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This paper investigates a group decision making (GDM) method with interval valued fuzzy preference
relations (IVFPRs). According to the geometric consistency of IVFPR, the max-consistency index and min-
consistency index of an IVFPR are developed respectively. Combining the max-consistency index with
min-consistency index, the geometric consistent index of an IVFPR is defined to measure the consistency
level of the IVFPR by considering decision maker’s (DM’s) risk attitude. For improving the unacceptable
geometric consistency of an IVFPR, a goal programming model is constructed to derive an acceptable
geometric consistent IVFPR. By regarding the geometric consistent conditions of an IVFPR as fuzzy con-
straints, a fuzzy logarithmic program is established to generate the interval priority weights. In GDM
problems, the individual interval priority weights are obtained by solving the corresponding fuzzy loga-
rithmic programs. The similarities between DMs are calculated based on their individual interval priority
weights. Subsequently the confidence degrees of DMs are defined to determine DMs’ weights. To obtain
the collective interval priority weights, a parametric linear program is constructed and transformed into a
linear program to resolve. The order of alternatives is generated by the collective interval priority weights.

Some examples are analyzed to verify the effectiveness of the proposed method.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Decision making problems are common to all aspects of mod-
ern life, such as human resource performance evaluation, facility
location, and investment project selection. In general, the best al-
ternative is selected from a set of finite alternatives by decision
making methods. Since the evaluation factors are numerous in
complex decision problems, it is difficult for decision makers (DMs)
to provide the ratings of alternatives on each attribute. Thus, orig-
inated from analytic hierarchy process (AHP) method, the prefer-
ence relation began to appear. Now, the preference relation is not
restricted to the framework of AHP. It becomes an important form
of DM’s opinion for expressing preference on alternatives. As the
modern society developed, the complication and uncertainty of the
real-world problems are highlighted during the decision process
[1,2]. Classical numerical decision methods could not be suitable
for solving such problems. Thus, the interval valued fuzzy prefer-
ence relation (IVFPR) is developed, where the judgments on the
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IVFPR are represented by intervals. Since intervals can flexibly cap-
ture and describe the ambiguity and uncertainty of human’s ap-
praisal, IVFPRs are more flexible to represent the uncertain pref-
erences over alternatives. At present, research on IVFPRs mainly
concentrates on the consistency analysis and the determination of
priority weights.

(1) Consistency analysis of IVFPR

The consistency of IVFPR requires that DMs’ judgments yield
no contradiction. Due to the complexity of the problems, it may
be impossible for DMs to provide completely consistent judgments
on alternatives in some specific situations. However, it can not
guarantee the reliability of the decision results using the priority
weights derived by inconsistent matrices. Hence, the consistency
of IVFPR is an important topic. Lots of works have been done on
the topic. By extending the additive and multiplicative consistent
fuzzy preference relations, Xu and Chen [3] firstly proposed the ad-
ditive and multiplicative consistent IVFPRs, respectively. According
to the interval multiplicative transitivity of an IVFPR, Geng et al.
[4] tested the consistency of an IVFPR by judging whether there
is a constructed IVFPR obtained from the original IVFPR. Chen and
Zhou [5] defined the expected value fuzzy preference relations cor-
responding to an IVFPR and presented the consistency indicator of
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an IVFPR. Liu et al. [6] proposed the consistency definition of an
IVFPR by judging whether two fuzzy preference relations obtained
by the IVFPR are consistent or not. Based on the additive transitiv-
ity and multiplicative transitivity of an IVFPR, Wang and Li [7] de-
fined the additive and multiplicative IVFPRs and used some func-
tions about priority weights to construct the additive and multi-
plicative IVFPRs, respectively. Xu et al. [8] developed the additive
consistency of an IVFPR by introducing the interval [0.5,0.5] and
analyzed the relationship between the multiplicative consistency of
an interval multiplicative reciprocal preference relation and the ad-
ditive consistency of its converted IVFPR. Wu and Chiclana [9] pre-
sented the consistent IVFPR according to the multiplicative transi-
tive IVFPR. Then the multiplicative consistency index of an IVFPR
is proposed to measure the level of consistency of the information
provided by DMs. Liu et al. [10] defined a multiplicative consis-
tent IVFPR by judging whether the two additive reciprocal matri-
ces generated from the IVFPR are multiplicatively consistent. Us-
ing the interval ratio of DM’s preference intensity, Wang and Chen
[11] proposed the geometric consistency of an IVFPR based on its
geometric transitivity. The proposed geometric consistency defini-
tion is robust to permutations of DM’s judgments for determining
whether an IVFPR is consistent or not. Wang and Li [12] investi-
gated the multiplicative transitivity defined in [7] and introduced
some properties for multiplicative consistent IVFPR.

(2) Determination of the priority weights

Since the priority weights are used to generate the ranking
order of alternatives, it is important to determine the priority
weights from an IVFPR in the decision making. By introducing the
deviation variables, Xu and Chen [3] established some linear pro-
gramming models to obtain the priority weights from consistent
or inconsistent IVFPRs. Geng et al. [4] proposed a straightforward
approach to checking whether an IVFPR is consistent or not and
obtained the priority weights from a consistent IVFPR by a sim-
ple formula. Xu [13] established two goal programming models to
derive the priority weights from additive and multiplicative con-
sistent IVFPRs, respectively. Chen and Zhou [5] presented a con-
sistency induced generalized continuous ordered weighted aver-
aging operator to obtain the priority weights of alternatives in
group decision making (GDM) with IVFPRs. Wang and Li [7] pro-
posed some goal programming-based models for deriving inter-
val weights from IVFPRs. Based on the defined additive consistent
IVFPRs, Wang et al. [14] established linear programming models
to generate interval priority weights that are more accurate than
those obtained by method [3]. According to a formula for interval
priority weights, Liu et al. [6] derived the interval priority weights
from two fuzzy preference relations obtained by an IVFPR. An al-
gorithm was proposed to obtaining the priority weights. Xu and
Liu [15] established an expected value matrix from an IVFPR and
used method [13] to derive the numerical priority weights. Xu et
al. [16] studied a distance-based aggregation approach to assess-
ing the relatively important weights for GDM with IVFPRs. Based
on the additive consistency of fuzzy preference relation, Zhang et
al. [17] demonstrated how to obtain the priority weights from an
IVFPR by extracting consistent additive-based pairwise comparison
matrices. Bentkowska et al. [18] addressed some transitivity prop-
erties of IVFPRs, such as weak transitivity and 0.5-transitivity. Then
a method was proposed to take the solution alternative using the
nondominance algorithm. To find a group interval valued priority
vector, Wang and Li [12] established a logarithmic goal program-
ming model that minimizes the deviations between an IVFPR and
the corresponding matrix obtained by priority weights. Meng et al.
[19] presented several consistency-based linear programming mod-
els to derive the interval priority weights from IVFPRs, which can
cope with the consistent and inconsistent cases. Based on the geo-
metric consistency of an IVFPR defined in [7], Wang [20] developed
a two-stage linear goal programming approach to eliciting interval

weights from IVFPRs. In view of the geometric transitivity in mod-
eling the consistency of fuzzy preference relations, Zhang [21] pro-
posed a goal programming model to obtain the priority weights
from an IVFPR.

Previous studies have significantly advanced the research on de-
cision making with IVFPRs. Nevertheless, there are still some limi-
tations as follows:

(1) In the above literature [3,4,6-8,10-12], the definitions of a con-
sistent IVFPR are generally proposed by extending the consis-
tency of a fuzzy preference relation. These definitions can be
applied to judge whether an IVFPR is consistent or not. How-
ever, none of them measures the consistency level of an incon-
sistent IVFPR. In some actual decision making problems, an in-
consistent IVFPR may be accepted if it has a high level of con-
sistency (See Examples 2 and 3 in Section 6). Such an IVFPR can
be regarded as an acceptable consistent IVFPR. As a result, it is
necessary to define the consistency index for discussing the ac-
ceptable consistent IVFPR from an inconsistent one.

(2) Some methods [5,6,15,16,18] directly use the formulas between
the priority weights and elements in IVFPR to derive the pri-
ority weights. Such methods would be invalid for inconsistent
IVFPRs since they are only suitable for consistent IVFPRs. Other
methods [3,4,7,12-14,19-21] apply some linear or goal program-
ming models to obtain the priority weights. These methods
merely minimize the deviation between an original IVFPR and
the converted consistent one obtained by priority weighs as
much as possible. However, for extremely inconsistent IVFPR,
the priority weights derived by such methods are unreasonable
and cannot be accepted in decision making.

To overcome the above limitations, this paper focuses on a new
GDM method with IVFPRs based on geometric consistency. The
motivations of this paper mainly come from the following facts:

(1) With the increasing complexity of the practical problems, the
amount of knowledge and information is greatly increased. A
single DM has no ability to handle such complex problems.
Thus, the GDM participated by several DMs is becoming more
and more prevalent [22-24|. Due to different understanding
and cognition of various DMs, the decision opinions provided
by DMs are diversified and even conflicting. However, some ex-
isting methods are not effective enough to deal with high com-
plexity and uncertainties in GDM with IVFPRs.

Prior scholars ignored the consistency level of an IVFPR. In real-

ity, some DMs can accept the acceptable consistent IVFPR since

they have diverse risk attitudes. Incorporating DMs’ risk atti-
tude into the consistency level of IVFPR is reasonable and suit-
able for actual decision problems.

(3) The final solution should be agreed by all the DMs in GDM.
Hence, the ranking order of alternatives should be generated by
the collective priority weights. However, the previous research
failed to consider the determination of the collective priority
weights. It is necessary to introduce DMs’ preference principles
to obtain the collective priority weights from the individual pri-
ority weights.

