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1. Introduction

Subsystem identification (SSID) is the process of building em-
pirical models of unknown dynamic subsystems, which are inter-
connected with known dynamic subsystems. These connections
can be series, parallel, or feedback. SSID relies on measured data
to identify the unknown subsystems. However, not all input and
output signals to the unknown subsystems are necessarily acces-
sible, that is, available for measurement.

This paper is concerned with closed-loop SSID of unknown
feedback and feedforward subsystems interconnected with a
known subsystem as shown in Fig. 1. The exogenous input r and
closed-loop output y are measured, whereas internal signals u and
v are not assumed to be accessible. We note that closed-loop SSID
is distinct from the well-studied problem of system identification
in closed loop (Forssell & Ljung, 1999; Isermann & Miinchhof, 2011;
Van den Hof, 1998; Van den Hof & Schrama, 1995). Specifically,
in SSID, the unknown subsystems have inputs or outputs that are
inaccessible.

SSID has applications in biology and physics as well as human-
in-the-loop systems. For example, many biological systems are

* This work was supported by the National Science Foundation through
CMMI-1405257. The material in this paper was not presented at any conference.
This paper was recommended for publication in revised form by Associate Editor
Er-Wei Bai under the direction of Editor Torsten S6derstrom.

E-mail addresses: xingyezhang86@gmail.com (X. Zhang), jhoagg@engr.uky.edu
(J.B. Hoagg).

http://dx.doi.org/10.1016/j.automatica.2016.05.027
0005-1098/© 2016 Elsevier Ltd. All rights reserved.

modeled by the interconnection of subsystems, which may
be unknown and have inaccessible inputs and outputs (Roth,
Sponberg, & Cowan, 2014). Similarly, physical systems are often
modeled by a composition of subsystems, which are based on
either physical laws or empirical information. For example, in
D’Amato, Ridley, and Bernstein (2011), a large-scale physics-based
model of the global ionosphere-thermosphere is improved by
using measured data to estimate thermal conductivity, which
can be regarded as an unknown feedback subsystem. In this
application, the output of the unknown subsystem is inaccessible.

SSID also has application to modeling human behavior. For ex-
ample, there is interest in modeling human-in-the-loop behavior
for applications such as aircraft (Itoh & Suzuki, 2005; Nieuwen-
huizen, Beykirch, Mulder, & Biilthoff, 2007; Nieuwenhuizen &
Biilthoff, 2013; Olivari, Nieuwenhuizen, Venrooij, Biilthoff, &
Pollini, 2012) and automobiles (Hellstrom & Jankovic, 2015;
Macadam, 2003; Steen, Damveld, Happee, van Paassen, & Mulder,
2011). In addition, SSID methods can be used to model human be-
havior in motor control experiments, which study human learn-
ing (Drop, Pool, Damveld, van Paassen, & Mulder, 2013; Kiemel,
Zhang, & Jeka, 2011; Laurense, Pool, Damveld, van Paassen, & Mul-
der, 2015; Zhang & Hoagg, 2016).

Closed-loop SSID of feedback and feedforward models is
considered in D’Amato et al. (2011), Gillijns and De Moor (2006),
Morozov et al. (2011) and Palanthandalam-Madapusi, Gillijns, De
Moor, and Bernstein (2006). However, the identified feedback
and feedforward models obtained from the methods in D’Amato
et al. (2011), Gillijns and De Moor (2006), Morozov et al. (2011)
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Fig. 1. The unknown feedback and feedforward subsystems are to be identified
using the measured data r and y. The internal signals u and v are inaccessible.

and Palanthandalam-Madapusi et al. (2006) can result in unstable
closed-loop dynamics. To address closed-loop stability, Zhang
and Hoagg (2016) present an SSID technique that guarantees
asymptotic stability of the identified closed-loop transfer function.
The approach in Zhang and Hoagg (2016) applies to single-input
single-output (SISO) subsystems and requires that the measured
closed-loop output y is the same as the feedback v.

The new contribution of this paper is a closed-loop SSID method
that: (i) identifies multi-input multi-output (MIMO) feedback and
feedforward subsystems; (ii) allows for a measured output y that
is not necessarily the same as the feedback v; and (iii) guarantees
asymptotic stability of the identified closed-loop transfer function
matrix. This paper adopts techniques from Zhang and Hoagg
(2016) but goes beyond the previous work by addressing MIMO
subsystems and allowing for the measured output y to differ from
the feedback v. Furthermore, the discrete-time SSID approach in
this paper can improve computational efficiency relative to the
continuous-time approaches in Zhang and Hoagg (2016). In this
paper, the feedforward subsystem model is parameterized as a
finite impulse response (FIR) transfer function matrix, which can
improve computational efficiency as discussed in Section 7. To
accomplish (i)-(iii), we use a candidate-pool approach. Our main
analytic result shows that if the data noise is sufficiently small and
the candidate pool is sufficiently dense, then the parameters of the
identified feedback and feedforward transfer function matrices are
arbitrarily close to the true parameters.

