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Analytical tuning rules for digital PID type-I controllers are presented regardless of the process com-
plexity. This explicit solution allows control engineers 1) to make an accurate examination of the effect of
the controller's sampling time to the control loop's performance both in the time and frequency domain
2) to decide when the control has to be I, PI and when the derivative, D, term has to be added or omitted
3) apply this control action to a series of stable benchmark processes regardless of their complexity. The
former advantages are considered critical in industry applications, since 1) most of the times the choice
of the digital controller's sampling time is based on heuristics and past criteria, 2) there is little a—priori
knowledge of the controlled process making the choice of the type of the controller a trial and error
exercise 3) model parameters change often depending on the control loop's operating point making in
this way, the problem of retuning the controller's parameter a much challenging issue. Basis of the
proposed control law is the principle of the PID tuning via the Magnitude Optimum criterion. The final
control law involves the controller's sampling time Ty within the explicit solution of the controller's
parameters. Finally, the potential of the proposed method is justified by comparing its performance with
the conventional PID tuning when controlling the same process. Further investigation regarding the
choice of the controller's sampling time Ty is also presented and useful conclusions for control engineers
are derived.
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often a few hundreds Hz. In this case, the controller's tuning’ is
based often on a simple second order model of the motor and a

1. Introduction

It is by far accepted within the industrial control-automation
society that the PID control law offers the simplest and yet most
efficient solution to many real-world control problems, [1-8]. In
modern control applications, for instance in the field of electrical
drives and power electronics [9-12], where controllers are digitally
implemented, control engineers still tune the PID parameters
based on simple tuning rules, past experience, or heuristics [13,14].
This approach, often leads to poor tuning and unacceptable per-
formance of the control loop in terms of reference tracking and
disturbance rejection. Poor tuning is mainly observed in cases
where there is little a—priori information regarding the model of
the process. A representative example over the industry where
poor controller tuning is observed, is the vector control of medium
voltage motor drives where the range of switching frequency is
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linear dc gain k, of the modulation scheme”. Since, both motor
parameters and the modulator's gain change quite frequently de-
pending on the drive's operating point (change of motor's output
frequency), high performance of the drive is not always achieved.
Specific parameters in the area of medium voltage drives which are
considered to change rather frequently are 1) the affect of the
temperature to the rotor time constant [15] 2) variation of the
linear dc gain k, of the pulse width modulator when PWM
schemes are followed, [16-19]. In both cases, PI controllers are
tuned based on these two parameters. For that reason, many are
the cases when poor performance of the drive's control loop is
observed, since the aforementioned parameters change frequently
while the PI controllers stay tuned with the initial nominal values.

Over the literature, many are the tuning rules that assume the
existence of the First Order Lag Plus Dead Time (FOLPDT) model as

! Speed PI controller and current PI controller in the inner loop.
2 If pulse width modulation techniques are followed.
3 Fast variation of rotor resistance due to winding temperature.
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the basis for developing a control law: a summary of such tuning
rules can be found in [20]. These control laws tune the PID's
parameters based on the dc gain k, of the process, the dominant
time constant and its time delay d, while ignoring other dynamics
of the process. One of these rules which is often used in the area of
many industry applications i.e. electrical drives, is the tuning of the
PID controller via the well known Magnitude Optimum criterion
[21,13]. The principle of the Magnitude Optimum criterion which
was introduced by Sartorius and Oldenbourg, is based on the idea
of designing a controller which renders the magnitude of the
closed loop frequency response as close as possible to unity, in the
widest possible frequency range, IT(jw)l ~ 1.

In other words, controller parameters are determined such, so
that the robustness of the control loop to disturbances occurring at
the output of the process, is maximized. Oldenbourg and Sartorius
applied the Magnitude Optimum criterion in type-I systems to
processes consisting of stable real poles and since then certain works
have been proposed towards the method's improvement, [ 14,22-26].

In this work, the proposed control law extends the application of
the Magnitude Optimum criterion to the design of digital PID con-
trollers. Since modern control applications involve digital controller
deployment, this work targets on defining an explicit PID solution

1. which tunes the PID controller's parameters explicitly as a
function of all modeled process parameters.

2. that involves the sampling time T of the controller. Given this
explicit solution, control engineers would be able to apply di-
rectly the explicit PID tuning conditions and investigate the af-
fect of the sampling time to the control loop's performance both
in the time and frequency domain.