—
\S)
—

In this paper, the geometric consistent index of an IVFPR is first
defined considering DM’s risk preference. Then a goal program-
ming model is built to adjust an unacceptable geometric consis-
tent IVFPR to derive an acceptable geometric consistent IVFPR. By
constructing the membership functions of fuzzy geometric consis-
tent conditions, a fuzzy logarithmic program is established to de-
rive the interval priority weights from an IVFPR. In GDM problems,
the similarities between DMs are defined according to the individ-
ual interval priority weight vectors. DMs’ weights are determined
by the confidence degrees of each DM. Subsequently, a parametric
linear programming model is constructed to derive the collective
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interval priority weights which are used to rank alternatives. Fi-
nally, some examples are provided to verify the effectiveness and
practicability of the proposed method. The main innovations of this
work are highlighted at four aspects:

(1) Wang and Chen [11] defined the geometric consistency of IVFPR
to check whether an IVFPR is geometric consistent or not. The
consistency level of an inconsistent IVFPR cannot be deter-
mined by [11]. To measure the consistency level of an IVFPR,
this paper defines the geometric consistent index based on the
geometric consistent definition in [11]. A max-consistency index
and a min-consistency index of the IVFPR are proposed based
on the majority principle and minority principle, respectively.
Combining the max-consistency index with min-consistency in-
dex, the geometric consistent index of an IVFPR is defined by
considering DM’s risk attitude adequately.

(2) To repair and improve the geometric consistency of an un-
acceptable geometric consistent IVFPR, a goal programming
model is constructed to obtain acceptable geometric consistent
one.

(3) The geometric consistent conditions about priority weights are
treated as fuzzy constraints. By constructing the membership
functions, a fuzzy logarithmic programming model is estab-
lished to derive the interval priority weights from an IVFPR,
which takes DM'’s satisfaction into account.

(4) In GDM problems, the similarities between DMs are calculated
by the individual interval priority weights. Then the confidence
degrees of DMs are defined to determine DMs’ weights. Consid-
ering DMs’ preference principles, a parametric linear program-
ming model is established to derive the collective interval pri-
ority weights of alternatives.

The remainder of this paper unfolds as follows. In Section 2,
some preliminaries are reviewed, including some basic definitions
associated with intervals and IVFPRs. Section 3 defines the geomet-
ric consistent index of an IVFPR. Then a goal programming model
is proposed to derive the acceptable geometric consistent IVFPR
from an unacceptable geometric consistent one. In Section 4, a
fuzzy logarithmic program is proposed to obtain the interval pri-
ority weights of an IVFPR. Section 5 constructs a parametric linear
programming model to determine the collective priority weights
by integrating all the individual interval priority weights. Then a
new method is proposed to solve GDM with IVFPRs. In Section 6,
some examples are analyzed to demonstrate the proposed method.
Finally, Section 7 is concluding remarks.

2. Preliminaries

To render this paper self-contained, some preliminaries are pre-
sented in this section.

Definition 1. [25]. An IVFPR R on the alternative set X =
{X1,X2,...,Xn} is denoted by an interval valued fuzzy judgment
matrix R = (ﬂj)nxn c X x X, where interval Fij = [[,-j, Fij] indicates
that the preference degree or intensity of alternative x; over x; is

between r;; and fj;. Furthermore, r;; and 7;; fulfill the following
conditions:
O<rj<fy<1l, rj+ip=1 1;=7=05 forall
i,j=1,2,...,n.

Definition 2. [11]. An IVFPR R = (7j)nxn With F;j = [r;;. T;;] is geo-
metric consistent if it satisfies the geometric transitivity as:

\/Wk_ Ly Ty [T T
Ti i Tji Lji V' Tij Tk

Let R = (F[j)nxn with f,»j = [[,-j,F,-j] be an IVFPR. According to
Definition 2, R is geometric consistent iff one of the following con-

forall i,j,k=1,2,...,n. (1)

ditions is satisfied.

D) 1Tt pd kil = Ta il T DT for all
i<j<k i,jk=1,2,...,n (2)

ii) Inr;+Inf;+Inry +Inf +In(1 - ry) +In(1 - 7y)

=Inry +Infy +In(1 - fjk) +In(1 - Ejk) +In(1 - T_','j)
+In(1-r;) (G<j<k ijk=12...n) (3)

It can be concluded that Egs. (1)-(3) are equivalent. That is to
say, any one of Egs. (1)-(3) can be applied to check the geometric
consistency of an IVFPR. Since Eq. (3) is additive and only contains
the upper triangular elements in an IVFPR, using Eq. (3) can sim-
plify the calculation in the process of decision making.

A weight vector W= (Wq,Wsy,...,Wy)T is called a normal-
ized interval weight vector if w; =[w;, w;], 0 <w; <w; <1, w; +
YictjzWj=1 and wi+ 37wy <1 for all i=1,2,....n[7].
Denote a 2n-dimensional simplex by

W = {W= (W1, Wa, ..., Wn)T|W; = [w;, Wi] € [0, 1], w;
n - - n .
DR RTUED DRNR IS N e 1,2,...,n}.

Definition 3. [11]. An IVFPR R = (fj)nxn is geometric consis-
tent if there exists a normalized interval priority weight vector

W= (W, Wy, ..., Wwy)T such that
[0.5,0.5], ifi=j
fij = [L'j’ fij] = v W, e, (4)
[m+%;jwj’ a,-fth/J,-+wj:|’ if i bl
where /55 <qpi<1and o=y (L j=1,2,....m0% j).
wiw; = “ = 1 FLEAY [ »h
Eq. (4) can be written as follows:
a,~j(1—fij)vT/,»—Fijwj=0(i,j=1,2,...,n,i;£j) (5)
Olijfijwj— (1 —L‘j)w,‘ZO (1,j=1,2,...,n,i#])
According to Definition 1, Eq. (5) can be simplified as
Inw; — Inw; + Iney; + In(1 - 7y5) — In7;; =0
(,j=1,2,....,n,i<}])
_ (6)
Inw; —Inw; +Iney; +Inr; —In(1 —15) =0
(,j=1,2,....,n,i<j)

To rank intervals, Xu and Da [26] proposed the concept of the
likelihood of intervals. For intervals 7; = [r;, ;] (i=1,2,..., n), the
likelihood of intervals #; > 7, (i.e., interval #; is larger than interval
fy,) is defined as

(7 > 1) = max{l —max{_rh_r_",O},O}
h—Iy+1—1;

forall i,h=1,2,...,n. (7)

Then the priority weight v; of interval 7; is calculated as follows
[27]:

n S o .
vi:ﬁ(zhﬂl(rf>rh)+%—l) forall i=1,2,...,n. (8)
The bigger the value of priority weight v;, the larger the interval

f;. Thus, the ranking order of intervals can be obtained according
to the descending order of the priority weights v; (i=1,2,...,n).
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3. Geometric consistency of interval-valued fuzzy preference
relation

In this section, the geometric consistent index of an IVFPR is
defined considering DM'’s risk attitude. Then a goal programming
model is constructed to obtain the acceptable geometric consistent
IVFPR from an unacceptable geometric consistent one.

3.1. Geometric consistent index of interval valued fuzzy preference
relation

In some specified circumstances, it is difficult for DMs to
provide completely geometric consistent IVFPRs. According to
Definition 2, Wang and Chen [11] only proposed the concept of ge-
ometric consistent IVFPR, which can be applied to check whether
an IVFPR is geometric consistent or not. The consistency level of an
inconsistent IVFPR cannot be determined by Wang and Chen [11].
To measure the consistency level of an IVFPR, the consistency in-
dex of IVFPR is defined in the following.

Based on Eq. (3), the consistency level of IVFPR
R= (Fij)nxn can be measured by the deviation between
Inr; + Infjj 4 Inry + Infy + In(1 = ry) 4+ In(1 = 7)) and
Inry +Infy + In(1 = ) + In(1 —rj) +In(1 = 75;) + In(1 = 1)
foralli<j<k, i,j,k=1,2,....n.

Based on p-metric, the total deviation of IVFPR R= (fij)nxn is
determined by Minkowski distance as

~ n n n -
D@ = {3 30 S |[nry+ Infy 4 Inr,
+InFj +1In(1 = 1) + In(1 = ) | = [Inry + Infy

1/p
+In(1-7j) +In(1-ry) +In(1 - 7j) + In(1 - L‘j):”p}

where parameter p (p > 0) reflects the importance assigned to the
largest deviation. As p increases, more importance is assigned to
the largest deviations. If p=1, the Minkowski distance for IVFPR
ﬁ:(fij)nxn is reduced to Hamming distance; If p — oo, the
Minkowski distance for IVFPR R = (F,-j)nxn is reduced to Chebyshev
distance. Thus, a geometric consistent index for an IVFPR can be
defined by these two special cases (p=1 and p — o).

Definition 4. A max-consistency index measures the level of geo-
metric consistency of an IVFPR R by Hamming distance, which is
defined as

MCI(R) = clg Z; ZLM Z:=j+1 |[Inr;; + In7;
+Inrj + I+ In(1 = ry) +In(1 =7y |
f[lnL'k +InFy +In(1 = ) +In(1 —1y)
+In(1 = 7j) +In(1 = ;)] 9)

Definition 5. A min-consistency index measures the level of geo-
metric consistency of an IVFPR R by Chebyshev distance, which is
defined as

SCI(R) =

max
1<i<j<k<n

+In(1—ry) +1n (1= Fy)] = [Inry + Infy + In (1 = 7
+ In (1 —1j) +1In(1-75) +1In(1 —g,.j)]|} (10)

In Eq. (9) the Hamming distance between both sides of
Eq. (3) is employed to measure the consistency level of an IVFPR,
which is based on the majority principle. It shows that such a
DM is optimistic. Hence, Eq. (9) is called the max-consistency in-
dex. This case would lead to a more robust estimation. Differ-
ent from Eq. (9), the Chebyshev distance between both sides of
Eq. (3) is used to measure the consistency level of IVFPR, which is

{I[Inry + Iny + Inry + In 7

based on the minority principle. It implies that such a DM is pes-
simistic. Hence, Eq. (10) is called the min-consistency index. This
case would result in a more sensitive estimation of extreme devi-
ation.