2. Notation

Let IF be either R or C. Then, x; denotes the ith component of
x € F", and A ;) denotes the (i, j) entry of A € F™*". Let || - || be
anormon F™" and let || - ||, be the two-norm on F". Next, let A*
denote the complex conjugate transpose of A € F™*", and define
Al £ +/tr A*A, which is the Frobenius norm of A € F™*", Let A?
denote the adjugate of A € F™*",

Let vec A be the vector in F™" formed by stacking the columns
of A € F™", Let vec ~! be the inverse vec operator, that is,
vec “!(vec A) = A.Let A ® B denote the Kronecker product of
A € F™" and B € F**/,

Let R[z] denote the set of polynomials with coefficients in R,
and let R™*"[z] denote the set of m x n polynomial matrices, that
is, the set of matrix functions P: C — C™" whose entries are
elements in R[z]. The degree of the polynomial p € R[z] is denoted
by deg p, and the degree of the polynomial matrix P € R™*"[z] is
denoted by deg P £ max—1, _m:j=1,..n deg P ;).

Define the open ball of radius € > 0 centered at ¢ € F™" by
B.(c) 2 {x € F™": ||x—c| < €}.Let Z* denote the set of positive
integers.

Definition 1. Let A € F™ " be bounded and contain no isolated
points. For all j € Z*, let A; C A be a finite set. Then, {Aj}]?'il
converges to A if for each x € A, there exists a sequence {x;: x; €
Aj}22; such that for all € > 0, there exists L € Z7 such that for all

Jj> L xj € Be(x).

3. Problem formulation

Let G,: C — C™™and G, : C — C™™ be real rational transfer
function matrices, and consider the linear time-invariant system

) Ga Tu Ty
1. u }\ [ G, } % y
AV AV

Fig.2. Theinputr and outputy are measured, but all internal signals and the noises
are unmeasured.

¥(@) = G@)[u@) + yu(@)] + 1y (2), (1)
v(2) = Gy (2)[u(z) + vu(2)], (2)
where y(z) € C", y(z) € C", u(z) € C", yu(z) € C™, and v(z) €
! are the z-transforms of the output, output noise, control, control
noise, and feedback, respectively. The control u is generated by
feedback and feedforward as shown in Fig. 2. Let Gy, Gg: C —

C™*! pe real rational transfer function matrices, and consider the
control

uz) = Gg(2)[r(2) + v+ (2)] + G (2)[e(2) + ye(2)], (3)

where r(z) € C!is the exogenous input, y,(z) € C'is the feed-
forward noise, e(z) 2 r(z) — v(z) is the error, and y.(z) € Clis
the error noise. We assume that G is asymptotically stable, that is,
the poles of G are contained in the open unit disk. The closed-loop
system obtained from (1)-(3) is

y@) =C@)r@) +y @),

where

G £ Gy(In + GpG,) (G + Grr) (4)
is assumed to be asymptotically stable, and the noise is

¥ 2 Gy(m + GnGy) " (Gryr + GpYe — GGyru)
+ Gyvu + Wy

Let N € Z* be the number of frequency response data, and
define N £ {1,2,...,N}.Forall k € N, let 6; € [0, 7], where

01 < --- < Oy. Define the closed-loop frequency response data
H(®) £ G(e™) + I (e%) e C™, (5)
where I': C — C™!is such that, foralli € {1,2,...,n}and all
jef1,2,....1}, I'ij = vi/rg. Define the noise matrix

N £ [ (o) I (oy)] € C™N.

This paper presents an SSID method to identify Gg and Gg, un-
der the assumption that G, G,, and {H (Qk)}f:1 are known. For
each k € N, H(6) can be calculated from y and r as H; j,(6x) =
¥ (@%) /1) (€%). Thus, {H (6;)}}_, can be obtained from the acces-
sible signals r and y, and does not depend on the internal signals
(e.g., u and v) or the noise signals y, y., yu, and y;, which are not
assumed to be measured.

We assume that Gy is FIR. Thus, we can express the feedfor-
ward transfer function matrix as Gg(z) = z7"Ng(z), where Ngs €
R™![z] and ng 2 deg Ng. Since Gy is asymptotically stable, it fol-
lows that for sufficiently large order ng, G can approximate an in-
finite impulse response (IIR) transfer function matrix to arbitrary
accuracy evaluated along the unit circle. Thus, the assumption that
Gyt is FIR does not significantly restrict the class of feedforward be-
havior. The SSID approach in this paper can also be used with an IIR
feedforward model, but using an FIR feedforward model improves
computational efficiency as discussed in Section 7.

