modules. For example, we prove

that every right R-module has a glat cover for any ring R (Proposition 3.15), and every finitely

presented right R-module has a finitely presented Gorenstein projective preenvelope if and only if

the class of glat right R-modules is closed under direct products (Theorem 3.12). For a two-sided

coherent ring R, we prove that every finitely presented right R-module has a finitely presented

Gorenstein projective preenvelope (resp. envelope) if every finitely presented left R-module has a

finitely presented Gorenstein projective precover (resp. cover) and the converse holds in case RR is

FP-injective (Theorem 3.17).

2. PRELIMINARIES

Throughout this paper, R is an associative ring with identity and all modules are unitary. MR

(resp. RM) denotes a right (resp. left) R-module. For an R-module M, the character module

HomZ(M,Q/Z) is denoted by M+ and the dual module HomR(M, R) is denoted by M∗. fd(M) and

pd(M) stand for the flat and projective dimensions of M respectively. Let M and N be R-modules.

Hom(M, N) and M ⊗N will mean HomR(M, N) and M ⊗R N respectively, and similarly for derived

functors Extn(M, N)) and Torn(M, N).

Next we recall some definitions needed in the later section.

An exact sequence of projective right R-modules

C : · · · → P1 → P0 → P0 → P1 → · · ·
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is called a complete projective resolution (23) if Hom(C, P) leaves the sequence C exact whenever

P is a projective right R-module.

A right R-module M is called Gorenstein projective (17, 23) if there is a complete projective

resolution · · · → P1 → P0 → P0 → P1 → · · · with M = ker(P0 → P1).

A right R-module N is called Gorenstein flat (19) if there is an exact sequence · · · → F1 → F0 →

F0 → F1 → · · · of flat right R-modules with N = ker(F0 → F1) such that − ⊗ E leaves the

sequence exact whenever E is an injective left R-module.

A right R-module M is called reflexive (1) if the canonical map δM : M → M∗∗ is an isomorphism.

A right R-module M is called cotorsion (18) if Ext1(F, M) = 0 for any flat right R-module F.

The cotorsion dimension cd(M) of a right R-module M (27) is the smallest integer n ≥ 0 such that

Extn+1(F, M) = 0 for any flat right R-module F. If there is no such n, set cd(M) = ∞. The right

cotorsion dimension of a ring R (27), denoted by r.cot.D(R), is defined to be sup{cd(M) : M is a

right R-module}.

A right R-module M is said to be FP-injective (or absolutely pure) (29, 31) if Ext1(N, M) = 0 for

any finitely presented right R-module N.

The FP-injective dimension of a right R-module M (31), denoted by FP-id(M), is defined to be

the smallest nonnegative integer n such that Extn+1(F, M) = 0 for any finitely presented right

R-module F. If no such n exists, set FP-id(M) = ∞.

R is called a left coherent ring (26) if every finitely generated left ideal of R is finitely presented.

R is called an n-FC ring (15) if it is a two-sided coherent ring with FP-id(RR) ≤ n and FP-

id(RR) ≤ n for some nonnegative integer n.

R is called a left FC ring (12) if it is a left coherent ring and RR is FP-injective.
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R is called an FC ring in case it is a left and right FC ring.

R is said to be a right IF ring (10) if every injective right R-module is flat.

The dimension l.IFD(R) of a ring R (14) is defined as l.IFD(R) = sup{fd(E) : E is an injective left

R-module}.

Let C be a class of right R-modules. Following (16), a homomorphism φ : M → C is called a C-

preenvelope of a right R-module M if C ∈ C and the homomorphism Hom(φ, C′) : Hom(C, C′) →

Hom(M, C′) is an epimorphism for each C′ ∈ C. A C-preenvelope φ : M → C is said to be a

C-envelope if every endomorphism g : C → C such that gφ = φ is an isomorphism. Dually we

have the definitions of a C-precover and a C-cover.

For unexplained concepts and notations, we refer the reader to (1, 9, 18, 20, 21, 26, 30, 32, 33).

3. MAIN RESULTS

Definition 3.1. A right R-module M is called glat if any homomorphism from any finitely presented

right R-module to M factors through a finitely presented Gorenstein projective right R-module.

Namely, for any finitely presented right R-module A and any homomorphism θ : A → M, there

are a finitely presented Gorenstein projective right R-module B, γ : A → B and ψ : B → M such

that θ = ψγ .

Example 3.2. (1) Any flat module is clearly glat.

(2) Any finitely presented Gorenstein projective module is obviously glat.

6
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Proposition 3.3. Let R be any ring. Then

(1)An injective right R-module E is glat if and only if E is flat.