Definition 6. Combining the max-consistency index with min-
consistency index, the geometric consistent index of an IVFPR R
is defined as

CI(R) =8MCI(R) + (1 — 8§)SCI(R), (11)

where parameter § € [0, 1] reflects DM’s risk attitude. If § =1, only
the max-consistency index is considered, which shows that the DM
is optimistic; if § =0, only the min-consistency index is considered,
which indicates the DM is pessimistic; if § = 0.5, the DM is neu-
tral which means that the DM is indifferent to the risk. The larger
the value of §, the more optimistic the DM. The smaller of the
value of §, the more pessimistic the DM. By introducing parameter
6 as a tradeoff between the max-consistency index and the min-
consistency index, the geometric consistent index of Definition 6 is
more flexible and appropriate for various DMs with different risk
attitudes.

The geometric consistent index reflects the reliability of the in-
formation provided by DM. Clearly, the smaller the value of CI(R),
the more consistent and reliable the information in IVFPR R. More-
over, it is easy to verify that the geometric consistent index CI(R)
satisfies 0 < CI(R) < 1. If CI(R) = 0, then IVFPR R is completely ge-
ometric consistent.

Remark 1. Wu and Chiclana [9] defined a consistency index of
an IVFPR by calculating the distance between the IVFPR and its
corresponding multiplicative consistency based estimated IVFPR. In
general, different methods would derive diverse multiplicative con-
sistency based estimated IVFPRs, which would lead to various con-
sistency indices for an IVFPR. Chen and Zhou [5] introduced the ex-
pected value fuzzy preference relations corresponding to an IVFPR.
Then the consistency indicator of an IVFPR is defined by calculat-
ing the deviation between its expected value fuzzy preference re-
lation and the corresponding consistent fuzzy preference relation.
The consistency indicator relies on the original IVFPR and its cor-
responding consistent fuzzy preference relation. However, the con-
sistency level of an IVFPR should not be changed with its corre-
sponding consistent fuzzy preference relation. Moreover, Chen and
Zhou [5] transformed an IVFPR into the corresponding fuzzy pref-
erence relation, which may result in information loss to some de-
gree. In this paper, the geometric consistency index of an IVFPR
defined in Definition 6 is stable and reliable since it only depends
on the information of the original IVFPR. In addition, incorporat-
ing DM’s risk attitude into the consistent index is more accordance
with the real-world decision making.

Introducing a predefined consistency threshold CI, an accept-
able geometric consistent IVFPR is defined as follows:

Definition 7. Let CI be a predefined consistency threshold satisfy-
ing CI [0, 1]. If CI(R) < CI, then IVFPR R is acceptable geometric
consistent. Otherwise, R is unacceptable geometric consistent. Es-
pecially, if CI(R) = 0, IVFPR R is completely geometric consistent.

In general, the consistency threshold CI is predefined in the in-
terval [0,1] artificially. Although the determination of consistency
threshold is important to the decision making, there is no a unified
approach for DMs to determining the proper consistency thresh-
old. The consistency threshold can be determined by all DMs or a
super DM according to the characteristic and need of real-world
decision making problems. If the decision is significant, a more re-
strictive value should be adapted to the consistency threshold; if
the decision is urgent and needs to select alternative(s) quickly, a
less restrictive value should be allocated.
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3.2. Derive the acceptable geometric consistent interval valued fuzzy
preference relation

For an unacceptable geometric consistent IVFPR R* with F/ =
[ru, U] an important task is to find an acceptable geometric con-

sistent IVFPR R = (Fij)nxn With 7;; = [r;;, 7;;] which is close to R as
much as possible. To fulfill this task, we can minimize the devia-
tion between the original IVFPR R’ and the acceptable geometric
consistent IVFPR R. Therefore, a mathematical programming model
is constructed as follows:

. n n _ -

min Zi:] Zj:H] (|£/if —ryl+ |r1{j —Tyl)

c% Yy i Yoy [Inry; + Infyj + Inry,
+In(1 = ry) + In(1 = F)] = [Inry + InFy + In(1 = 7y)

+In7y

+In(1 —ry) +In(1 —73) +In(1 —L‘j)]|

+(1-=9) ,max_ {I[Inry; + Infij + Inry + Infy (12)
+In(1 = ry) +In(1 = 7)] = [Inry + InFy + In(1 = 7y)
+In(1 —rp) +In(1 =7y + In(1 —rp]l} <

O<rj<fj<1(j=12,.

I < i< j)

In Eq. (12), the first condition ensures that the obtained matrix
R is acceptable geometric consistent, and the second guarantees
the upper triangular elements in R are intervals.

To solve Eq. (12), some parameters are introduced as

g = (M —1y) VO, hy = (ry —r'y) v 0,
g = (ru—ru)vo hf (rij—r,-j)VO,
8'7":f’1"v0’8uk—( fa) v O,

A = max {EUk+8Uk}

1<i<j<k<n

where fijk = [Inry; + In7; + Inr + Inf + In(1 = ) +In(1 — 7))
~[Inry + 107+ In(1 — 7o)+ In(1 — 1) + In(1 — Fy) + In(1 — ;)]
(,j,k=1,2,...,n).

Then Eq. (12) can be converted into a goal programming model
as follows:

min Y3 Y5 i (8 +hy + &5+ h)

&Y X Thejnt (ai],{ +ef)+(1=8r =0
ik T uk (,j.k=1,2,.

g —h;=r—r g -hi="1;
[Inry; +In7ij + Inrj + Infj + In(1 = ry) + In(1 - r,-k)]

A>¢g; LN i<j<k)

-r,j=12,...,ni<j)

—[Inry + InFy + In(1 = 75) +In(1 = r5) +In(1 = 7))

+ln(1—[ij)]:e e (g k=1.2,....ni<j<k)

0=<ry

Uffijgl(i,jzl,Z,...,

n,i<j)
(13)

Solving Eq. (13) yields the optimal solutions rjj and 7;; for all
i,j=1,2,..., nandi < j. Accordmg to Definition 1, the acceptable
geometric consistent IVFPR R = (Fij)nxn derived from the original

IVFPR R’ can be generated by

[ru, r,j], ifi < j
7= 1105,05], ifi=j (14)
[1-F1-15], ifi>j

4. Derive the interval priority weights from an IVFPR

In this section, a fuzzy logarithmic program is proposed to de-
rive the interval priority weights of IVFPR. Then a new method is
developed for individual decision making with IVFPR.

4.1. A fuzzy logarithmic program to derive the interval priority
weights of IVFPR

Motivated by the idea of fuzzy programming method (FPM)
[28], in the following we develop a new fuzzy logarithmic program
to derive the interval priority weights from an IVFPR.

As per Definition 3, if an IVFPR R = (fij)nxn is mot geometric
consistent, there is not a normalized interval priority weight vector
w that satisfies Eq. (6) simultaneously. Therefore, a good enough
solution is to find an interval priority weight vector that satisfies
Eqg. (6) as well as possible. Due to the fuzziness and uncertainty of
human thinking and recognition, Eq. (6) may be hold in the sense
of approximation. It means that a good enough solution has to sat-
isfy all judgments approximately, i.e.,

Inw; — Inw; + Ina; +In (1 - 7) — Inf =0

i,j=1,2,....,ni<j
i] i) (15)
InW; — Inw; + Ina; + Inr; — In (1 —Qj) ~0
(i,j=1,2,....,n,i<])
where symbol = denotes the statement “fuzzy equal to”.
Let
d:;(W) = IHW,' - lnwj + 1110[1']' + ln(l - f']) —1In I_','j,
(1,j=1,2,...,ni<j) (16)
and
dl.;(ﬁ/) = Inw; —Inw; +Ino; + Inr;; — In(1 - 1;5),

(,j=1,2,...,ni<j). (17)

To further simplify the notations, the parameters dlf;(ﬁz) and
di;(ﬁ/) are unified into dfj(W) (c =+, —). Thus Eq. (15) can be
rewritten as the fuzzy constraints as

d5(W) =0 (i.j=1.2..... +, ), (18)

The fuzzy constraint dicj(v'i/) = 0 can be represented by a fuzzy
set on the universe W as follows:

Us = { (W. u§(w))|[w e W},
where the membership function Mi‘j(ﬁ/) €[0,1] can be appropri-
ately constructed. Especially, if ij(ﬁ/) =1, then fuzzy constraint
dicj (W) = 0 reduces to the traditional crisp constraint dfj (W) =

For fuzzy constraint dl.‘j (W) =0, its membership function
,u,?j(ﬁ/) is constructed as

ni<j;c=

1, if di‘j(ﬁz) =
1- 5% 0 < de (W) < 6¢
IJ«C(W) _ 61?], s ij — 7ij (19)
1 de. (W) . -
1+ 25—, if - 95. =d;(Ww) <0

0, else

where the tolerance parameter 95, >0 (i,j=1,2,...,
+,—).

The membership function ij(W) represents the satisfaction de-
gree of fuzzy constraint dfj (W) = 0 and is depicted in Fig. 1.

It is clear that Mi‘j (W) € [0, 1]. For the fuzzy constraint difj (W) =
o0, if dl? (w) =0, then ,uC (W) =1 which means “complete satis-

faction" if dc (W) > 95 or dc W) < GC then ,ufj(ﬁ/) =0 which

nj>ic=
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—0; 0 & d; ()

Fig. 1. Membership function of dfj (W) =0,

means “complete dissatisfaction”; if —0,.’]. < dfj (W) <0 or 0<
dfj(W) < 91.5].. then /Ll?j(v'i/) € (0,1) which means “approximate sat-
isfaction”.