3. The analytical expressions regarding the definitions for the P, I
and D gains are straightforward and can be easily integrated
within the software of a digitally implemented PID controller.

For clearly and properly presenting the proposed method, in Section
2, the explicit solution presented in [27] is shortly presented in
Section 2.1, which serves as a fundamental input to the reader to
understand the introduction of the sampling time Ts in the proposed
control law. Within the same section, the digital implementation of
the PID controller is introduced, the analytical proof of which, is
presented in Appendix B. In Sections 3, Sections 4 evaluation results
are presented focusing on the detrimental effect the choice of the
sampling time can have, when regulating the same process via the
analog and digital PID controller respectively. The comparison
focuses on the control of benchmark process models which are
often met over many industry applications. Finally, goal of this work
is to provide both the academic and industry society with a feasible
control action which shall be able to deliver reliable results that
control engineers can reproduce in-house, before deploying the
final control action on a real world prototype application.

2. The proposed PID control law

In this section the conventional, revised and the proposed di-
gital PID control action via the Magnitude Optimum criterion is
presented. For the paper's consistency, the conventional and the
revised analog control law are briefly presented here, since their
complete proof has been thoroughly discussed in [14]. The proof of
the proposed digital PID control follows the same line as in [14]. In
that a general transfer function of the process model is considered
and the explicit solution of the gains is derived based on the plant's
parameters and the sampling time T,. The PID control law is pre-
sented in Section 2.2, however the whole proof is analytically
presented in Appendix B.

2.1. Analog PID controller design

In this section, a short presentation of the analytic tuning rules
for analog PID-type controllers via the Magnitude Optimum cri-
terion is presented. Its detailed proof has been presented in [14]
and serves as a fundamental input to the reader to further go
through the proposed PID digital control law.

To this end, let the plant transfer function consists of (n — 1)-
poles, m-zeros plus a dead time unit in series. Zeros of the plant
may lie both in the left or right imaginary half plane. In that, the
plant transfer function is defined by

sTy

Gy = SRy S B e S By S+
Sy g+ o+ Py + S2ay + sy + 1 %))
where n — 1 > m. The proposed PID-type controller is given by the

flexible form

1+ sX +s%Y

€ = ST + sT,,) Q)

allowing its zeros to become conjugate complex. TPn stands for the
unmodelled controller dynamics coming from the controller's im-
plementation. According to Fig. 1, the closed loop transfer function
T(s) is given by

Tts) = k,C(s)Gy($) _ N _ N(s)

1+ kpk,C()Gy(s) — D(s)  Dy(s) + kyN(s) 3)
Polynomials N(s), D,(s) are equal to
NGs) = ky(1 + sX + 5%Y) ZZO (sfﬂi), “)
Dy(s) = sTe*™ Z?zo Slay) 5)

respectively, where ay = f; = 1 according to (1). Normalizing N(s),
Dy(s) by making the substitution s’ = sq results in

NGs') = k(1 + % + 5™2y) Z,":'O (s"z)) ©)

Dy(s') = s'tes'd Z?:o (s’jrj) 7

respectively. The corresponding normalized terms involved in the

control loop are given by x=2%  y= CY—Z ti= LI
1

q a q

= % vi=1,2,..n, z= % Vj=1,2,..m. The normalized time

Cl

no(s)

Fig. 1. Block diagram of the closed-loop control system. G(s) is the plant transfer
function, C(s) is the controller transfer function, r(s) is the reference signal, y(s) is
the output of the control loop, y(s) is the output signal after kj, do(s) and di(s) are
the output and input disturbance signals respectively and n,(s) is the noise signal
process output respectively. k, stands for the plant's dc gain and k;, is the feedback
path. Switch S stands for the border of the open loop transfer function F,(s) from r
(s) to yy(s).
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delay constant d is approximated by the Taylor series

n

sd _ 1 kak _ d, 1opad | 1 363, 1 404
e _;E)ES d“=1+s +2—!s +§s +I!S

1 s5d°

+ =57 4 e,

5! ®
By substituting (8) into (7), Dy(s’) becomes

k N
Di(s) = Y (ts"q;_). qp=1,

R ©)

where
k 1.
q =) r_y=d), k=0,1,2,..n, ry=1.
k l;o k=D%% 0 10)
Polynomials N(s), D(s") = N(s') + k;D;(s) are then finally defined by

n

Ny =Y [s”'kp(z(,-) +Zg X+ z(i_z,y)],
i=0 (1)

k
D(s') = E) slj[tiq(];]) + kpkh(z(j) +Z X + z(j,z)y)] a2

where z(_; =z_4,=0, = 1and q_, = 0. Therefore, the resulting
closed loop transfer function is given by (13).