Let Gy and G, have the right-matrix-fraction descriptions G, =
Ny,D~'and G, = N,D7!, and let Gy, have the left-matrix-fraction

description Gy, = Df_bleb, where N, € R™™[z], N, € RX™M[z],
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Ng, € R™![z], and D, Dg, € R™™[z]. Without loss of generality,
we assume that D and Dy, are monic. Thus, (4) can be expressed as
G(2) = Ny(@2)D™' @)[Nip(2) + 2 ""Diy (2)Nir(2),

where

D £ DgD + NgN,, € R™™[z].

Define d £ degD, dy, £ degDp,, n, = degNy, n, = degN,, and
ng £ deg Ng,. We make the following assumptions:

(A]) d+dfb > 1y + Ngp.

(A2) N > ny + (m — 1)(d + dp) + dp, + nyr.

(A3) If L € Cand detD(A) = 0, then |A| < 1.

Assumption (A1) states that Gy, G, is strictly proper. Assumption
(A2) requires that the number N of frequency response data
points is sufficiently large. Assumption (A3) implies that G is
asymptotically stable. We also assume that ng, dg, and ng, are
known.

To formulate the SSID problem, define a £ I(ng, + 1) + mdg, and

b 2 m(ng + 1), and consider the functions N : C x RP*! — ™!,
Nip: C x R*M — ¢! Dy 1 C x R*™ — C™*™ given by

Nz, B) 2 ([ -+ z 11 QIn)B,
Npp(z, ¢) £ ¢T [Il Q™ .. z 1]T]
, Omdﬂ,xl ’

Oi(ngyy 1) xm
w1, |

be(Z, d)) 2 Zdﬂ)lm + ¢T |:Im ® [P~

where 8 € R?*! contains the unknown parameters of Ni;, and ¢ €
R¥™ contains the unknown parameters of Ng, and Dg,. Consider
G C x RPN — €™ and Gg,: C x R*™ — C™*! given by

Sz, B) 2 27"Nge(z, B),
Sm(z, §) 2 Dyl (z, §)Nw(2, @),

which, for each 8 € R?*! and ¢ € R%™, are real rational transfer
function matrices.
Let B, € RP*' and ¢, € R™™ be such that,

Ner(z) = Nie(z, Bs),
Nﬂ.’)(z) = Nfb(zv ¢*)7
D (2) = Dip(z, ¢s).

Thus, S (z, B) = Grr(2) and S (z, ¢:) = Gppy(2). Consider G: C x
RVX! x RI*M —» C"™¥! gjven by

9(27 :Ba ¢) £ Ny(z)® ](Zv ¢)[Nfb(z» ¢)
+ 27" Dy (2, )N (z, B)], (6)
where
D(z, ¢) £ Dip(z, $)D(2) + Ny (2, $IN, (2). (7)
Note that §(z, 8, ¢) is the closed—lo~op transfer function obtained
from B and ¢. Thus, §(z, B, ¢) = G(2).
Our objective is to determine 8 and ¢ such that S¢ and Gg,

approximate Gg and Gg,, respectively. To achieve this objective, we
seek to minimize

N
>[5, B.¢) —H@ |7 . 8)

k=1

subject to the constraint that D(z, ¢) is asymptotically stable, that
is, ¢ € §, where

S2 {p e R™M: ifL e Cand detD(X, ¢) =0, then |A| < 1}.

The cost (8) measures the difference between the data {H (Gk)}ﬁ’:]
and the closed-loop transfer function matrix obtained from the es-
timates Gg and Gg,. The cost (8) and constraint ¢p € § are nonlinear
and nonconvex in (B, ¢). If I' (%) = 0, then J (B, ¢») = 0.

4. Subsystem identification algorithm

We now develop an SSID algorithm to estimate Gg and Gg,. For
each k € N, define oy, 2 e/%, and define

Ak(®) 2 o, "Ny (01)D ™" (0%, $) Dy (0%, D)V (0%), (9)
Bi(¢) 2 Ny(0)D ™" (ok, §)Np (0%, $) — H(Bp), (10)
where v(z) £ [z" z"! ... z 1] ® I. Since vec (AB) =

(I ® A)vec B, it follows from (6)-(10) that

J(B, $) = Z l4k(@®)B + Bu(@) I}
N
= Y lIth ® Aw(g)Ivec B + vec Bi($)13
k=1
= [vec B1"2x(p)vec B + 21 (¢)vec B+ 20(¢),  (11)
where
N
200) £ ) 1B} €R, (12)
k=1
N
£21(¢) £ 2Re ) _ vec (47 (¢)Bi(9)) € R”, (13)
k=1
N
() 2 [ ®Re Yy A7 ($)Aw(p) € R, (14)
k=1

For the remaining of this paper, we assume that for all ¢ € 8,
£2,(¢) is positive definite. The following result provides a sufficient
condition such that £2,(¢) is positive definite. The proof is in
Appendix A.

Proposition 1. Consider §2, given by (14), where (A1) and (A2) are
satisfied. Assume that max,cc rank Ny(z) = m < n. Then, for all
¢ € 8, £25(¢) is positive definite.