According to Bellman and Zadeh’s extension principle [29], a
fuzzy decision S can be viewed as a fuzzy set S = {(W, us(W))|w ¢
W}, where

ps(W) =min {uS (Wi, j=1.2....mj>ic=+ -}

Thus, Eq. (18) can be transformed into the following system of
crisp inequalities:

PEW) = B (L j=1.2...nj>ic=+-)

Wiw; . . . .
ww <=1 j=12,....nj>i

0<B<1

where S denotes the minimal satisfaction degree of fuzzy con-
straints.

To obtain the optimal interval priority weight vector W, a single
objective fuzzy logarithmic programming model is constructed by
maximizing the minimal satisfaction degree g as follows:

max B
puiw) =B (. j=1.2,....mj>ic=+-)

Inw; + Inw; — Inw; — Inw; (20)

S.t.
<2Ine;j<0(,j=1,2,...,n;j>1)

0<B<1,weW
In Eq. (20), the second line constraints are the logarithmic
forms to the constraints /%ﬁj <a;;<1(,j=1,2,...,ni#j)in
Definition 3.
Set a{j = Ine;;. Plugging Eqs. (16), (17) and (19) into Eq. (20), a
fuzzy logarithmic program is derived as

max f3

(B -1)0 <Inw; —Inw; + In(1 - ) — Infy; + o'y
=A-p)o; (. j=1.2,...mj>i

(/3 — 1)05 < lnwl — lnwi +ln£ij —_ ln(‘l _L'j) +a,ij

sty =(=-B)0; (. j=12,...nj>10)

IHWi+lnLVj_anj—anj < ZOl/ij <0(@,j=1,2,...,n; j>i)

wi+z?=1,j#iwf z 1yWi+Z'}=1,j#iwj <1@(=12,...,n)

0<p<1

(21)

By solving the above fuzzy logarithmic program (Eq. (21)), the
optimal solution (W*,ﬂ*,a’fj) can be obtained, where Ww* is the
interval priority weight vector and B* is the maximum acceptance
degree of fuzzy constraints. If B*=1, then IVFPR R = (Fij)nxn is

completely geometric consistent. In general, the tolerance parame-
ters 95 (i,j=1,2,..., n; j >i;¢c =+, —) should be chosen enough
large that makes the optimal solution non-empty.

4.2. A new method for individual decision making with IVFPR

For a set of alternatives X = {x1. x5, .
IVFPR R’ = (F{j)nxn where F{j = [[lfj, flfj] is the preference degree of
alternative x; over x;. Based on the above analysis, a new method
for individual decision making with IVFPR is put forward as fol-

lows:

..,Xn}, a DM provides an

Step 1. Set the values of parameter § and the consistency
threshold CI a priori.

Step 2. By Eq. (11), calculate the geometric consistent index
CI(R") of IVFPR R'. If CI(R’) < CI, then IVFPR R’ is acceptable
geometric consistent, thus let R =R’ and go to Step 4. Oth-
erwise, IVFPR R’ is unacceptable geometric consistent and go
to the next step.

Step 3. Solving Eq. (13), the optimal solutions r;; and 7;; for all
i,j=1,2,...,nand i < j are derived. Then the acceptable
geometric consistent IVFPR R is generated by Eq. (14).

Step 4. According to Eq. (21), determine the interval prior-
ity weights w; = [w;, w;] (i=1,2,...,n) from the acceptable
geometric consistent IVFPR R.

Step 5. Based on Eq. (7), the likelihood matrix L= (lj)nxn is
established where

lihzl(wi>wh)=max{lmax {_Wh_m_/‘ 0}, 0}
Wh =W, + W; — W;
(i,h=1,2,...,n). (22)

Then the priority weights v; (i=1,2,...,n) are obtained by
Eq. (8). Thus, the ranking order of alternatives can be generated
by descending the priority weights v; (i=1,2,..., n).

5. Method for GDM with IVFPRs

In the section, the GDM problems with IVFPRs are described.
DMs’ weights are determined by the similarity between DMs. Then
a parametric linear programming model is constructed to obtain
the collective interval priority weights. A new method is proposed
to solve GDM with IVFPRs.

5.1. Problem description for GDM with IVFPRs

The following assumptions or notations are used to represent
the GDM problem with IVFPRs:

(1) The alternatives are known. Let X = {x1,X>, ..., Xp} be a discrete
set of alternatives.

(2) DMs are known. Let E = {ej, e, ..., en} be a set of DMs.

(3) The information about DMs' weights is unknown. Let w =
(w1, wy, ..., wm)T be DMs’ weight vector where w¢ > 0 and
Z;n:l wr=1. N

(4) Assume that R} = (flfjt)nxn (t=1,2,...,m) is the individual
IVFPR provided by DM e;, where i = [r;j;, Fij| is the prefer-
ence degree of alternative x; over x; given by DM e;.

For individual IVFPR R, = (Finxn (6=1,2,...,m), the individ-
ual interval priority weight vector Wy = (Wq, Wor, ..., Wne)T (t =
1,2,...,m) of DM e; can be derived by the individual decision
making method in Section 4.2. Denote the collective interval prior-
ity weight vector by W = (Wq, W, ..., Wy)T with W; = [w;, w;] (i =
1,2,..., n). In GDM, the final solution should be agreed by all the
DMs. Thus, the individual interval priority weight vectors should
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be integrated into the collective interval priority weight vector
which is used to derive the collective ranking of alternatives.

5.2. Determining the collective interval priority weights in GDM

The similarity between DMs e; and ¢; (t,I =1,2,...,m) is mea-
sured by the corresponding individual interval priority weight vec-
tors. It is defined as

n - -
SI" =1- 2171121-:] (|wif _wﬂl + |Wff _Wll|) (t,l= 1727"'vm)
(23)

where Wy = [wy, W] and Wy = [wy, wy] (=1,2,....n, t 1=
1,2,...,m) are the interval priority weight of alternative x; for DM
e: and e, respectively.

The larger the value of Sy, the higher the similarity between
DMs e; and e;. It is easy to verify that the similarity Sy satisfies
some properties: i) 0 < Sy < 1; ii) St = 1; iii) Sy = Sj;. If two DMs
have the same opinions, then the similarity degree between them
is equal to 1.

Thus, the confidence degree CS; of DM e; is calculated as

m
CS; = lel#tsﬂ (t=1,2,....m). (24)

The confidence degree reflects the support degree of a DM from
all the others. The higher the confidence degree of a DM, the larger
the support degree of a DM from all the others. Therefore, a DM
with higher confidence degree should be assigned a larger weight;
a DM with lower confidence degree should be allocated a smaller
weight. In other words, the higher the confidence degree of a DM,
the larger the DM’s weight. Thus normalizing the confidence de-
grees CS; (t =1,2,...,m), DMs’ weights are obtained as

wr =C5f/21n=1 Cse (t=1,2,....m). (25)

To derive the collective interval priority weights W; = [w;, w;]
(i=1,2,...,n), a reasonable method is to minimize all the
weighted deviations between w; = [w;, w;] and Wy = [w;, W] (i =
1,2,...,n, t=1,2,...,m). The weighted deviations between W; =
[w;, w;] and Wy = [w;;, Wi¢] can be introduced as w¢|w; — w;| and
wt|W; — Wy |, respectively.

Inspired by the mathematical programming model with p-
metric [30,31], a minimization deviation model is constructed as
follows:

. - - 1/
min T = 31, S0, [(@e|w; — wy P + (¢ Wy = wie )T (26)
stweW

where wy is the weight of DM e; calculated by Eq. (25) and param-
eter p reflects the importance assigned to the largest deviation. As
p increases, more importance is assigned to the largest deviations
[31].

Particularly, if p =1, Eq. (26) is converted into

min T=3Y7", 3" o (|lw; — wie | + [W; — Wy |)

stweW (27)
If p— +oo, Eq. (26) is rewritten as
min max{w:|w; — wy|, w¢|W; — w;
it { flfl fxtl t| i zt|} (28)

stweW

The objective function in Eq. (27) is to minimize the sum
of all weighted deviations w¢|w; —w;| and w¢|w; —wy| (i=
1,2,...,n, t=1,2,...,m), which is based on the majority princi-
ple similar to the model in Wang and Li [7]. This case would lead
to a more robust estimation. Different from Eq. (27), the objective
function in Eq. (28) is to minimize the maximum weighted de-
viation between w:|w; —w;| and w¢|w; —wy| (i=1,2,...,n, t =
1,2,...,m), which is based on the minority principle. This case

would result in a more sensitive estimation of extreme deviation
[30].

Combining Eqs. (27) and (28), a parametric mathematical pro-
gram is constructed by introducing parameter i as follows:

. n m _ _
minT=v) > " olw;—w|+ W - Wie|)

+(1-v) H}?X{wt|Wz‘ — Wy

s 0 [Wi — Wy [}
stweW (29)

where ¢ is a control parameter that is a trade-off between ma-
jority and minority principles satisfying 0 < ¢ < 1. If ¥ =1,
Eq. (29) can be reduced to the model (27), which only considers
the majority principle; if 1 =0.5, Eq. (29) considers both the ma-
jority principle and the minority principle; if ¥ =0, Eq. (29) can be
reduced to the model (28), which only considers the minority prin-
ciple. Therefore, Eq. (29) can be regarded as an integrated model
which includes the above two particular cases (Eqs. (27) and (28))
by parameter .
To solve Eq. (29), let

u= H}?X{thi — Wy |, wc|[Wi — Wy},

dii = Joc(lw; — wie| + (W; — wy)),
di = %wtqﬂi —wy| — (W —wy)),
dt = Lo (1w — Wie| + (IW; — Wy ),
dy = Jor(IW; — Wie| — (W; — Wy)).
Thus, Eq. (29) is transformed into a parametric linear program-
ming model as follows:

min T=v¢ Y1, Y0, dif +di +df +d)+ (1 —y)u

1
oW, —wy) —dif +d; =0(i=1,2,...,n, t=1,2,...,m)
Wi —Wye) —dt +d; =0(=1,2,....,n, t=1,2,...,m)

stddi+dy <u df+d; <u(i=1,2,...,n,t=1,2,....m)

n
. wjfl (i:‘l,Z,...,n)
#i =1, j#i
i N ))

(30)

Solving Eq. (30), the collective interval priority weights w; =
[w;,w;] (i=1,2,...,n) can be obtained. Then the collective rank-
ing order of alternatives is generated by the collective interval pri-
ority weights w; (i=1,2,...,n).