NG > [s’il<p(z(,») +Z_qX + z(,-_z)y)]

Tsh)=—-—= -
D(s") Z’]fzosd[ tqj_q) + (kpkn(Z(j) + Z(jap + z(j,z)y))] 13

For proving the revised analog PID control law the optimization
conditions of the closed loop transfer function defined in (A.7)-
(A.10)* are utilized. By sticking to a PID type controller, only four
optimization conditions are necessary, see [14].

Optimization condition: ay = b.

From the application of (A.7) to (13) it is obtained

ky = 1. (14)

Condition (14) renders the zero order terms of the numerator and
denominator polynomial of the closed loop transfer function equal,
which means that the closed loop system has zero steady state
position error (type-I control loops), see [14,22]. Note that if k=1
then N(s') = - + k, and D(s') = - + K,k

Optimization condition: a? — 2a,a, = b2 — 2b,b,.

The application of (A.8) to (13) results in

1
1
ti = 2kpky(@, = 2y = 20 = 2kpkn( Y] (a7, d) = 2 = %)
i=0 r 15)

T, b X

t =2k k(i + d — 7, — x) = 2k Je, (L + 24
i ph(l 1 ) ph(c1 q q G

(16)
or gt; = 2kpky(ey + Ty — by — X). If the process consists of stable real
poles (Tpi) then o = Z?:lTpi' Accordingly, the sum of the plant's
zeros (Ty) is given by b, = Z;LTZI_. Finally the integral gain is de-
fined by

4 A straightforward approach of the Magnitude Optimum criterion is being
presented in the Appendix. The optimization conditions serve for determining the
proposed optimal control law.

n m
Gty = 2kpky( Y- T, + Ty = Y T, — X),
i=1

i=1 a7

or

n m
T=2kpkn( Y T, + Ty = 2T, = X).

i=1 i=1 (18)

It is critical to point out the definition of the integral gain contains
all the dynamics involved in the closed loop.
Optimization condition: a? — 2a;a, + 2a4aq = b2 — 2bsb, + 2byb,,.
The application of (A.9) to (13) results after some calculus in

X = ay = by (19)
where
q] - Zl
O = ,
(q1 - Zl)ql - (qz - ZZ) (20)
b = G = 2@ = 20) + a4z — 471+ 4y — 23
" @ - 204, — (@, - 25) @1

Note that aq,, b; depend explicitly on process parameters.
Optimization condition:
2bsb, .
In similar fashion, the application of (A.9) to (13) results in

a32 + 2a105 — 2agag — 2a4ay = b% + 2bibs — 2bgbp—

X+ apy = by (22)
where
G = A2y — 21t 43— 23
2 =
a5 - 2903 - QZr + AZ3 + G2 + Gy — 24 (23)
and
Boy = QuQ1+Q,
22 —
Q3 (24)
where
Qo =05 - 24,q; + 24, 5)
1=04;,— 24 (26)
Qy=0y23 = G52y — Q24 + 4sZ1 — G5 + Z5 @7
Q3 =4 — 26,05 — G2 + 423 + 421 + 4y — 24 28)
In compact form, the final optimal control law is defined by
1 2kky 0 |re7 | 2keki(a, —21)
0 1 —anf|x|= b,
0 1 ayy y bZ (29)
or finally by
-1
t1 [1 2kkn O ]| 2kki(g, - 2))
x[=]10 1 -qa b,
Yo 1 e b, 30)

From the definition of the integrator's gain
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do(s)
—%7—»(;(8)

kp, O

1o(5)

Fig. 2. Block diagram of the closed-loop control system with the digital controller. G
(s) is the plant transfer function, C(s) is the controller transfer function, Czon(s) the
transfer function of the zero order hold unit, sampling T is equal to the ZOH
sampling time, r(s) is the reference signal, y(s) is the output of the control loop, ys(s)
is the output signal after kp, do(s) and di(s) are the output and input disturbance
signals respectively and n,(s) is the noise signals at process output. k, stands for the
plant's dc gain and kj, is the feedback path.

n m
T =2kyky) D (T,) + T — Y0 (T,) - X|.
i=1

i=1

€)Y

it is apparent that T, < 0 if (Z?:I(Tpi) + T < X (T + X).