(2)A finitely presented right R-module M is glat if and only if M is Gorenstein projective.

Proof.

(1) If an injective right R-module E is glat, then for any finitely presented right R-module A and any

homomorphism θ : A → E, there are a finitely presented Gorenstein projective right R-module Q,

γ : A → Q and ψ : Q → E such that θ = ψγ . Since there is a monomorphism λ : Q → P with P

finitely generated projective by the proof of (9, Theorem 4.2.6), there exists α : P → E such that

αλ = ψ . Hence θ = α(λγ ) and so E is flat.

The converse is trivial.

(2) If a finitely presented right R-module M is glat, then the identity map M → M factors through a

finitely presented Gorenstein projective right R-module G. So M is isomorphic to a direct summand

of G and hence is Gorenstein projective by (23, Theorem 2.5).

The converse is clear.

Remark 3.4. In general, a glat right R-module which is not injective need not be flat. For example,

Z4 is a quasi-Frobenius ring. Thus any Z4-module is Gorenstein projective by (7, Theorem 2.2)

and so is glat. But 2Z4 is not a flat Z4-module.
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It is clear that every glat right R-module is flat if and only if every finitely presented Gorenstein

projective right R-module is projective. Therefore, for a ring R with finite right global dimension,

every glat right R-module is flat by (18, Proposition 10.2.3).

(2) If a right R-module M is glat but not finitely presented, then M need not be Gorenstein projective

in general. For example, Q is a flat Z-module and so is glat. But Q is not a projective Z-module

and so is not Gorenstein projective by (18, Proposition 10.2.3).

The class of glat modules admits nice closure properties as follows.

Theorem 3.5. For any ring R, the class of glat right R-modules is closed under direct sums, direct

summands, direct limits, pure quotients and pure submodules.

Proof. Let (Mi)i∈I be any family of glat right R-modules and N any finitely presented right R-

module. For any homomorphism f : N → ⊕i∈IMi, since N is finitely presented, there exists a

finite index set J ⊆ I such that im(f ) ⊆ ⊕j∈JMj.

Define ξ : N → ⊕j∈JMj by ξ(x) = f (x) for any x ∈ N, and ι : ⊕j∈JMj → ⊕i∈IMi to be the

inclusion. Then f = ιξ .

Let πj : ⊕j∈JMj → Mj be the jth canonical projection. Since Mj is glat, there are finitely presented

Gorenstein projective right R-module Uj and gj : N → Uj and hj : Uj → Mj such that πjξ = hjgj.

So we get φ : N → ⊕j∈JUj such that gj = ρjφ, where ρj : ⊕j∈JUj → Uj is the jth canonical

projection.
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Let ⊕hj : ⊕j∈JUj → ⊕j∈JMj be the induced homomorphism. Then

πj(⊕hj)φ = hjρjφ = hjgj = πjξ .

Hence (⊕hj)φ = ξ . So we get the following commutative diagram:

Then f = ιξ = ι(⊕hj)φ. Since ⊕j∈JUj is finitely presented Gorenstein projective by (23, Theorem

2.5), ⊕i∈IMi is glat. So the class of glat right R-modules is closed under direct sums.

Now let 0 → A
ǫ

→ B
π
→ C → 0 be a pure exact sequence with B a glat right R-module. For any

finitely presented right R-module T and any homomorphism α : T → A, since B is glat, there are

a finitely presented Gorenstein projective right R-module Q, γ : T → Q and ψ : Q → B such that

ǫα = ψγ .

Let T
γ
→ Q

ϕ
→ H → 0 be an exact sequence with H = Q/im(γ ). Then there exists β : H → C

such that the following diagram is commutative.

9
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Since H is finitely presented and the sequence 0 → A
ǫ

→ B
π
→ C → 0 is pure, there is η : H → B

such that β = πη. Hence we have

π(ψ − ηϕ) = πψ − βϕ = 0.

Therefore im(ψ − ηϕ) ⊆ ker(π) = A. So we get a homomorphism θ : Q → A such that ǫθ =

ψ − ηϕ. Thus

ǫα = ψγ = (ǫθ + ηϕ)γ = ǫθγ .

Since ǫ is monic, α = θγ . It follows that A is glat. Hence the class of glat right R-modules is closed

under pure submodules. In particular, it is closed under direct summands.

Because T is finitely presented and the sequence 0 → A
ǫ

→ B
π
→ C → 0 is pure, for any

homomorphism µ : T → C, there exists ν : T → B such that πν = µ. Since B is glat, there are a

finitely presented Gorenstein projective right R-module G, ω : T → G and σ : G → B such that

σω = ν. So µ = (πσ)ω. Thus C is glat. Hence the class of glat right R-modules is closed under

pure quotients.