5.3. Method for GDM with IVFPRs

Summarizing the aforesaid analyzes, a new method for GDM
with IVIFPRs is developed below.

Step 1. Set the values of parameter § and the predefined con-
sistency threshold CI. Suppose that T is an empty set.

Step 2. By Eq. (11), calculate the geometric consistent in-
dex CI(R)) for individual IVFPR R, (¢t =1,2,...,m). When
CI(R;) < CI, IVFPR R, is acceptable geometric consistent, thus
let R, = R,. When CI(R)) > CI, IVFPR R, is unacceptable ge-
ometric consistent and add R, to the set T. If all IVFPRs R;
(t=1,2,..., m) are geometric consistent, i.e., T is an empty
set, then go to Step 4; otherwise, go to the next step.

Step 3. Solving Eq. (13), the optimal solutions ry; and 7 (i, j =
1,2,...,n, i < j) are derived from unacceptable geometric
consistent IVFPRs R, t e {I|R; e T}. By Eq. (14), the cor-
responding acceptable geometric consistent IVFPRs R; (t €
{lIR) € T}) are generated.
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Step 4. According to Eq. (21), determine the individual interval
priority weight vectors Wy = (Wq;, Wy, ..., Wye)T for DMs e;
t=1,2,...,m).

Step 5. The similarities S; between DMs e; and e (t,I=
1,2,...,m) are computed by Eq. (23).

Step 6. The confidence degrees CS; of DMs e; (t=1,2,...,m)
are calculated via Eq. (24).

Step 7. Using Eq. (25), DMs’ weights w (t =1,2,...,m) are de-

termined.
Step 8. According to Eq. (30), the collective interval priority
weights w; = [w;, w;] (i=1,2,...,n) are obtained.

Step 9. Based on Eq. (7), the likelihood matrix L= (lj)nxn is
constructed where

lip = L(W; > Wy,) =max {1—max {MO}O}
Wp — Wp +W; — W;

Utilizing Eq. (8), the priority weights v; of interval priority
weights W; (i=1,2,...,n) are obtained. Thus, the collective rank-
ing order of alternatives can be generated by comparing the prior-
ity weights v; (i=1,2,...,n).

The above process for GDM with IVFPRs is depicted in Fig. 2.

Remark 2. The above method is proposed for solving GDM with
IVFPRs. When solving a decision making problem with a sin-
gle DM, Steps 5-8 that are used to derive the collective priority
weights could be omitted. So the above method is exactly reduced
to the method for individual decision making with IVFPR proposed

6. Application examples and comparative analyzes

In this section, some examples are applied to individual deci-
sion making with IVFPR and GDM with IVFPRs, respectively. Com-
parative analyzes with existing methods [4,11,21] are also per-
formed.

6.1. Application to individual decision making with IVFPR

Firstly, two examples for individual decision making with IVFPR
are given to interpret the advantages of the method for individual
decision making with IVFPR proposed in Section 4.2.

Example 1. This example is taken from Genc et al. [4]. Suppose
that a DM provides his/her preference information over a collec-
tion of alternatives x; (i=1,2,...,5) with the following IVFPR:

[0.5,0.5] [0.5,0.6] [0.2,0.5] [0.3,0.7] [0.3,0.5]
[0.4,05] [0.5,0.5] [0.3,0.6] [0.6,0.8] [0.2,04]
R =][0508] [04,07] [0505] [0.708] [0.4,0.5]
[03,0.7] [0.2,0.4] [0.2,0.3] [0.5,0.5] [0.1,0.4]
[0.5,0.7] [0.6,0.8] [0.5,0.6] [0.6,0.9] [0.5,0.5]

Considering that there is a single DM, the method for individual
decision making with IVFPR proposed in Section 4.2 is applied to
solve this example.

Step 1. Set § = 0.5 and CI = 0.1.

Step 2. By Eq. (11), calculate the geometric consistent index
CI(R") =1.6895. Since CI(R’) > CI, IVFPR R’ is unacceptable
geometric consistent and go to step 3.

Step 3. Using Eq. (13), a goal programming model is constructed
as follows:

min (g, +hp, + 85, +hj, + 8 +his + 8L +hiy + g+ hy + g, + i+ g +hig +gls +his + 8 + s + &5 +hyy + 85, + 1oy + 254
+h3y + 85 + Mg + 835 + M35 + 83, + h3y + 83 + My + 855 + hyg + 835 + his + 845 + Mg + 845 + hYs)

€345+ 8545) T (1 =)A=

in Section 4.2. Thus, the developed method can not only be applied
to solve GDM with IVFPRs, but also be used to solve the individual
decision making with IVFPR.

S (o + - + - + - + - + - + - + - + - +
70 (6123 + 81a3 + €y 8oy + 85 T Eps + 34 T &34 + 835 + E35 + Epgs + Eys + Ex3q + €334 T Ex35 + Ex35 + 555 + €35t

Az +Ehs A2 Eny+Ehy A2 Eps + 805 A 2 85, + 834, A = £755 + €755,

Az eys+els b 2 €03y 605, A 2 €35+ €335, A 2 8545+ E545. A 2 E345 + £y,
Ep—hp=05-T1.83-h3=02-13.8,—hy;=03-114.85—h;53=03-115.83 —hy; =03 153,

84— h3y =0.6 -1y 85 —hys =02 — 195,85, —h3, = 0.7 — 134,855 — h35 = 0.4 — 135,845 — hys = 0.1 — 15,

g bty = 06— Fragly — hty = 0.5 — Fi3. gy — hiy = 0.7 — Fa. gy — by = 0.5 — Fis. gy — iy = 0.6 — s,

gy Ity = 0.8 — Fq gy — iy = 0.4 — Fos. gl — iy = 0.8 — Fagu gl — his = 0.5 — F5. g — hls = 0.4 — Fa,

[Inry, +Infip +1Inry3 + Infoz3 +In(1 —1y3) +In(1 — F13)] — [Inry3 + Infi3 + In(1 — Fa3) + In(1 —1p3) + In(1 = F12) + In(1 —11p)] = 6355 — 6555

(32)

[Inry, +Intip +1Inry + Infog +In(1 —1y4) +In(1 —F1g)] — [Inryy + InTrg +In(1 = Fog) +In(1 —1p) +In(1 = F12) +In(1 —1yp)] = €554 — €554

[Inry, +Infi2 +1In7ys + Infos +In(1 —1y5) +In(1 — F15)] — [Inrys + Infis + In(1 —Fa5) + In(1 —1p5) + In(1 = F12) + In(1 —11p)] = £555 — €555

[Inr3 4+ Infi3 +Inr3y + Infsg +In(1 —1y4) +In(1 —F1g)] — [Inryy + InFrg +In(1 = F34) +In(1 —134) +In(1 = F13) +In(1 —1y3)] = €3, — €54

[Inryz +1In7s +1Inrss + I35 +In(1 = 1y5) +In(1 = F15)] = [Inrys + In 715 +In(1 = 735) + In(1 = 135) +In(1 = 713) +In(1 = 133)] = €335 — €55

[Inryy +Infyy +Inrys + Infys +In(1 —135) +In(1 —F15)] — [Inr5 + Infis + In(1 —7as) +In(1 —145) +In(1 = F1g) +In(1 —114)] = €745 — Ef45

(Inrys + 1023 +In734 + 10734 + In(1 = 154) +In(1 = T24)] = [InT4 + InFog +In(1 = F34) +In(1 = T34) +In(1 = 723) +In(1 = 153)] = €334 — €334
[Inrys + 1723 +In735 + I35 + In(1 = 155) +In(1 = F25)] = [InTy5 + InFos + In(1 = 735) +In(1 = 135) +In(1 = 723) +In(1 = 153)] = €335 — €335
[Inry, 4+ Infog + Inrys + InTys + In(1 —rys) +In(1 = 725)] — [Inrys + Infas +In(1 = 7ys) +In(1 —145) +In(1 = Fog) +In(1 — 1p4)] = €545 — €345
[Inrsy 4+ Inf34 + Inrys + Infss + In(1 —135) +In(1 = 735)] — [Inr35 + Inf3s5 + In(1 — Fg5) + In(1 —145) + In(1 —T34) + In(1 —134)] = €345 — €345
0<r;;<fp<1,0=<r;3<tf3=<10=<ry=<iu<1,0=<r5;<fs<1.0=<r;=<f3=<l,

0<ry <Py <1,0<ry;5<05<1,0<r3<f3u<10<r35<m35<1,0<r;5=<iy5=<1.
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an empty set.

Set the values of parameter & and the predefined consistency threshold CI . Suppose that 7 is

v

Y/\N

Calculate the geometric consistent index CI(INQI’)
of individual IVFPR R/ (t=1,2,---,m) .