In that, for the existence of a feasible control the sum of time
constants Z?=1(Tp,-) standing for the poles of the process plus the
time delay T; must always be greater than the sum of time con-
stants of zeros of the open loop transfer function. Note that
X=T,+T, so by applying PID control action to a process with
large zeros, PI control can still be retained so that T, > 0 becomes
positive again. In this case the derivative term is redundant and has
to be omitted.

If PID control is to be retained, the controller can be cascaded
with a first order low pass filter of time constant T in series of the
PID controller, so that the integrator's time constant T, > 0, be-
comes positive again.

In this case, the new integral gain is given by

n m
To=2k k| Y (T,) + Ty + T, — X (T,) - X|.
i=1

i=1 (32)
Finally, the PID-Lag controller is determined by
A +sX+s%) 1
G s) =
01 = S+ T (1T 33

2.2. Digital PID controller design—the proposed control law

In this section the proposed digital PID control action is pre-
sented while its proof takes place in Section Appendix B. In the
following analysis the sampling time T of the controller is in-
troduced, which finally is involved within the explicit definition of
the PID control action.

For proceeding with the proof, let the stable process in Fig. 2 be
defined again by (1). The proposed PID type controller is given by

— e_STS
sT; ]
where the C*(s) controller stands for the digital representation of
the analog PID control law. Gy(s) stands for the zero order hold
unit and Ts stands for the controller sampling period.
Intermediate calculations of the product C(s)G(s) are presented

in Appendix B. The analysis proceeds by normalizing all time
constants in the frequency domain with the sampling period Ts of

%
1+sX+sZY][1

—_ * =
C(s) = C(5)Cou(S) = [ ST(1 + 5T, )

34

the zero order hold. In that, s’ =sT; is set and the resulting ex-
pressions (B.2) and (1) take the form

Gs) = k, _ s’""iz]m + o+ s’4z§+ 5’32131 + 5’2232 + s’z; +1 esd
ST+ ST 4 e + SISy + S35y + s+ 1 35)
and
’ 245\ —s’
C(s") = CHE)Cypp(S) = ( 1+ SA+s y] ( 1-¢ ]
S't; s’ 36)

whereas the problem statement is as follows: given Eqgs. (35), (36)
define explicitly the tuning formulas for parameters x, y, t; and the
feedback path kj, as a function of plant's parameters kj, z; 1;, d, the
sampling time of the controller T, or x= fl(kp, zj, 1, Ty),
Y =k, 2, 1, T, t; = f5(kp, 2, 1, T).

As analytically proved in Section Appendix B the optimal digital
PID control action is defined by

k,=1. 37
2k k (1, + d 1
ti = hcp(rl + - Zl - X - 5) (38)
X-ay=b, and X-a,y =b, 39)
where
a4 = 2(q22 - qg) - (q2y2 - .V3)
=
@ - ) — (@% — X5) (40)
b _ 21— 72 + 23— 4p) = G5 — 240, = 2)
| =
(@5 - G3) — (g%, — X3) @1
o= 202 - 40,0, + 4, ¥, — G3Y3 — Vs + 205 + 4, Y,
> (s — X)05 — (@, — X9y — (@) — X)q, + G5 — X5 (42)
by = = (@2 - 20,0, + 205)Gy — 2)) + (@74 — G573 + Q42 — G571 — Z5 + Gg)
@5 = X3)03 — (4 — Xa)0y — (@, — X4, + (G5 — X5) (43)

are process dependent parameters as shown in Appendix B, see
Egs. (B.25), (B.26) and (B.30), (B.31).