Finally for any direct system (Mi)i∈I of glat right R-modules, there exists a pure epimorphism

⊕i∈IMi → lim→ Mi. By the proof above, ⊕i∈IMi is glat, and so lim→ Mi is glat. Thus the class of

glat right R-modules is closed under direct limits.

We point out that the class of glat right R-modules is not closed under direct products in general.

For example, if a ring R is not left coherent, then the class of glat right R-modules is not closed

under direct products (see Theorem 3.12 below).

10



A
cc
ep
te
d
M
an
us
cr
ip
t

As applications of the theorem above, we give some new characterizations of FC rings and right

IF rings in terms of glat modules.

Corollary 3.6. The following are equivalent for a ring R:

(1) R is an FC ring.

(2) Every R-module (left and right) is glat.

(3) Every finitely presented R-module (left and right) is glat.

(4) Every cotorsion R-module (left and right) is glat.

Proof.

(1) ⇒ (2) Every R-module (left and right) is Gorenstein flat by (15, Theorem 6) and so is glat by

(15, Theorem 5).

(2) ⇒ (3) and (2) ⇒ (4) are trivial.

(3) ⇒ (1) By Proposition 3.3(2), every finitely presented R-module (left and right) is Gorenstein

projective. So R is an FC ring by (15, Theorem 6).

(4) ⇒ (2) Let M be any right R-module. Then by (21, Theorem 4.1.1) and Wakamatsu’s Lemma

(33, Section 2.1), there exists an exact sequence 0 → M → C → L → 0, where C is cotorsion

and L is flat. Since C is glat, M is glat by Theorem 3.5.

Corollary 3.7. The following are equivalent for a ring R:
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(1) R is a right IF ring.

1. Every injective right R-module is glat.

(2) Every FP-injective right R-module is glat.

(3) Every finitely presented right R-module embeds in a glat right R-module.

(4) Every right R-module embeds in a glat right R-module.

Proof.

(1) ⇔ (2) follows from Proposition 3.3(1). (3) ⇒ (2) is trivial.

(2) ⇒ (3) Let A be an FP-injective right R-module. Then there exists a pure monomorphism A → E

with E injective. Since E is glat, A is glat by Theorem 3.5.

(4) ⇒ (2) For any finitely presented right R-module M, there is a monomorphism γ : M → F with

F glat by (4). So there are a finitely presented Gorenstein projective right R-module P, α : M → P

and ψ : P → F such that ψα = γ . Note that α is monic. Hence for any injective right R-module

E and any homomorphism ϕ : M → E, there exists β : P → E such that ϕ = βα. So E is glat.

(2) ⇒ (5) is clear since every right R-module embeds in an injective right R-module.

(5) ⇒ (4) is trivial.

The following theorem gives a characterization of glat modules.

Theorem 3.8. The following are equivalent for a right R-module M:

12
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(1) M is glat.

(2) M is a direct limit of finitely presented Gorenstein projective right R-modules.

(3) There is a pure exact sequence 0 → A → B → M → 0 with B a glat right R-module.

Proof.

(1) ⇒ (2) The proof is modeled on that of (3) ⇒ (4) in (19, Theorem 2.1).

We construct a set of pairs (C, f ) with C a finitely presented Gorenstein projective right R-module

and f : C → M a map which includes every such C → M up to isomorphism.

Let D = ⊕C over all the set of pairs (C, f ) and g : D → M be the homomorphism induced by f .

Set D = ⊕i∈NDi with Di = D and let θ : D → M be the homomorphism induced by g.

We define a directed set I as follows. An element α ∈ I if α = (Sα, Uα), where Uα is the sum of

a finite number of the summands C (for various (C, f ) and various i) and Sα is a finitely generated

submodule of Uα with Sα ⊆ ker θ . We order the pairs by α ≤ β if Sα ⊆ Sβ and Uα ⊆ Uβ . For any

α ≤ β, there exists a natural homomorphism ϕα
β : Uα/Sα → Uβ/Sβ . Then we obtain a directed

system {Uα/Sα, ϕα
β }. Since Sα ⊆ ker θ , there exists ξα : Uα/Sα → M such that ξβϕα

β = ξα. So

there is a homomorphism lim→ Uα/Sα → M. It is easy to see that lim→ Uα/Sα
∼= M.