CI(R') < CI
Add R/ to the set T . Derive the optimal solutions Iy
h 4 and 7, (i,j=12-mi<jte{l|ReT}).
IVFPR R is ¥
geometric  consistent, _
thuslet R = R'. Generate the acceptable geometric consistent R,
te{l|R T}
v v
Determine the interval priority weights W, = (W, W,,, -, W, )" with
w, =[w,,w,] forDM e, (t=12,---,m).

Compute the similarities S, between DMs e, and e, (t,/=1,2,---,m).

v

Calculate the confidence degrees CS, of DM e, (t=1,2,---,m) .

v

Determine DMs' weights @, (t=1,2,---,m) .

v

Set the value of parameter w . The collective interval priority weights

W, =[w,w] (i=1,2,-++,n) are obtained.

v

The likelihood matrix L=(/,),, of interval priority weights W,
(i=1,2,---,n) is constructed.

v

Obtain the priority weight v, of interval priority weight W,

by Eq. (8)

LR

(i=1,2,n).
v

The collective ranking order of alternatives can be obtained by descending the priority weights v, .

Fig. 2. Decision making process for GDM with IVFPRs.

Solving Eq. (32), the optimal solutions r;; and 7j; for all i, j =
1,2,...,5and i < j are derived.
Then the acceptable geometric consistent IVFPR R is gener-

ated by Eq. (14) as
[0.5000, 0.5000]

[0.4000, 0.5000]
[0.5000, 0.6363]
[0.0744, 0.7000]
[0.5000, 0.7000]

=
Il

[0.5000,0.6000] [0.3637,0.5000] [0.3000,0.9256] [0.3000, 0.5000]

[0.5000,0.5000] [0.2222,0.6000] [0.6000,0.7273]  [0.2759, 0.4000]
[0.4000,0.7778]  [0.5000,0.5000] [0.7000, 0.8000] [0.4000, 0.5000]
[0.2727,0.4000]  [0.2000,0.3000] [0.5000, 0.5000] [0.0968, 0.4000]
[0.6000,0.7241]  [0.5000,0.6000] [0.6000,0.9032] [0.5000,0.5000]

Step 4. Set 491.7 = 9,.; =05fori,j=1,2,...,5and i < j. Accord-
ing to Eq. (21), a fuzzy logarithmic program is established

das
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Table 1

Ranking orders of alternatives with different parameter values in Example 1.

The proposed method for individual decision making

Genc et al.'s method in [4]

=018 =0 =018 =05 =018 =1 0 =0.018 =05
Wi [01386,0.3429]  [0.1374,0.3736]  [0.1398,0.3458]  [0.1445,0.3573]  [0.1364,0:2442]
W, [01386,01962]  [0.1510,02176]  [0.1398,0.2083]  [0.1445,0.1872] [0.1111,0.2029]
W3 [0.2080,02286]  [0.2266,0.2266]  [0.2097,0.2305]  [0.2058,0.2382]  [0.2029,0.3218]
Wa [0.0404,02286]  [0.0495,02191]  [0.0950,0.2305]  [0.0426,02382]  [0.0662,0.1154]
Ws [0.2080,0.2080]  [0.1993,0.1993]  [0.2097,0.2097]  [0.2167,0.2167] [0.2442,0.3899]
Ranking order X3 > X1 > X5 X3 > X1 > X5 X3 > X1 > X5 X3 > X1 > X5 X5 > X3 > X1

> X4 > X2 > X4 > X2 > X4 > X2 > Xq4 > X2 > X2 > Xg
Fitted error 0.2305 0.2422 0.2483 0.2267 0.3495

max fB

s.t.

Solving Eq. (33), the interval priority weights are determined as

Wy =[0.1374,0.3736], w, =[0.1511,0.2176], w3 =[0.2266,0.2266],

W, =[0.0495,0.2191], w5 =[0.1993,0.1993].

Step 5. Based on Eq. (22), the likelihood matrix L = (Ij)55 is
established as follows:

0.5000 0.7352 0.6225 0.7987 0.7378
0.2648 0.5000 0 0.7118  0.2740
L=1]0.3775 1 0.5000 1 1
0.2013  0.2882 0 0.5000 0.1165
0.2622  0.7260 0 0.8838 0.5000

Then the priority weights are obtained by Eq. (8) as

vy = 0.2447, v, = 0.1625, v3 = 0.2689,
vq = 0.1303, v5 = 0.1936.

By descending the priority weights v; (i=1,2,...,5), the rank-
ing order of alternatives is generated as X3>X{>X5>X4>X5.

With different values of parameters CI and 8, the ranking re-
sults are derived and shown in Table 1.

It can be seen from Table 1 that the ranking order of alterna-
tives is always x3>X;>X5>X4>~X, by the method for individual deci-
sion making with IVFPR proposed in this paper, which is different
from that obtained by Genc et al. [4]. To compare method [4] with
the proposed method effectively, we resort to the fitted error orig-
inated from Wang and Elhag [32].

(B-10% <Inwy —Inw, +1In(1 - 0.6) —In0.6 + 'y, < (1 - B)O5;. (B — 105 <Inw; —Inw; +1In(1-0.5) —In0.5+a'13 < (1 - B)Of,
(B-10;; <Inw; —Inw, + In(1 - 0.9256) —In0.9256 + 14 < (1 — B)6;,, (B — )0 <Inwy —Inws +In(1-0.5) —In0.5+ a’y5 < (1 - B)O,
(B-105; <Inw; —Inw; +In(1 -0.6) —In0.6 + o’53 < (1 — B)05. (B — 1)05, < Inwy —Inw, +In(1 —0.7273) — In0.7273 + a'4 < (1 - )65,
(B-1)05% <Inw; —Inws +In(1 -0.4) —In0.4+a'55 < (1 - )05, (B —1)65, <Inws —Inw, +In(1-0.8) —In0.8 + a'34 < (1 - B)65,,
(B-1)0f <Inws —Inws +In(1 -0.5) —In0.5+ o35 < (1 - B0, (B —1)0)5 <Inwy —Inws +1In(1-0.4) —In0.4+a'45 < (1 - B)O;.
(B-1)0,;, <lnw; —Inw, +In0.5-1In(1-0.5) +a'1; < (1 - B)0;;, (B—-1)0; <Inw; —Inw; +1n0.3637 — In(1 - 0.3637) + &'13 < (1 - B)0;,
(B-1)0,, <Inw; —Inw, +In0.3 -In(1-0.3) +a'y4 < (1 -B)0,, (B-10; <Inw; —Inws +1n0.3 - In(1-0.3) +a'15 < (1 - B)O5;.
(B-1)05; <Inw; —Inw; +1n0.2222 — In(1 - 0.2222) + &'53 < (1 = B)O5;, (B —1)05, <Inw; —Inwy +1n0.6 — In(1 - 0.6) + a4 < (1 - B)0,,,
(B — 1055 <Inw, — Inws +1n0.2759 — In(1 — 0.2759) + '35 < (1 — B)05. (B — 1)0;, <Inws — Inw, +1n0.7 —In(1 - 0.7) + &'34 < (1 — B)b3,, (33)
(B—1)b5 <Inws —Inws +1n0.4 —In(1— 0.4) + '35 < (1— B)f5, (B — 1)8,5 < InWy — Inw; +1n0.0968 — In(1 — 0.0968) + &'45 < (1 — B)b,5.
Inw; +Inw, —Inw; —Inw, <20’y <0,Inw; +Inw; — Inw; — Inw; < 2a’43 <0,

Inw; +Inw, — Inwy —Inwy < 2014 <0, Inw; + Inws — Inw; — Inws < 2a’45 <0,

Inw, + Inw; —Inw, —Inws < 20’53 <0, Inw, + Inw, — Inw, — Inwy < 2a/54 <0,

Inw, + Inws — Inw, — InWs < 2055 < 0, Inw; + Inw, — Inw; — Inwy < 2a/34 <0,

Inw; + Inws — Inws — InWs < 2035 < 0, Inw, + Inws — Inw, — Inws < 2045 <0,

Wi + Wy + W3 + WatWs5 > 1, Wy + Wy + W3 + WatWs > 1, Wy + Wy + W3 + Wa+Ws = 1, Wy + Wy + W3 + W+ Ws = 1, Wy + Wy + W3 +Wytws > 1,
Wi + Wyt W3+Wy+Ws < 1, Wy + Wo+W3+Wu+Ws < 1, Wy + Wy +W3+Wy+Ws < 1, Wy + Wy +W3+Wa+Ws < 1,

Wi+ Wyt Wa+Wy4+Ws < 1,0 <w; <w; <1,0<w, <wy <1,0<wy <w3<1,0<w, <wy<1,0<ws <w5<1,0=<p8<1

Similar to Wang and Elhag [32], the fitted IVFPR R= (ﬁj)nxn
is constructed by interval priority weights w; = [w;, w;] (i=
1,2,...,n), where

[0.5,0.5], ifi=j
Ry =[r ] = v - - (34)
[ﬂ#ﬁj""j’ “i?WJij]’ ifi7]

. . = w; Wi .
Especially, since Genc et al. [4] proposed 7j; = [W:TWJ’ Wf+ij]
Theorem 4, the fitted IVFPR R = (F;j)n«n is obtained by setting a;;

=1 in method [4]. }
Then the fitted error between the fitted IVFPR R = (;;)nxn and

the original IVFPR R’ is defined as follows:

= o~ n-1 n _ -
F(R.R') = ﬁziﬂ Zj:i-n (|rl’j_£ij|+|r?}_rij|) (35)

Apparently, F(R, R) € [0, 1]. The smaller the value of F(R,R'),
the more reliable the decision method.

Using Egs. (34) and (35), the fitted errors derived from different
interval priority weights are calculated and listed in the last line of
Table 1. It is clear that all the fitted errors of the proposed method
are smaller than that of method [4]. Thus, the proposed method
could avoid information loss and contain more original informa-
tion on IVFPR R’, which verifies the effectiveness of the proposed
method.
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Table 2

Ranking orders of alternatives with different parameter values in Example 2.