By solving (B.30), (B.31) parameters X, § are determined by
$= b, — b,
0 —

A b, —a,b
g=d2 GO0

a - a, (44)

where as shown in Appendix B, the controller's parameters x, y are
finally determined by

x=2y-X—-2 and y=X-9 +1. (45)

respectively. From the definition of the integrator's time constant
(38) it is critical to point out that

i 1
= = 2kpky(n+d -z - x - 5) 46)

o=

or according to (B.14), (B.15)
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digital PID control
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L 1
450 500
T=1t/Tsg

(a)

Fig. 3. Control of a process with dominant time constants. Input disturbance d;(s) =

Sampling time 15

T
the presence of output disturbance, % =10.
S

T = 2Kk, (T + Td — Tz — Tx — %TS)
1
= 2kyk,(p, + Ty — B — Tx — ETS)

n m
1
2kpky( Y M)+ Ty = Y (T,) - X - ETs)

i=1 i=1

(47

In other words and given the definitions of the integrator's time
constant in (18) regarding the revised analog PID control law, the
integrator's time constant for the proposed PID digital control law
is proved to be equal to

T. =T

ldig Ian

1

Note in this case that T Tisig and T, are the optimal values for the

integrator's time constant regarding the digital and analog design
respectively.

3. Evaluation results

For justifying the potential of the proposed optimal control law
a comparison between the analog PID tuning via the Magnitude
Optimum criterion, (Section 2.1) and the digital control law (Sec-
tion 2.2) is carried out. Both closed loop control systems have been
normalized with sampling time T;, s’ = sT,. Controller dynamics
have been chosen equal to Ty = 0.17,,.

For each one of the examples in Sections 3.1-3.3 six figures are
presented. Figure (a) focuses on y(r) response in the presence of
input and output disturbance in the control loop when sampling
= 71 =10, 20, 100.

In Section 3.4 the control of a process with a big zero is in-
vestigated. In this example, loss of controllability of the control

loop is observed. To overcome this obstacle the proposed PID
controller turns into PID-Lag control. In this case, sampling time

time is chosen t,

T
constant affects the performance of the control loop is presented.

= 40 remains constant and an investigation of how the lag time

0.25r(s) is applied at 7 = 175 output disturbance d(s) =

= 10 (a) Output y(z) of the control loop at the presence of input and output dlsturbances

361
5 T
do(T)
>
u(T)
of = J
.
-5k 4
o
-Lor J digital PID control 1
15} 4
20} analog PID control |
_25 i i i i i i i i i
360 362 364 366 368 370 372 374 376 378 380
T =1t/Tg
(b)

0.75r(s) is applied at z = 361.

=10, ovsg, = 6.9%, ovsyj; = 6.6%. ] (b) Control action u(z) at
5

3.1. A process with dominant time constants
In the first example, the process defined by

1
G(s') =
(%) (1+10s)(1+7.79s)(1+6.73s)(1+3395)(1+2975)

49)

is adopted, for which b - = 10. Gain k; has been chosen equal to k,,

= 1. The analog control action and the corresponding proposed
digital control action are given by

1+sx+s% 1

Cop_an(s)) = - -
s't; 1+s tpn)
1422425 +135.15"2
18.91s? + 1891 s’ (50
and
Con sy = | LESXHES ) - _ 1422965 + 143657
e St +st,) ) s 243257 + 312657 + 20845 (51)

respectively. In Fig. 3(a) the step response of both control loops is
presented in the presence of input and output disturbance at z = 175
and ¢ = 361 with amplitude d;(z) = 0.25r(z) and d,(z) = 0.757(z) re-
spectively.

Settling time t, of y(r) in the control loop where the analog
controller is incorporated is t, = (175+ 61.8)r and t, = (175+
58.22)r for the digital control action respectively. Overshoot of the
step response is ovs = 6.9% in case of analog control action and
ovs = 6.6% in case of digital control action.

In Fig. 3(b) the command signal u(z) is also presented In this

——10

ten times smaller than the dominant time constant. In Flgs 4(a),
(b), 5(a), (b) the samplmg time is reduced, and becomes equal to

T,
ty = T, P =20 and tp,
samplmg time proves to have a detrimental effect in the command
signal's amplitude which in many control applications is not ac-

ceptable due to constraints on the hardware®. Specifically, in Fig. 4

case, the sampling time T; has been chosen equal to tp,

= 100 respectively. This decrease of the

5 Constraints on the command signal are common in the area of electrical
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> do(T)
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oF
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>
1t SN -10t L ]
o075k Kdigital PID control analog PID éontrol | analog PID control action
’ “15f .
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0.25¢ i igita control action
0 1 1 1 1 1 1 1 1 Il 1 - 5 1 1 1 § 1 1 1 1
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r=1t/Ts T =1t/Ts
(a) (b)

Fig. 4. Control of a process with dominant time constants. Input disturbance dj(s) = 0.25r(s) is applied at z = 361, output disturbance d,(s) = 0.75r(s) is applied at = 712.