Proposition 1implies thatif G is SISO (i.e., m = n = 1), then for
all ¢ € 8, £25(¢) is positive definite. Proposition 1 also implies that
if the number m of measurements does not exceed the number n
of controls and G, has full normal rank, then for all ¢ € 8, §2,(¢) is
positive definite.

The next result shows that for each ¢ € 8, J(B, ¢) has a unique
global minimizer (Sundaram, 1996, Chap. 1).

Proposition 2. Consider | given by (11), where (A1) and (A2) are
satisfied. Let ¢ € § and define

A 1 -1 -1 bxl
Bmin £ —vec [£25 (9)$21(9)] € R™.

Let B € R™N\{Buin}. Then, ] (Bumin, #) < J(B, d).

Let @ C 8 be a set with M elements. We call @ the candidate
pool. We now create a candidate sequence using the M elements
in®.Foralli,j e M £ {1,2,..., M}, let ¢;, ¢; € @ be such that
if i # j, then ¢; # ¢;. Now, for alli € M, define the quadratic cost
function

3i(B) =J (B, $0).

Since ¢1,...,¢y € @ C 8, it follows that £2,(¢1), . ..
are positive definite. Then, for each i € M, define

s §22(Pm)

A 1 -1 -1 bxl
ﬂi:—ivec (25 (9 21(¢)] € R,

and it follows from Proposition 2 that B; is the unique global
minimizer of ;. Next, let £ € M be the smallest integer such that
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A

J0(Be¢) = miniey J;(B;). Thus, the identified parameters are 81 £
Be and ¢ £ ¢, and the identified transfer function matrices are

G (2) 2 Sz, BT) = 2 "Ng(z, BT),
G (2) 2 9ny(z, ¢T) = Dy (z, p )N (2, ).

Note that arg min;ey, J;(8;) is not necessarily unique. In this case,
£ € M is the smallest integer such that J,(8,) = min;c) J;(8;). In
practice, arg min;ey J;(B;) is generally unique. We now summarize
this SSID method.

Algorithm 1. Consider the closed-loop transfer function matrix

(4), where G, G,,and {H(Gk)}g:1 are known, and (A1)-(A3) are sat-

isfied. Then, the subsystem identification algorithm is as follows:

Step 1. Generate the candidate pool @ C § and candidate se-
quence {¢;}M .

Step 2. For each i € M, find the global minimizer of J;, which is
Bi = —3vec T[22, (@) 21 ()] € RP.

Step 3. Find the smallest integer £ € M such that J,(8,) =
MiNjey Ji(Bi)-

Step 4. The identified parameters are 7 = B, and ¢* = ¢y,
and the identified transfer function matrices are G;; (2) =

S(z, BT), and Gy (2) = (2, ).
5. Analysis of Algorithm 1

We assume Ng, and Dy, are left coprime, and impose the
following assumption, which is stronger than (A2):
(A4) N > n, + 2m — 1)(d + dp,) + ng + max{dp, np}.

Assumption (A4) requires that the number N of frequency
response data points is sufficiently large. This assumption is used
in the next result to obtain sufficient conditions on 8 € R"*! and

¢ € R™ such that §(z, B, ¢) = G(z). The proof is in Appendix A.

Proposition 3. Let f € RP*' and ¢ € R™™, and assume (A4) is
satisfied. Then, ZkN:] 1S (ox, B, ) — &(ok)np = 0 if and only if
5z B, ¢) = G(@).

The conditions in Proposition 3 are not sufficient to conclude

that 8 = B, and ¢ = ¢,. The following example demonstrates
this scenario.

Example 1. Let

Gy(z) = Gv(z) = 5 (15)

z—0.7

Gi2) = 0.4, Gnle) =~~~ (16)

and note that 8, = —0.4and ¢, = [1.2 0.2 —1]". The closed-

loop transfer function (4) is @(z) = (0.82+0.6)/(z> —0.52+0.9).
Let 8 = 03 # B,and ¢ = [0.5 0.69 —0.3]" # ¢,, and it

follows that §(z, B, ¢) = G(z). &

In Example 1, the SSID problem is not well posed, because
(B«, ¢s) cannot be uniquely determined from the noiseless
frequency response data. See Isermann and Miinchhof (2011,
Chap. 13) for more details in the case with feedback only. We now
impose an additional assumption to ensure that §(z, 8, ¢) = C(z)
ifand only if 8 = B, and ¢ = ¢,.

Let ¢ C R*™ be a compact set with no isolated points such
that ¢, € ¥.In practice, ¥ is used to generate the candidate pool.
We assume ¥ is known, and

(A5) If g € RP*!, ¢ € w N8, and §(z, B, ¢) = G(z), then B = B,
and ¢ = ¢.