The proposed method for individual decision making

Wang and Chen’s method in [11]

=018 =0 Cl =018 =05 =018 =1 C1=0.018 =05 CI=0,8 =05
W [0.2831,0.2831] [0.2325,0.2325]  [0.2325,0.2325]  [0.2889,0.2889] [0.2404,0.2404]  [0.1580,0.3873]
W, [0.2831,0.4668]  [0.2234,0.3833]  [0.2234,0.3833]  [0.2889,0.4763] [0.2253,0.3964]  [0.2338,0.5371]
W3 [0.1589,0.1717] [0.1580,0.3536] [0.1580,0.3536] [0.1498,0.1752] [0.1634,0.3714] [0.1310,0.3782]
Wy [0.0911,0.2620] [0.1410,0.2584] [0.1410,0.2584] [0.0850,0.2470] [0.0953,0.1999] [0.1793,0.4771]
Ranking order — xy>X1>X4>X3 Xp>X3>-X1>Xg Xo>X3>X1 X4 Xo>X1>=X4>X3 X2 >X3>X1>X4 Xo>Xg4>-X1>X3
Fitted error 0.2562 0.2328 0.2328 0.2586 0.2787 0.2817

Example 2. Consider the following IVFPR provided by method

[11].
[0.5,0.5] [0.3,0.4] [0.5,0.7] [0.4,0.5]
#_[[06.07] [0505] [0608] [0206]
=11(03,05] [02,04] [05,05] [0.4,0.8]
[0.5,06] [0.4,0.8] [0.2,0.6] [0.5,0.5]

When QJ = 91.; = 0.5, the interval priority weights are derived
by the method proposed in Section 4.2 with different values of
parameters CI and 8. Then the corresponding ranking orders of
alternatives are generated. Moreover, the fitted errors derived by
different interval priority weights are also calculated, respectively.
Table 2 presents these computation results.

From Table 2, it can be found that the ranking orders obtained
by the proposed method are diverse with different values of pa-
rameters CI and §. Moreover, although the best alternatives ob-
tained by the proposed method and method [11] are the same x;,
the corresponding ranking orders are not identical. The proposed
method can make DMs select different values of parameters to
derive the interval priority weight vector according to the actual
decision making, which embodies the flexibility of the proposed
method. Additionally, the fitted errors of this paper are smaller
than that of method [11]. Thus, the proposed method retains more
original decision information than method [11] and can avoid the
loss of information.

It can be seen from Table 2 that the ranking orders in these
three cases are completely identical, i.e., x,>x3>X1>x4. That is to
say, the ranking orders derived from the two acceptable geomet-
ric consistent IVFPRs with high levels of consistency (i.e., the case
CI=0.1 and § =0.5 and the case CI =0.1 and § =1 in Table 2)
are completely the same as that derived from the completely
geometric consistent IVFPR (i.e. the case CI =0 and § =0.5 in
Table 2). Furthermore, the best alternatives derived from another
two acceptable geometric consistent IVFPRs with high levels of
consistency (i.e., the case CI =0.1 and § =0 and the case CI =0.01
and § =0.5 in Table 2) are completely the same as that derived
from the completely geometric consistent IVFPR (i.e., the case CI
=0 and § =0.5 in Table 2). These observations indicate that it
is reasonable to obtain the priority weights from an inconsistent
IVFPR with a high level of geometric consistency, i.e., an acceptable
geometric consistent IVFPR. Moreover, the fitted error derived from
completely geometric consistent IVFPR (i.e., the case of CI =0 and
6 =0.5 in Table 2) is larger than that obtained from the accept-
able consistent IVFPRs (i.e., the former four cases in Table 2). Ap-

parently, using the acceptable geometric consistent IVFPR can con-
tain more original information during the decision making process.
Thus, an inconsistent IVFPR can be accepted if it has a high level
of consistency in some specified situations.

6.2. Application to GDM with IVFPRs

6.2.1. An enterprise resource planning system selection example
An example is provided to illustrate the effectiveness of the
GDM method proposed in this paper.

Example 3. As the continual growth of business, a firm needs to
install a new enterprise resource planning (ERP) system. After pre-
liminary screening, four ERP systems, i.e., X1, Xo, X3 and x4 are re-
mained for further evaluation. Three DMs eq, e, and e3 are invited
to form a decision group. DMs e; (t =1, 2, 3) provide their prefer-
ence information on alternatives expressed by intervals and elicit
the corresponding IVFPRs R, = (Fl(jt)4x4 as follows:

[0.50,0.50] [0.65,0.80] [0.50,0.60] [0.30,0.55]
& _ | 1020,035] [0.50,050] [0.30,055] [0.50,0.65]
1= |[0.40,0.50] [0.45,0.70] [0.50,0.50] [0.55,0.70]
[0.45,0.70] [0.35,0.50] [0.30,0.45] [0.50,0.50]
[0.50,0.50] [0.65,0.70] [0.60,0.80] [0.75,0.90]
# _ | 10.30,035] [0.50,050] [0.50,0.60] [0.70,0.75]
2=10.20,0.40] [0.40,0.50] [0.50,0.50] [0.60,0.75]
[0.10,0.25] [0.25,0.30] [0.25,0.40] [0.50,0.50]
[0.50,0.50] [0.45,0.55] [0.30,0.65] [0.50,0.75]
7 _ | 045.055] [0.50,0.50] [0.60,0.85] [0.25,0.55]
3= 110.35,0.70] [0.15,0.40] [0.50,0.50] [0.35,0.65]
[0.25,0.50] [0.45,0.75] [0.35,0.65] [0.50,0.50]

Step 1. Set parameter § =0.5 and the predefined consistency
threshold CI =0.1. Suppose T is an empty set.

Step 2. By Eq. (11), calculate the geometric consistent indices
for individual IVFPRs as follows:

CI(R,) =1.125, CI(R,) =0.087, CI(R;) =2.610.

Since only CI(R,) < CI, IVFPR R, is acceptable geometric con-
sistent and let R, = R,. IVFPRs R} and R, are unacceptable
geometric consistent. Thus one has T = {R,, ﬁg} and then go
to the next step.

Step 3. Solving Eq. (13), the optimal solutions r;;; and 7 (i, j =
1,2,...,n, i < j) are derived from unacceptable geometric
consistent [VFPRs ﬁ; for t € {1, 3}. By Eq. (14), the corre-
sponding acceptable geometric consistent IVFPRs R; (t {1,
3}) are generated as

[0.5000, 0.5000]

[0.6402, 0.6402]

[0.5000, 0.6000]

& _ | 103598,03598]  [0.5000,0.5000] [0.3000,0.5500]
1= 10.4000,0.5000] [0.4500,0.7000] [0.5000, 0.5000]
[0.0831,0.7000]  [0.3772,0.5000] [0.3000, 0.4500]
[0.5000,0.5000] [0.4500,0.5500] [0.3000, 0.8636]

. _ [ 10.4500,0.5500]  [0.5000,0.5000] ~[0.6000,0.6667]
3= 110.1364,0.7000]  [0.3333,0.4000] [0.5000, 0.5000]

[0.2500, 0.5000]

[0.3777,0.3777]

[0.3500, 0.6500]

[0.3000, 0.9169]
[0.5000, 0.6228]
[0.5500, 0.7000]
[0.5000, 0.5000]

[0.5000, 0.7500]
[0.6223,0.6223]
[0.3500, 0.6500]
[0.5000, 0.5000]
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Step 4. Set 0,7 =0 =0.5 (i.j=1.2.3.4.i < j). According to _
Eq. (21), the individual interval priority weight vectors w; @ -
(t =1,2,3) are obtained as 2 E %
Wy =([0.2571,0.5178],[0.1872,0.1872],[0.2221,0.2646], Sgzos
[0.0730,0.2910])T, — |92 REE
W, =([0.2513,0.5392],[0.2212,0.2723],[0.1659,0.2722], S assss
[0.0737,0.2042])T, £ T
W; =([0.2106,0.4794],0.2600,0.2993],[0.1142,0.3178], 2 28
[0.1204,0.1723])". g —mwad
Step 5. The similarities between DMs are computed by o TRANES
Eq. (23) as follows: el 2239
Sqp = Sp1 = 0.0372, Sq3 = S3; = 0.0746, Sy3 = S35 = 0. 0428. D B
Step 6. The confidence degrees of DMs are calculated via 3
Eq. (24): g <
€Sy =0.1118, CS, =0.0800, CS3 =0.1174. G R - —
Step 7. Using Eq. (25), DMs’ weights @ (¢t = 1,2, 3) are deter- T128888
mined as 2 a § § S §
w1 =0.3316, wy =0.3372, w3 =0.3312. HEEES g 2
Step 8. Set ¢ =0.5. According to Eq. (30), the collective interval o|sssss
priority weights Ww; (i =1, 2, 3,4) are derived as follows: -
Wy =[0.2513,0.5178], W, =[0.2212,0.2723], W; =[0.1659,0.2722], S|z
W, =[0.0737,0.2042]. s|8gmas
Step 9. Utilizing Eq. (31), the likelihood matrix is constructed as g § E E §
oMo oo
0.5 09339 0.9439 1 Zlessgq
0.0661 0.5  0.6760 1 a8 EeS
L= Cleea=22
0.0561 0.3240 0.5 0.8383
0 0 0.1617 0.5 pt
I
According to Eq. (8), the priority weights are obtained as j’ 5 T
cle
vy = 0.3648, v, = 0.2702, v3 = 0.2265, 14 = 0.1385. T|5855%
&8INes
By descending the priority weights v; (i = 1, 2, 3, 4), the collec- o|eesss
tive ranking order of alternatives is generated as xq>x,>X3>X4. - | ~
For different values of parameters CI, § and v, the correspond- g 5 e
ing computation results are shown in Table 3. Table 3 shows that < g9 &8 2
the ranking orders of alternatives are always x;>x,>x3>x4 for dif- < § RECRA A
ferent values of parameters. Especially, the ranking order derived cH> N E E § §
from the completely geometric consistent IVFPR (i.e., the case CI clessss
=0, § =0.5, Y =0.5 in Table 3) is the same as that obtained from -
the acceptable geometric consistent IVFPRs (i.e., the other cases of CH> o~
the proposed GDM method in Table 3). Therefore, it may be useful Nk To oo
and effective to directly apply the acceptable geometric consistent S §§ § E §
IVFPR for generating the priority weights in practice. =3 <2 S g
SINISER
6.2.2. Fitted error analysis of the obtained results \é 3 E E =R=1
To illustrate the effectiveness of the results obtained by the ol
proposed method, the collgctive fitted error is defined. Similarly, ; §_
the fitted collective IVFPR R* = (7:)n.n With 7 = [ f;‘j’] is con- ) S|2E gg%
structed by the derived collective interval priority weights W; = E o! gz 333
lw, w;] (i=1,2,..., n), where g } % aé é 2 %
[0.5,0.5], ifi=j §lE|0|=====
o Me— )
hij = [rij ’rij+] = [ W ayW ] ifi] (36) 5 ; % @
Wita Wi o witw; |2 £ S I
o _ . o “13|5|a2388
Considering that there exist several DMs in GDM, the individual glg|n|8agag
fitted error between R* = (7)n<n and R; for DM e is defined as 2|23 |g8¢e §§'
follows: % é \g gggég
PO n-1 n - - S
FIR.R) = 5ty Zi:l Zj=i+1 (rije =Ry 1+ 1 = T7D- B7) £
Then the collective fitted error F* for the group of DMs is cal- i
culated as P e
e SRR
=