T,
Sampling time is % = 20 (a) Output y(r) of the control loop at the presence of input and output disturbances, ——+
S

T,
the presence of output disturbance, % =20.
S
2 T T T T T T T T T T
do(T)
1.75F 7
1.51 7
1.25F dl (T) 1
>
1k
0.75F digital PID control analog PID control i
0.51 7
0.251 i
0 | L L L L L L L L L
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

T =

(a)

S

T,
51 =20, ovsy, = 7.6%, 0vsgig = 6.8%. (b) Control action u(z) at
S

T T T T T
do(T)
>
oF |
u(T)
5k analog PID control 4
-10f B
15} 4
digital PID control
20} 4
_25 1 L 1 | I
3520 3525 3530 3535 3540 3545 3550
T=1t/Tsg
(b)

Fig. 5. Control of a process with dominant time constants. Input disturbance d;(s) = 0.25r(s) is applied at « = 1740, output disturbance d,(s) = 0.75r(s) is applied at z = 3521.

T T
Sampling time is ;’1 =100 (a) Output y() of the control loop at the presence of input and output disturbances, %1 =100, ovsq, = 7.5%, 0vsgig = 6.9%. (b) Control action u(r)

S

T,
at the presence of output disturbance, % =100.
S

(b) the control effort of the digital controller is comparable with

the analog command signal, however in Fig. 5(b) (tp1 = % =100)
S

the peak amplitude of u(r) for digital control becomes almost

5 times greater than that of analog control. The calculated con-

T, T
troller parameters when f, = ! =20 and t, = ' = 100 are pre-
1 Ts P Ts
sented in Sections C.1, C.2 respectively.

3.2. A process with long time delay

In the second example the process defined by

(footnote continued)

drives introduced by the power electronics circuit. When a voltage-vector is deci-
ded to be applied to the machine's terminals, not all combinations are available so
that the hardware is protected, see [28].

1 23e—2005’
G(s) = '
(s) (1+100s)(1+89s)(1+75s5)(1+665)1+43s") (52)

T
is considered, for which % = 10 has been chosen. The analog control
S
action and the corresponding digital control action are given by

Cop o (sy = L SXES%y 11426095 + 232557
pomn st (+st,) 484752 + 48475 (53)
and
* ’
Cop sy = | LESXH 82y | A —e™) | 1+29355 + 28135
e st +sty) | s 51557 + 662157 + 44.145  (54)

respectively. Input d;(r) = 0.25r(z) and output d,(z) = 0.751(z) dis-
turbances are applied at 265¢ and 5307 respectively. The control
loop's response y(z) of the analog controller exhibits more attractive
characteristics compared to the digital controller both in terms of
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Fig. 6. Control of a process with long time delay. Input disturbance d;(s) = 0.25r(s) is applied at r = 265, output disturbance d,(s) = 0.75r(s) is applied at r = 530. Sampling

T, T,
time is % =10 (a) Output y(r) of the control loop at the presence of input and output disturbances, % =10, ovsyy, = 5.3%, 0vsgi, = 19.2%. (b) Control action u(r) at the
S S

T
presence of output disturbance, % =10.
S

2 T 5 T T
do(T) d (7_)
> o
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ofF
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Fig. 7. Control of a process with long time delay. Input disturbance d;(s) = 0.25r(s) is applied at = = 565, output disturbance d,(s) = 0.75r(s) is applied at = 1046. Sampling

time is — T =20 (a) Output y(z) of the control loop at the presence of input and output disturbances, T— =20, ovsyy, = 5.4%, 0vsgi; = 20.2%. (b) Control action u(r) at the
'S

T,
presence of output disturbance, % = 20.
S

reference tracking and disturbance rejection, Fig. 6(a). However, as s (1-109s)(1-0455)
shown in Fig. 6(b), the analog controller spends more effort for (s)= (1+205)(1+1625)(1+ 1591s)(1 + 1455)(1 +8395) (55)

achieving this result when = 10. In case where tp =4 =20 the
consisting of two right half plane zeros. The analog control action

control effort for both controllers becomes almost the same Fig. 7(b). c - . ;
and the corresponding digital control action are given by