Next we will show that the set J = {γ ∈ I : Uγ /Sγ is finitely presented Gorenstein projective} is

cofinal in I. For any α ∈ I, since Uα/Sα is finitely presented, by (1), the homomorphism Uα/Sα →

M has a factorization Uα/Sα
σ
→ C

τ
→ M with C finitely presented Gorenstein projective. Note

that each of the summands C in Uα is also a direct summand of some Di. So let n0 6= i for such

i and Uγ be the sum of Uα and C as a direct summand of Dn0
. Write Uγ = Uα ⊕ C. Let η be

the composition Uα
π
→ Uα/Sα

σ
→ C and Sγ = {(u, −η(u)) : u ∈ Uα}. Then Uγ /Sγ

∼= C

13
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and Sα ⊆ Sγ ⊆ ker θ . Thus (Sα, Uα) ≤ (Sγ , Uγ ). Since Uγ /Sγ is finitely presented Gorenstein

projective, the set J is cofinal in I. Therefore M is a direct limit of finitely presented Gorenstein

projective right R-modules by (18, Remark 1.5.4(3)).

(2) ⇒ (3) Let M = lim→ Mi with each Mi finitely presented Gorenstein projective. Then there

exists a pure exact sequence 0 → K → ⊕Mi → lim→ Mi → 0 with ⊕Mi glat by Theorem 3.5.

(3) ⇒ (1) is clear by Theorem 3.5.

Remark 3.9. Although the class of glat right R-modules over an n-FC ring coincides with the class

of Gorenstein flat right R-modules by (15, Theorem 5), these two kinds of modules may be different

for arbitrary ring. For example, let K be a field and R = K[x, y, z]/ < x2, yz, y2 − xz, z2 − yx >

be the 6-dimensional K-algebra. Then there exists a Gorenstein flat R-module which is not a direct

limit of finitely presented Gorenstein projective R-modules by (3, Example 4.3) and so is not glat

by Theorem 3.8.

Now we furthermore establish the relationships between glat modules and Gorenstein flat modules.

Theorem 3.10. Let R be a left coherent ring. Then any glat right R-module is Gorenstein flat if one

of the following conditions holds:

(1) R is right coherent;

(2) r.Cot(R) < ∞;

14
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1. l.IF(R) < ∞.

In particular, a finitely presented right R-module is glat if and only if it is Gorenstein flat for a

two-sided coherent ring.

Proof. If M is a glat right R-module, then M = lim→ Mi with every Mi finitely presented Gorenstein

projective by Theorem 3.8. We next show that every Mi is Gorenstein flat. For every Mi, there is a

complete projective resolution

C : · · · → P1 → P0 → P0 → P1 → · · ·

with Mi = ker(P0 → P1).

Case 1. R is right coherent.

By (18, Proposition 10.3.2), for a two-sided coherent ring R, every finitely presented Gorenstein

projective right R-module Mi is Gorenstein flat.

Case 2. r.Cot(R) < ∞.

For any injective left R-module E, E+ is flat by (8, Theorem 1). Thus there exists m ∈ N such that

pd(E+) = m < ∞ by (27, Corollary 19.2.7). So there is an exact sequence

0 → Qm → Qm−1 → · · · → Q1 → Q0 → E+ → 0

with each Qi projective. Then we obtain the exact sequence of complexes

0 → Hom(C, Qm) → Hom(C, Qm−1) → · · · → Hom(C, Q0) → Hom(C, E+) → 0.
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Since each Hom(C, Qi) is exact, Hom(C, E+) is exact by (30, Theorem 6.3). Note that (C ⊗ E)+ ∼=

Hom(C, E+). Thus the complex (C ⊗ E)+ is exact and so is C ⊗ E. Hence every Mi is Gorenstein

flat.

Case 3. l.IF(R) < ∞.

Let E be any injective left R-module, then there exists n ∈ N such that fd(E) = n < ∞. So there

is an exact sequence

0 → Fn → Fn−1 → · · · → F1 → F0 → E → 0

with each Fi flat. Thus we obtain the exact sequence of complexes

0 → C ⊗ Fn → C ⊗ Fn−1 → · · · → C ⊗ F0 → C ⊗ E → 0.

Since each C ⊗ Fi is exact, C ⊗ E is exact by (30, Theorem 6.3). Thus every Mi is Gorenstein flat.

It follows that M is a direct limit of Gorenstein flat right R-modules. Since R is left coherent, the

class of Gorenstein flat right R-modules is closed under direct limits by (20, Corollary 2.1.9). Thus

M is Gorenstein flat.

Finally, we assume that A is a finitely presented Gorenstein flat right R-module over a two-sided

coherent ring R. Then there is an exact sequence

· · · → P1 → P0 → A → 0

16
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with each Pi finitely generated projective since R is right coherent. For any injective left R-module

E, since Torn(A, E) = 0 for any n ≥ 1, we get the exact sequence

· · · → P1 ⊗ E → P0 ⊗ E → A ⊗ E → 0.