m

Fr=l ZL F(R*,R,). (38)

X3>X] ~ Xo>X4

0.5012
0.6908
0.5417
0.5779

X3>X1 ~ Xo2>X4

0.5012
0.6908
0.5417
0.5779

X1>Xy>X3>X4

0.2668
0.1708
0.2903
0.2427

X=Xy >X3>X4

0.2628
0.1737
0.2908
0.2424

X1>X2>X3>X4

0.2649
0.1725

0.2946
0.2440

X=Xy >X3>X4

0.2401
0.2135
0.2328
0.2288

X=Xy >X3>X4
0.2401
0.2135
0.2328
0.2288

X1>Xg>X3>X4

0.2231
0.1799
0.2970
0.2333

X1>X2>X3>X4

0.2628
0.2146
0.2642
0.2472

F(R*,Rs)
F*

F(R*,R;)
F(R*.R,)

Ranking order
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Table 4
Ranking results of two decomposed subproblems.

Subproblem 1

Subproblem 2

=018 =05% =0 Cl=0.18 =054 =0.5

T =018 =05y =1

T=018 =05y =0 CI=018=05% =05 Cl=018=05y =1

" (0.3321,0.3368,0.3311)  (0.3321,0.3368,0.3311) (0.3321,0.3368,0.3311)  (0.3347,0.3273,0.3380)  (0.3347,0.3273,0.3380) (0.3347,0.3273,0.3380)
Wy [0.3801,0.4892] [0.3088,0.5505] [0.3088,0.5505] [0.3933,0.5150] [0.3529,0.4698] [0.3529,0.3933]

Wy [0.2474,0.3562] [0.2839.0.3562] [0.2839.0.3562] - - -

w3 [0.1546,0.2637] [0.1656,0.3416] [0.1656,0.3416] [0.2665,0.3883] [0.2665,0.4280] [0.2665,0.5045]

Wy - - - [0.1022,0.2184] [0.1022,0.3402] [0.1022,0.3402]
Ranking order  x;>x,>X3 X1 =Xy >X3 X1 >=X3>X3 X1>X3>X4 X1 >=X3>X4 X1 >=X3>X4

Apparently, F¥ € [0, 1]. The smaller the value of F*, the more
reliable the GDM method.

Using Egs. (36)-(38), the individual and collective fitted errors
derived from different interval priority weights are calculated and
shown in Table 3.

From Table 3, it can be observed that the collective fitted er-
ror of the priority weights obtained from the completely geomet-
ric consistent IVFPR (i.e., case CI =0,8 =053 =0.5 in Table 3)
is larger than that derived from the acceptable geometric consis-
tent IVFPRs (i.e., the other cases of the proposed GDM method in
Table 3). This analysis again verifies that an inconsistent IVFPR that
has a high level of geometric consistency (i.e., the acceptable ge-
ometric consistent IVFPR in Table 3) can be accepted during the
decision making process as mentioned in Introduction.

To further verify the superiority of the proposed GDM method,
rank reversal test is carried out in Section 6.2.3. In addition, we
compare the results obtained by Zhang’s method [21] with that ob-
tained by the proposed method in Section 6.2.4.

6.2.3. Rank reversal test of the proposed GDM with IVFPRs

Since Wang and Luo [33] found that the rank reversal phe-
nomenon occurs in many decision making methods, the rank re-
versal has become a common criterion to measure the perfor-
mance of the decision making methods. A reasonable method
should avoid the rank reversal by adding or deleting of an al-
ternative. In other words, if an alternative is added or deleted
from the problem, then any other two alternatives should keep the
same ranking order. To test the rank reversal of the proposed GDM
method, the original ERP system selection example is decomposed
into Subproblem 1 with alternative set {x;, X5, x3} and Subproblem
2 with alternative set {x1, X3, X4}, respectively. Subproblem 1 is ob-
tained by deleting alternative x4, and Subproblem 2 is obtained by
deleting alternative x, from the original problem. Using the pro-
posed GDM method, the corresponding computation results are re-
spectively generated for different parameters and given in Table 4.

It is evident from Table 4 that the ranking order is x;>x,>x3 for
Subproblem 1 and x;>x3>X4 for Subproblem 2, which are consis-
tent with the ranking x;>x,>x3>x4 for the original problem. The
ranking for alternatives x{, x, and x3 is x;>x,>x3 before alterna-
tive x4 is introduced, keeps the same after x4 is added. The same
conclusion can be observed for alternatives x;, x3 and x4. There
is no any rank reversal phenomenon for any two alternatives by
addition or deletion of an alternative. Thus, the proposed method
can well avoid rank reversal. The examination of the rank reversal
shows the validity and practicability of the GDM method proposed
in this paper.

6.2.4. Comparison with Zhang's method

Based on the multiplicative consistency, Zhang [21] proposed a
goal programming model to derive the priority weights for solv-
ing GDM with IVFPRs. Using Zhang’s method to solve Example 3,
the ranking orders of alternatives are generated for different DMs’
weights. In particular, setting «; =1, the collective fitted errors de-
rived from the priority weights of method [21] are calculated by

Egs. (36)-(38). For comparison convenience, these computation re-
sults are also listed in Table 3.

It can be seen from Table 3 that the ranking order obtained
by method [21] is different from that obtained by the proposed
method. The primary reasons may come from two aspects:

(1) Zhang [21] gave DMs’ weights a priori and ignored the deter-
mination of DMs’ weights, which may lead to unreasonable de-
cision results. By contrast, this paper determines DMs’ weight
by the similarity between DMs, which can avoid the subjective
randomness and improve convincingness of decision results.

(2) The geometric consistent IVFPR in this paper considers the dif-
ferent values of parameter «;;, while the multiplicative consis-
tent IVFPR in Zhang [21] overlooked the parameter o (i.e., set
a; =1 for i, j=1.2,...,n). Hence, the later is a special case of the
former and the former is a more general extension of the later.

(3) To obtain the interval weight vector, Zhang [21] constructed a
goal programming model that only minimizes the deviation be-
tween the original IVFPR and the converted consistent one. In
this paper, the geometric consistent index of IVFPR is intro-
duced to derive the individual interval priority weights. To ob-
tain the collective interval priority weights, a minimization de-
viation model is constructed and transformed into a paramet-
ric linear programming model to resolve considering DMs’ pref-
erence principles. The proposed method is more flexible and
comprehensive.

(4) The collective fitted errors obtained by the proposed method
are smaller than those obtained by method [21]. Thus, the pro-
posed method could retain more original information on the
initial IVFPRs and is more reliable than method [21].

7. Conclusion

This paper aims to propose a GDM method with IVFPRs based
on geometric consistency. Firstly, to measure the geometric consis-
tency of IVFPR, the max-consistency index and the min-consistency
index are defined, respectively. Combining these two indices, the
geometric consistent index of IVFPR is presented by considering
DM'’s risk attitude. Then a goal programming model is constructed
to obtain the acceptable geometric consistent IVFPR from an un-
acceptable geometric consistent one. By constructing the member-
ship function of the geometric consistent conditions for an IVFPR, a
fuzzy logarithmic program is established to derive the interval pri-
ority weights. For GDM with IVFPRs, the individual acceptable ge-
ometric IVFPRs are derived from original IVFPRs and the individual
interval priority weights are obtained by solving the correspond-
ing fuzzy logarithmic programs. Through analyzing the similarity
between DMs, DMs’ weights are determined. A parametric linear
programming model is developed to obtain the collective interval
priority weights. Then the ranking order of alternatives is gener-
ated by the collective interval priority weights. Some examples are
analyzed to illustrate the feasibility and effectiveness of the pro-
posed method.

Further research is needed to address some significant issues.
For instance, it is unclear how to deal with the consistency level
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and priority weights from the original incomplete IVFPRs provided
by DMs. It is unknown to the determination of values of these pa-
rameters in the proposed method. After these issues are properly
addressed, it would be worthwhile to investigate how the current
framework can be adapted to handle these cases.
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