Example 2. Consider Gy, G,, G, and Gp, given by (15) and (16),
and note that 8, = —0.4and ¢, = [1.2 0.2 —1]". Example 1
shows that (8, ¢) = (B, ¢.) is not the only point in R x § such
that 3(z, B, ¢) = G(z). We now define ¥ 2 [0, 2] x [0,2] x
[—1.5, —0.5], and note that ¢, € . Furthermore, it can be
confirmed that (8, ¢) = (B, ¢,) is the only pointin R x (§ N ¥)
such that §(z, 8, ¢) = ﬁ(z). Therefore, (A5) is satisfied. A

The following result addresses the case where ¢, is in the
candidate pool @. This result demonstrates that a sufficiently small
noise ||n, || yields identified parameters 8% and ¢* such that ¢ ™ =
¢, and B is arbitrarily close to 8. The proof is in Appendix B.

Theorem 1. Assume (A1)-(A5) are satisfied. Let @ < (¥ N §), and
assume ¢, € &. Let BT and ¢ denote the identified parameters
obtained from Algorithm 1 with the candidate pool @. Then, the
following statements hold:

(i) There exists 8o > O such that if ||n.|| < 8o, then ¢+ = ¢,.
Moreover, for all e > O, there exists 5 € (0, 8g) such that if
]l < 8, then BT € Bc(B.).

(ii) If ny = 0, then B = B, and ¢™ = ¢.

We now extend the analysis to address the case where ¢, is not
necessarily in the candidate pool &. Let p € (0, 1) be such that if
A € Cand det D(A, ¢,) = 0, then |A| < p, and define

8, 2 {p € R”™: if A € Cand detD(A, ¢) = 0, then |A| < p}.

Note that as p approaches 1, 8\S, approaches the empty set. In
practice, 8, is used to generate the candidate pool, and p can be
selected sufficiently closed to 1 to ensure that ¢, € §,.

In the following result, we consider Algorithm 1 with a se-
quence of candidate pools that converge to ¥ N §,, which
is bounded and contains no isolated points (Zhang & Hoagg,
2016, Prop. 7). This result demonstrates that a sufficiently dense
candidate pool and sufficiently small noise |7, yield identified
parameters 87 and ¢ that are arbitrarily close to B, and ¢,. The
proof is in Appendix B.

Theorem 2. Assume (A1)-(A5) are satisfied. For all j € 7, let A; C
(¥ N 8y) be a finite set such that {A;};2, converges to ¥ N 8. For

eachj € 7T, let ﬁj+ and ¢>j+ denote the identified parameters obtained
from Algorithm 1 with the candidate pool @ = Aj. Then, foralle > 0,
there exist § > 0 and L € Z* such that if ||n.|| < 8 andj > L, then

B € B.(B.) and ¢} € B.($.).

6. Numerical examples
We present examples, where m = | = n = 2. For all examples,
let

D(z) = diag (z + 0.1,z — 0.2),
Ny(z) = NU(Z) = dlag (15 _1)5

Dgy(2) = I

and

03 1 z7—-03 z4+04
N (@) = [0.2 0.4] Nir(2) = [ 0.5z 1 }

Note that

g5 —[1 05 -03 o' Jo3 17

*T 1 0 04 1|~ P = 0.2 04|~

Let N = 20, and for k € N, let 6, = 0.027k. This example satisfies

(A1)-(A4), and for any compact set ¥ C R**™ containing ¢, (A5)
is satisfied.
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Fig. 3. Noisy dataand ¢, € ®.Fori = 1,..., 15, Algorithm 1 is used with the

candidate pool Ag and data {H;(6¢)}}_, to obtain 8" and ¢;'. Fori > 7, ¢} = ¢,
and for sufficiently large i, Hﬁfr — B. g is arbitrarily small.

Example 3. Consider the case with ¢, € @ and noiseless data. De-
fine the candidate pool Ag 2 {¢ € R**?: fori,j € {1,2}, ¢a)) €
{—0.5+ 0.1k}?2,} N 8, and note that ¢, € Ao. Algorithm 1 is used
with the candidate pool @ = Ag to obtain 87 = B, and ¢ = ¢,,
which agrees with (ii) of Theorem 1. A

Example 4. Consider the case with ¢, € @ and noisy data. Fori =
1,...,15,let I(z) € C**? be the noise, and define the noise-to-
signal ratio R; £ % ij:] I G (o) |Ie/IG(ow) ||g. Fori = 1, ..., 15,
the frequency response data is H;(6;) £ 6(ak) + I(oy). In this
example, Iy, ..., I';5 arerandomly generated such thatR; > R, >

- > Rys. Specifically, Ry = 2.39,R, = 1.29,R4 = 0.28,R; =
3.76x1072,and Ry5 = 1.42x 10~*.Fori = 1, ..., 15, Algorithm 1
is used with the candidate pool @ = Ag and data {H,'(Ok)}k’\’:1 to
obtain the identified parameters ;" and ¢;'. Fig. 3 shows that for
i> 7,¢>;r = ¢, and for sufficiently large i, ||ﬁi+ — B. || is arbitrarily
small, which agrees with (i) of Theorem 1. A