On the other hand, since A is Gorenstein flat, there is a monomorphism λ : A → F0 with F0 flat

such that λ ⊗ 1 : A ⊗ E → F0 ⊗ E is monic for any injective left R-module E. Since A is a finitely

presented, λ : A → F0 factors through a finitely generated projective right R-module P0, i.e., there

are γ : A → P0 and ψ : P0 → F0 such that λ = ψγ . Note that γ is monic. So we get the exact

sequence 0 → A
γ
→ P0 → C1 → 0 with C1 finitely presented.

Consider the following commutative diagram:

Since λ⊗1 is monic, γ ⊗1 is monic. Hence Tor1(C
1, E) = 0. So C1 is finitely presented Gorenstein

flat by (23, Proposition 3.8) since R is left coherent. Repeating the step above to C1 and so on, we

get the exact sequence

0 → A → P0 → P1 → · · ·

with each Pi finitely generated projective such that

0 → A ⊗ E → P0 ⊗ E → P1 ⊗ E → · · ·
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is exact. So we get the exact sequence

C : · · · → P1 → P0 → P0 → P1 → · · ·

with A = ker(P0 → P1) such that C ⊗ E is exact.

For any projective right R-module P, P+ is injective. So C ⊗ P+ is exact. By (30, Lemma 3.60),

Hom(C, P)+ ∼= C⊗P+. Thus Hom(C, P)+ is exact and so is Hom(C, P). Therefore A is Gorenstein

projective and hence is glat.

Let R be an n-FC ring. Then any Gorenstein projective right R-module is glat by (15, Theorem 5).

The following theorem exhibits when every glat right R-module is Gorenstein projective.

Theorem 3.11. The following are equivalent for a left coherent ring R with FP-id(RR) < ∞:

(1) R is a right perfect ring.

(2) Every glat right R-module is Gorenstein projective.

(3) Every glat right R-module is cotorsion.

Proof.

(1) ⇒ (2) Let M be a glat right R-module. Then M = lim→ Mi with each Mi finitely presented

Gorenstein projective by Theorem 3.8. For any projective right R-module P, there is an exact

sequence 0 → P → N → L → 0, where N is the pure-injective envelope of P. By (33, Lemma

3.1.6), L is flat and so is projective by (1). Thus P is isomorphic to a direct summand of N and

hence is pure-injective.
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By (21, Lemma 3.3.4), for any n ≥ 1, we have

Extn(M, P) = Extn(lim
→

Mi, P) ∼= lim
←

Extn(Mi, P) = 0.

Thus there exists an exact sequence

· · · → P1 → P0 → M → 0

with each Pi projective, which remains exact whenever Hom(−, P) is applied to it.

On the other hand, since R is left coherent right perfect, every right R-module has a projective

preenvelope by (13, Proposition 3.14). Thus there is a complex

0 → M → P0 → P1 → · · ·

with each Pi projective such that Hom(−, P) leaves the sequence exact whenever P is a projective

right R-module by (18, Proposition 8.1.3). So we get the complex

C : · · · → P1 → P0 → P0 → P1 → · · ·

of projective right R-modules with M ∼= coker(P1 → P0).

We next prove that C ⊗ G is exact for any left R-module G with FP-id(G) = n < ∞. We proceed

by induction on n.

Let n = 0, then G is FP-injective. So G+ is projective by (8, Theorem 3). Thus the complex

Hom(C, G+) is exact. Since (C ⊗ G)+ ∼= Hom(C, G+), the complex C ⊗ G is exact.
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Let n ≥ 1. There is an exact sequence 0 → G → E → L → 0 with E injective and FP-

id(L) = n − 1, which induces the exact sequence of complexes

0 → C ⊗ G → C ⊗ E → C ⊗ L → 0.

By induction, C ⊗ L is exact. Thus C ⊗ G is exact by (30, Theorem 6.3). In particular, C ⊗ R is

exact since FP-id(RR) < ∞. Therefore C is a complete projective resolution. So M is Gorenstein

projective.

(2) ⇒ (1) Let P be any projective right R-module. For any flat right R-module F, F is Gorenstein

projective by (2). So Ext1(F, P) = 0. Thus P is cotorsion. Hence R is a right perfect ring by (22,

Corollary 10).

(1) ⇒ (3) is trivial since every right R-module is cotorsion.

(3) ⇒ (1) Let F be any flat right R-module. Then F is cotorsion by (3). Hence R is a right perfect

ring by (33, Proposition 3.3.1).

Next we turn to the existence of preenvelopes and precovers by glat and finitely presented

Gorenstein projective modules.

Theorem 3.12. The following are equivalent for a ring R:

(1) Every right R-module has a glat preenvelope.

(2) Every finitely presented right R-module has a glat preenvelope.
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(3) Every finitely presented right R-module has a finitely presented Gorenstein projective preenve-

lope.

(4) The class of glat right R-modules is closed under direct products.

In this case, R is a left coherent ring.

Proof.

(1) ⇒ (2) is trivial.

(2) ⇒ (3) Let α : M → F be a glat preenvelope of a finitely presented right R-module M. Then

there exist a finitely presented Gorenstein projective right R-module P, homomorphisms β : M →

P and γ : P → F such that α = γβ. It is easy to verify that β : M → P is a finitely presented

Gorenstein projective preenvelope.

(3) ⇒ (4) Let (Fj)j∈J be a family of glat right R-modules, G any finitely presented right R-module

and α : G →
∏

j∈J Fj any homomorphism. Then there exist finitely presented Gorenstein projective

right R-modules Qj, homomorphisms φj : G → Qj and ϕj : Qj → Fj such that πjα = ϕjφj, where

πj :
∏

j∈J Fj → Fj is the canonical projection. By (3), G has a finitely presented Gorenstein

projective preenvelope β : G → H. So there are ψj : H → Qj such that φj = ψjβ. Hence there is

η : H →
∏

j∈J Fj such that πjη = ϕjψj. So

πjα = ϕjφj = ϕjψjβ = πjηβ,

and whence α = ηβ. Thus
∏

j∈J Fj is glat.
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(4) ⇒ (1) follows from Theorem 3.5 and (11, Theorem 4.1).

Finally suppose that R satisfies one of the equivalent conditions. Let M be any finitely presented

right R-module. Then M has a finitely presented Gorenstein projective preenvelope M → N. So

we the exact sequence

Hom(N, R) → Hom(M, R) → 0.

By the proof of (9, Theorem 4.2.6), there exists an exact sequence

0 → N → Q → M′ → 0

with Q finitely generated projective and M′ Gorenstein projective. So we get the induced exact

sequence

Hom(Q, R) → Hom(N, R) → Ext1(M′, R) = 0.

Since Hom(Q, R) is a finitely generated left R-module, Hom(N, R) is also finitely generated and so

is Hom(M, R). By (10, Proposition 1), R is a left coherent ring.

Corollary 3.13. The following are equivalent for a ring R such that the class of glat right R-modules

is closed under direct products:

(1) R is a left FC ring.

(2) R is a right IF ring.

(3) Every right R-module has a monic glat preenvelope.
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(4) Every finitely presented right R-module has a monic finitely presented Gorenstein projective

preenvelope.

Proof. By Theorem 3.12, R is a left coherent ring.

(1) ⇔ (2) follows from the fact that a ring R is left FC if and only if R is left coherent right IF (see

(25, Theorem 3.10)).

(2) ⇔ (3) ⇔ (4) are easy by Theorem 3.12 and Corollary 3.7.

Recall from (6) that a commutative ring R is called Gorenstein semihereditary if R is a coherent

ring and every submodule of a (Gorenstein) flat R-module is Gorenstein flat.

Clearly, a commutative ring R is semihereditary if and only if R is a Gorenstein semihereditary ring

and every glat R-module is flat.

Corollary 3.14. The following are equivalent for a commutative ring R such that the class of glat

R-modules is closed under direct products:

(1) R is a Gorenstein semihereditary ring.

(2) Every R-module has an epic glat preenvelope.

(3) Every finitely presented R-module has an epic finitely presented Gorenstein projective preen-

velope.

Proof.
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(1) ⇒ (3) By Theorem 3.12, every finitely presented R-module M has a finitely presented

Gorenstein projective preenvelope f : M → N. Since imf is finitely presented Gorenstein flat

by (1), imf is finitely presented Gorenstein projective by Theorem 3.10. So M → im(f ) is an epic

finitely presented Gorenstein projective preenvelope of M.

(3) ⇒ (2) Let M be any R-module. Then M = lim→ Mi with every Mi finitely presented. By (3),

every Mi has an epic finitely presented Gorenstein projective preenvelope fi : Mi → Ni, which is

also an epic glat preenvelope. Then we get the epimorphism M = lim→ Mi → lim→ Ni by (18,

Theorem 1.5.6).

We next show that lim→ Mi → lim→ Ni is a glat preenvelope. That is to say, we must show that

the morphism Hom(lim→ Ni, F) → Hom(lim→ Mi, F) is an epimorphism for any glat R-module

F. In fact, the morphism Hom(Ni, F) → Hom(Mi, F) is monic since fi : Mi → Ni is epic. Also

the morphism Hom(Ni, F) → Hom(Mi, F) is epic since fi : Mi → Ni is a glat preenvelope.