Example 5. Consider the case with ¢, ¢ @ and noisy data. Forj =
1,..., 18, define the candidate pool A; 2 {¢ € R**?: fori, h €
(1,2}, pin € {—0.5 4 2k/(1 + )} 2} N's,, where p = 0.99,
and note that forj = 1,...,18,¢, & A;. Fori = 1,...,15and
j=1,...,18,Algorithm 1 is used with the candidate pool ® = A;
and data {H,-(Ok)}{f:1 to obtain the identified parameters Jf and

j+l Fig. 4 shows that for sufficient large j and i, || fl — B«llF and
||¢;ri — ¢, ||r are arbitrarily small, which agrees with Theorem 2. A

7. Computational complexity

The computational complexity of Algorithm 1 is dominated
by Step 2, where a quadratic minimization problem is solved
by M times. We use the modified Gram Schmidt method (Ford,
2014, Chap. 14) to perform this quadratic minimization. It follows
from Ford (2014, Chap. 14) that the computational complexity of
Algorithm 1is C 2 M[4Nnm?P (ng + 1)® + 2Nnml? (ng + 1)] flops.

We compare the computational complexity of Algorithm 1 with
the SSID algorithm in Zhang and Hoagg (2016). The SSID method
in Zhang and Hoagg (2016) also uses a candidate pool approach;
however, G¢ is parameterized as an IIR transfer function, and the
method only applies to subsystems that are SISO (i.e, v = y
and | = m = n = 1). For SISO subsystems, the computational
complexity of Algorithm 1is C = M[4N (ng + 1) + 2N (ng + 1)]
flops.

Next, consider (Zhang & Hoagg, 2016, Alg. 1), where N denotes
the number of frequency response data points, Mg, denotes the
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Fig. 4. Noisy dataand ¢, ¢ @.Fori = 2,4,15,andj = 1,..., 18, Algorithm 1

is used with the candidate pool A; and data {H;(6x)}}_, to obtain B and ¢.f. For
sufficient large j and i, ||ﬂjﬁ — B«llr and |\¢>ﬁ — ¢, || are arbitrarily small.

number of elements in the feedback candidate pool, and Mg de-
notes the number of elements in the feedforward candidate pool.
Let fig denote the degree of numerator of G. The computational
complexity of (Zhang & Hoagg, 2016, Alg. 1) is C= MgMg, [4N (Rg+
1)? + 2N (fig + 1)] flops.

To compare the computational complexities of these algo-
rithms, we assume these algorithms use the same frequency re-
sponse data and feedback candidate pool, which implies that N =
Nand M = Mp,. Thus, the computational complexity ratio is
C 25+ 1+ g+ 1)

RE - = ~ — .
C  Mgl2(fig + 12 + (Ag + D]

In general, figr < ng and Mg > 1, which result ® < 1.

Example 6. Let

62 = Gol2) = 20

= Z) = s

4 v z—0.9
0.2(z — 0.77) 0.32

Gir(z) =

Z_083 089 PP osr
Let N = 31, and for k € N, let 6, = 0.0087 (k — 1). Consider the
candidate pool Ag 2 {¢ € R%: ¢y € {—2+0.05k};°,, Py €
{—2 + 0.05k}%2 )} N 8, which contains 297 elements.

First, we use Algorithm 1 with the candidate pool Aq. For ng =
1,2,...,17, we identify feedforward and feedback controllers,
where G is FIR even though Gg is IIR.

Next, consider (Zhang & Hoagg, 2016, Alg. 1), where Sy is pa-
rameterized as IIR with iz = 1. Consider feedforward candidate
pool F = {[x; + X x1x2]" € R?: X1, %, € {—0.05k}}2,}, which
contains Mg = 210 elements. We use (Zhang & Hoagg, 2016, Alg.
1) with the candidate pool F x Ay to identify feedback and feed-
forward controllers.

Fig. 5 shows the identification errors

0
e 2 / " |G (@) — Gy(e)] df,
01

&

=

N
éf |G (") — G ()| do,
21

for each algorithm. In this example, for ng = 14,..., 17, Algo-
rithm 1 yields errors £g, and &g that are comparable to those ob-
tained from (Zhang & Hoagg, 2016, Alg. 1). Fig. 5 also shows that
forng=1,2,...,17,R < 0.32. A
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Fig. 5. Computation complexity. For ngy = 14, ..., 17, Algorithm 1 yields errors

&g and &g that are comparable to those obtained from (Zhang & Hoagg, 2016, Alg.
1).Forng=1,2,..., 17, R < 0.32.