So we get the isomorphism Hom(Ni, F) ∼= Hom(Mi, F). Hence we obtain the isomorphism

lim← Hom(Ni, F) ∼= lim← Hom(Mi, F).

From (18, Theorem 1.5.14), we have the following commutative diagram:
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Thus the morphism Hom(lim→ Ni, F) → Hom(lim→ Mi, F) is an epimorphism. Note that lim→ Ni

is glat by Theorem 3.8. So M = lim→ Mi → lim→ Ni is a glat preenvelope which is an

epimorphism.

(2) ⇒ (1) By Theorem 3.12, R is a coherent ring.

Let A be a submodule of a flat R-module B. Then A has an epic glat preenvelope ϕ : A → C by

(2). It is easy to see that ϕ is also monic. Thus A ∼= C is glat, and so is Gorenstein flat by Theorem

3.10.

It is known that every right R-module has a flat cover (18) and has a Gorenstein flat precover for

any ring R (34). Here we have

Proposition 3.15. Every right R-module has a glat cover for any ring R.

Proof. It holds by Theorem 3.5 and (11, Theorem 2.6).

Let R be an n-FC ring. Then every finitely presented left R-module has a finitely presented

Gorenstein projective precover by (15, Theorem 14). On the other hand, every right R-module has

a Gorenstein flat preenvelope by (28, Theorem 5.3) and so has a glat preenvelope by (15, Theorem

5). Thus every finitely presented right R-module has a finitely presented Gorenstein projective

preenvelope by Theorem 3.12.

At the end of the paper, we prove that, for a two-sided coherent ring R, there exists certain duality

between finitely presented Gorenstein projective precovers (resp. covers) of finitely presented left
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R-modules and finitely presented Gorenstein projective preenvelopes (resp. envelopes) of finitely

presented right R-modules.

The following lemma is needed.

Lemma 3.16. Let R be a right coherent ring. If M is a finitely presented Gorenstein projective right

R-module, then M is reflexive and M∗ is a finitely presented Gorenstein projective left R-module.

Proof. By (9, Theorem 4.2.6), there is an exact sequence

0 → M → P0 → P1 → · · ·

with each Pi finitely presented projective such that Hom(−, P) leaves the sequence exact whenever

P is a projective right R-module.

Since R is right coherent and M is a finitely presented, there is an exact sequence

· · · → P1 → P0 → M → 0

with each Pi finitely presented projective. Note that Extn(M, P) = 0 for any projective right R-

module P and n ≥ 1. So we get the exact sequence

· · · → P1 → P0 → P0 → P1 → · · ·
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of finitely presented projective right R-modules such that Hom(−, P) leaves the sequence exact

whenever P is a projective right R-module. Hence we get the induced exact sequence

· · · → (P1)∗ → (P0)∗ → (P0)
∗ → (P1)

∗ → · · ·

with M∗ ∼= ker((P0)
∗ → (P1)

∗), and so we get the complex

· · · → (P1)
∗∗ → (P0)

∗∗ → (P0)
∗∗

→ (P1)∗∗ → · · · ,

which is naturally isomorphic to the exact sequence · · · → P1 → P0 → P0 → P1 → · · · . Thus

the complex · · · → (P1)
∗∗ → (P0)

∗∗ → (P0)
∗∗

→ (P1)∗∗ → · · · is exact. So M ∼= M∗∗, i.e., M is

reflexive.

Since all (Pi)∗ and (Pi)
∗ are finitely presented projective, it is easy to see that the exact sequence

· · · → (P1)∗ → (P0)∗ → (P0)
∗ → (P1)

∗ → · · · is Hom(−, P) exact for any projective right

R-module P. So M∗ is a finitely presented Gorenstein projective left R-module.

Theorem 3.17. Let R be a two-sided coherent ring. If every finitely presented left R-module has a

finitely presented Gorenstein projective precover (resp. cover), then every finitely presented right

R-module has a finitely presented Gorenstein projective preenvelope (resp. envelope). The converse

holds if RR is FP-injective.