8. Conclusion

We presented a discrete-time SSID algorithm for identifying
MIMO feedback and feedforward subsystems. This SSID algorithm
uses closed-loop input-output data but does not rely on the
measurement of any internal signals. The method ensures
asymptotic stability of the identified closed-loop transfer function
matrix. The analytic results are Theorems 1 and 2, which provide
properties of the SSID algorithm. In particular, Theorem 2 shows
that the parameters of the identified feedback and feedforward
transfer function matrices are arbitrarily close to the true
parameters if the candidate pool is sufficiently dense and the data
noise is sufficiently small.

Appendix A. Proofs of Propositions 1 and 3

Proof of Proposition 1. Let ¢ € §. Then, for all k € N, D(oy, ¢)
is nonsingular, and thus, it follows from (9) and (14) that §25(¢) is
well defined and positive semidefinite. Assume for contradiction
that there exists x € R\ {0} such that x"[Re ZL A (D) Ar(@) X
0. Let k € N, and it follows that Ax(¢)x = 0. Define Z (z)
Ny (2)DA(z, ¢) D (2, $)v(2)x € R"[z]. Thus, (9) implies that 0
Z(0y) /o, det D(oy, ¢)], which implies that Z (o) = 0. Since
deg D = d+dp,, it follows that deg D* < (m —1)(d+dpg,). Since, in
addition, deg v(z)x < ny, it follows from (A2) that deg & < n, +
(m—1)(d+dg) +dm +ng < N.Since E(oq) =---= E(oy) =0
and deg & < N, it follows that & = 0.

Define 7 2 {z € C: min{rank Ny(z), rank DAz, @),
rank Dg,(z, )} < m}. Since, for all z € C\T, rank N,(z) =
m < n, it follows that N, has full column rank, which implies that
for all z € C\T, Ny(z) is left invertible. Thus, for all z € C\T,
DA(z, ¢)Dpy(z, P)v(2)x = 0. Since for all z € C\T, D*(z, ¢) and
Dy (z, ¢) are nonsingular, it follows that forallz € C\7, v(z)x = 0.
Finally, the structure of v implies that x = 0, which is a contradic-
tion. Thus, Re ZQ’:I A (@) Ar(¢) is positive definite. Therefore, it
follows from (14) that £2,(¢) is positive definite. O

sl

Proof of Proposition 3. Let 8 € R’ and ¢ € R™ ¢, and de-
fine 0: C — C™ by 0(z) 2 §(z, B, ¢) — G(z). Next, define
P(z) £ Ny(Z)@A(Z, O 2" Ny (2, ¢) + Dy (2, §)Niz(z, B)] € R™[z],
z2) £ Ny(Z)DA(Z, @.) X [2"Np (2, ¢i) + Din(z, D) Nt (2, Bi)] €

R™![z], and H(z) 2 P(z)diag D(z, ¢,) — Q(z)diag D(z, ¢) €
R™![z]. Note that O(z) = % (z)/[z" detD(z, ¢) det D(z, ¢:)].
Since Zg;l lo(o) |l = 0, it follows that for all k € N, 9(oy)
= 0, which implies that (o) = 0. Since degdetD(z, ¢) =
degdet D(z, ¢,) = m(d + dp,) and deg P, deg Q < ng + ny, + (m —
1)(d + dn,) + max{dp,, ng}, it follows that deg < n, + 2m —
1)(d +dg,) + ng +max{ds,, ng}. Since for all k € N, H(oy) = 0, and
(A4) implies that deg H < N, it follows that 3 = 0, which implies
that © = 0. Thus, §(z, B, ¢) = G(z). O

Appendix B. Proofs of Theorems 1 and 2

The following notation is needed in the proofs of Theorems 1
and 2. Define £21: 8 x C™IN — RP by Q1(d, 1) 2 2:(¢) +
2Re Y, vec A% (#)[H(6) —G(ow) —ni], where nq, ...,y € C™!
and n 2 [m nn] € C™N. Note that £2(¢, n.) = 2:1(¢).
Thus, £2; is a function not only of ¢ but also the noise n. Define
J: R x g x €N 5 [0,00), 6: 8 x C™IN — R and

Q:8xC™N 10, 00) by

N
JB. 6.1 2> |50 B. ¢) — Glow) — mi; € R. (17)
k=1
~ 1 A
bg.m) & —gvec ™! [27" @) i(9.m) | € B, (18)
Q¢ m 2]6(@, m), 6, m) € R. (19)

Note that J(8, ¢, n.) =J (B, ¢).
It follows from (6), (9), (10), and (17)-(19) that

A T Tt on
6(9..0) = —5vec (2560210, 0] = 5., (20)
Q (¢, 0) = J(Bs, ¢4, 0) = 0. 21)