Proof. We first assume that every finitely presented left R-module has a finitely presented Goren-

stein projective precover.
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Let M be any finitely presented right R-module. Then M∗ is a finitely presented left R-module

by (10, Proposition 1) since R is left coherent. Suppose that ϕ : N → M∗ is a finitely presented

Gorenstein projective precover. Let ψ : M → F with F finitely presented Gorenstein projective be

any homomorphism. Note that F∗ is finitely presented Gorenstein projective by Lemma 3.16 since

R is right coherent. So there exists θ : F∗ → N such that ϕθ = ψ∗. Then we have the following

commutative diagram:

By Lemma 3.16, F is reflexive. So we have

(δ−1
F θ∗)(ϕ∗δM) = δ−1

F (ϕθ)∗δM = δ−1
F ψ∗∗δM = δ−1

F δFψ = ψ .

Note that N∗ is finitely presented Gorenstein projective by Lemma 3.16. Therefore the composition

ϕ∗δM : M → M∗∗ → N∗ is a finitely presented Gorenstein projective preenvelope of M.

Now we furthermore assume that every finitely presented left R-module has a finitely presented

Gorenstein projective cover.

For any finitely presented right R-module M, the finitely presented left R-module M∗ has a finitely

presented Gorenstein projective cover ϕ : N → M∗. We only need to show that any ξ : N∗ → N∗

such that ξ(ϕ∗δM) = ϕ∗δM is an isomorphism by the proof above. Note that δM∗ϕ = ϕ∗∗δN . Then

(δM)∗δM∗ϕ = (δM)∗ϕ∗∗δN , which means that ϕ = (δM)∗ϕ∗∗δN by (1, Proposition 20.14). Since N

is reflexive by Lemma 3.16, ϕδ−1
N = (δM)∗ϕ∗∗. Note that (δM)∗ϕ∗∗ξ∗ = (δM)∗ϕ∗∗, so we have

ϕδ−1
N ξ∗δN = (δM)∗ϕ∗∗ξ∗δN = (δM)∗ϕ∗∗δN = ϕ.
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Thus δ−1
N ξ∗δN is an isomorphism since ϕ is a cover. Hence ξ∗ is an isomorphism and so ξ∗∗ is

an isomorphism. By Lemma 3.16, N∗ is also reflexive. So ξ = δ−1
N∗ ξ∗∗δN∗ is an isomorphism. It

follows that ϕ∗δM is a finitely presented Gorenstein projective envelope of M.

Conversely, we assume that every finitely presented right R-module has a finitely presented

Gorenstein projective preenvelope and RR is FP-injective.

Let A be any finitely presented left R-module, then A∗ is a finitely presented right R-module by (10,

Proposition 1) and A is reflexive by (31, Theorem 4.8) or (25, Corollary 2.4). Let γ : A∗ → B be

a finitely presented Gorenstein projective preenvelope and α : C → A with C finitely presented

Gorenstein projective be any homomorphism. Since C∗ is finitely presented Gorenstein projective

by Lemma 3.16, there exists τ : B → C∗ such that τγ = α∗. Then we have the following

commutative diagram:

So

(δ−1
A γ ∗)(τ ∗δC) = δ−1

A (τγ )∗δC = δ−1
A α∗∗δC = δ−1

A δAα = α.

Note that B∗ is finitely presented Gorenstein projective by Lemma 3.16. Therefore the composition

δ−1
A γ ∗ : B∗ → A∗∗ → A is a finitely presented Gorenstein projective precover of A.

Next we furthermore assume that every finitely presented right R-module has a finitely presented

Gorenstein projective envelope and RR is FP-injective.
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For any finitely presented left R-module A, the finitely presented right R-module A∗ has a finitely

presented Gorenstein projective envelope γ : A∗ → B. Then δ−1
A γ ∗ is a finitely presented

Gorenstein projective precover of A by the proof above.

Let η : B∗ → B∗ satisfy that δ−1
A γ ∗η = δ−1

A γ ∗. Then we have η∗γ ∗∗(δ−1
A )∗ = γ ∗∗(δ−1

A )∗. Note

that δBγ = γ ∗∗δA∗ and B is reflexive. Thus γ = δ−1
B γ ∗∗δA∗ . Also

δA∗ = (δAδ−1
A )∗δA∗ = (δ−1

A )∗(δA)∗δA∗ = (δ−1
A )∗.

Then

γ = δ−1
B γ ∗∗(δ−1

A )∗ = δ−1
B η∗γ ∗∗(δ−1

A )∗ = δ−1
B η∗δBδ−1

B γ ∗∗(δ−1
A )∗ = δ−1

B η∗δBγ .

Thus δ−1
B η∗δB is an isomorphism since γ is an envelope. Hence η∗ is an isomorphism and so η∗∗

is an isomorphism. By Lemma 3.16, B∗ is also reflexive. So η = δ−1
B∗ η∗∗δB∗ is an isomorphism.

Therefore δ−1
A γ ∗ is a finitely presented Gorenstein projective cover of A.

This completes the proof.
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