Proof of Theorem 1. To prove (i), let ¢ € @\{¢,}, it follows
from (19), Proposition 3 and (A5) that Q (¢, 0) > 0. Define U £
MiNgeg\ (4} Q(X, 0) > 0. It can be shown that Q is continuous on
$ x C™N_ Thus, for each j € M, Q(¢y, -) is continuous on C"™N,
which implies that, for eachj € M, there exists §; > 0 such that for
all € By (0), 1Q(¢. 1) — Q(¢y. 0)| < U/2. Define 8y £ minjey 3,
and assume that ||n.|| < 8. Since ¢, € @, it follows that there ex-
istsi € M such that ¢; = ¢.. Since Q (¢;, 0) = Q (¢4, 0) = 0, it fol-
lows that Q (i, 7.) = |Q (i, 14) — Q(¢i, 0)| < U/2.Letj € M\{i},
and it follows that —U/2 < Q(¢;, n.) — Q(¢j, 0), which implies
that Q (¢}, n.) > Q (¢, 0)—U/2.Since, in addition, Q (¢}, 0) > U, it
follows that Q (¢, 1.) > U/2.Thus, Q (¢, n.) < Q(g. n.), which
implies that 7;(8;)) < J;(B;) using (8) and (17)-(19). Therefore, it
follows from Algorithm 1 that ¢7 = ¢ = ¢, and BT = B; =
0 (P, ). R

Let € > 0.1t can be shown that 6 is continuous on 8 x CIN,
Thus, (¢, -) is continuous on C"™N. Therefore, there exists §
(0, 8¢) such that for all n € Bs(0), 0(¢p4, n) € B (6 (¢«, 0)). Finally,
assume ||n.|| < 8. Since B+ = 0(¢., n,), it follows from (20) that
B+ € B.(B:), which confirms (i).

To prove (ii), assume n, = 0. Thus, ||n.|| = 0 < & and part
(i) implies that ¢ = ¢,. Since n, = 0, it follows from (20) that
,3+=9(¢*a0)=,3* O

Proof of Theorem 2. Let ¢ > 0. It can be shown that 6 is contin-
uous on § x C™N_Since, in addition, ¢, € 8, it follows that there
exists 8o > 0 such that for all ¢ € B, (¢,) and all n € B, (0),

0(¢, 1) € Bc(B(¢s, 0)). (22)
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Define €; £ min{e, 8o} and A £ ¥ N §,. Using the process in
Zhang and Hoagg (2016, Prop. 8), it can be shown that A. C § is
compact. Since A, is compact, and {x € R*>™: ||x — ¢.|| > €1} is
closed, it follows that A, £ A\Be, (¢s) = AN {x € R™™: [|x —
¢4|| > €1} is compact.

Let ¢ > &, define C 2 {x € C™™: |x|| < c}, and note that
Q is continuous on A, x C. Next, define ®: C — [0, o0) by
©(n) £ minge Aey Q(d), 1), which exists because A, is compact
and Q is continuous on Ag, x C (Beals, 2004, Thm. 7.7). It follows
from Proposition 3 and (A5) that ®(0) > 0. Since Q is continuous
on A, x C,and A, and C are compact, it follows from Sundaram
(1996, Thm. 9.14) that ® is continuous on C. Furthermore, since Q
is continuous on 8 x C™*V it follows that Q (¢, -) is continuous on
C.Thus,W: C — Rdefined by W(n) £ ©(n) —Q(¢«, n) is contin-
uous on C. Note that (21) implies that W(0) = ©®(0) — Q (¢, 0) =
©®(0) > 0. Therefore, it follows that there exists §; € (0, ¢) such
that for all n € Bs, (0), W(#n) > 0. Define § £ min{dy, ¢} > 0 and
assume ||n,|| < &. Then, W(n,) > 0.

Since W(n,) > 0and Q(-, n,) is continuous on A, it follows
from the continuity of Q (-, n,) that there exists §; > 0 such that
forall¢ € (AcNBs, (¢:)), 1Q(P, 1) — Q (s, 1) < W(n,). Thus,
forall¢ € (Ac N Bs,(P4)), QD, 1x) — Qs 1) = [Q(P, 1i) —
Q (@, 1)l < W) = ©(ns) — Q@+, n«), which implies that

Qg, 1) < O(.). (23)

Since {Aj}j°:°l converges to (¥ N§,) C A, it follows from Def-
inition 1 that there exists a sequence {¢;: ¢; € A;}; and L € Z*
such that for all j > L, ¢; € Bminfe,,s5,}(¢+). Thus, it follows from

(23) that for allj > L, Q(¢j, 7.) < ©(11.).
Letj € Z* be such thatj > L. It follows from Algorithm 1,

(17)-(19), and (23) that Q (", n.) < Q(¢y. 1) < O(n,). Assume
for contradiction that ¢j+ & B, (¢), which implies that qu* € A,

Thus, © (n,) = minges,, Q(¢, ns) < Q¢ 1) < O (n,), which
is a contradiction. Therefore, ¢j+ € B¢ (¢s) S B.(¢s). Since

¢j+ € B¢ (¢:) S Bs,(¢.), it follows from (20) and (22) that

B =0(¢" n.) € Be(0(¢. 0) =Bc(B). D
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