Ty
However, when ty=1 = = 100 the command signal's behaviour be-

comes unacceptable in the digital controller design, see Fig. 8(b) since C ) = 1+ 5x+5% 1 _1+27395 + 208.5s”

the peak overshoot becomes almost seven times greater than the PID=an s't A +5ty) 452452 + 4524 ¢’ (56)
T

initial design tp, = ﬂ = 10. The calculated controller parameters d
Ts an

T T,
whent, = = ! =20 and tp, = ! = 100 are presented in Sections C.3,
S

"
C4 res ectlvel ’ 1+sx+52%y| 1-e) 1+ 28.025s' + 220.65°
p y- Crip—dig(s) = =
sl + 'ty ) s’ 55.55% + 71.425 + 47615 (57)

3.3. A non-minimum phase process
respectively. Input d;(zr) = 0.25r(z) and output d,(z) = 0.75r(z) dis-
In this example the process is described by turbance is applied at 2527 and 505z respectively, see Fig. 9(a).
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Fig. 8. Control of a process with long time delay. Input disturbance d(s) =
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presence of output disturbance, % = 100.
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Fig. 9. Control of a non-minimum phase process. Step response of the closed loop control system. Input disturbance dj(s) =

dy(s) = 0.75r(s) is applied at r = 505. Sampling time is —

0vsgig = 6.5%. (b) Control action u(z) at the presence of output disturbance,

-1 =10 then both controller
implementations exhibit almost the same behaviour regarding
reference tracking, disturbance rejection and command signal re-
sponse, Fig. 9(a), (b). Rise t,; and settling time t;; for analog and

From there it is apparent that if tp,

digital design are t; =28.8c, bty = 307 and ¢, =937,
Loy = 8897 respectively.
If the controller's sampling time T; is further reduced ty, ﬂ =20,

the command signal effort remains within the same level of the analog
controller implementation (Fig. 10(b)). However, if sampling time T is

chosen such % = 100 then the peak value of the digital control effort
S

(Fig. 11(b)) becomes 15 times higher compared to Fig. 9(b). The cal-

" _20and t, = 21 =100
1T

culated controller parameters when tp, =
S
are presented in Sections C.5, C.6 respectively.

0.25r(s) is applied at = = 2830, output disturbance d,(s) =

Tpl
= 10.
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0.75r(s) is applied at = 5172. Sampling

= 100, ovsy, = 5.4%, ovsgiy = 21.1%. (b) Control action u(r) at the
S

5 T T T T T
do(T)—» u(r)
T =
'\ digital PID control
-5k analog PID control 1
~10F 4
15| 4
-20 E
_25 1 1 i - i - 1
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0.25r(s) is applied at z = 252, output disturbance
Tp1

=10 (a) Output y(r) of the control loop at the presence of input and output disturbances, — = 10, ovsy, = 6.9%,
S

3.4. A process with a large zero
Let us now consider the process defined by

0.0714(1 + 45.6 5")
(1+40s)(1+2245)(1+196s)(1+1565)(1+11.2 s')'

G(s) =

(58)

The analog control action and the corresponding digital control
action are given by

1+ 56.85 + 1128s?
5.94s? + 1.4854 s’

1+sx+s?y 1
S't; (1 +5s'ty)

Coip_an(s) = 59

and
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Fig. 10. Control of a non-minimum phase process. Step response of the closed loop control system. Input disturbance d;(s) = 0.25r(s) is applied at = 502, output disturbance
T T,

dy(s) = 0.75r(s) is applied at z = 998. Sampling time is % =20 (a) Output y(z) of the control loop at the presence of input and output disturbances, % = 20, ovsy, = 6.9%,
S S

T,
0vsgi = 5.9%. (b) Control action u(r) at the presence of output disturbance, Tisl =20.
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Fig. 11. Control of a non-minimum phase process. Step response of the closed loop control system. Input disturbance dj(s) = 0.25r(s) is applied at z = 2450, output dis-

T, T,
turbance d,(s) = 0.75r(s) is applied at r = 4942. Sampling time is % =100 (a) Output y(z) of the control loop at the presence of input and output disturbances, % =100,
S S

T,
0Vsgy = 6.9%, 0vsgig = 5.4%. (b) Control action u(z) at the presence of output disturbance, %1 = 100.

*
, 1+sx+s?y) d-e"
Chip—ig(s) [ y] ( )

s't(1 + s'ty) s’
_ 1+6047s +1.2765"
1.372s + 1.763s? + 1.176 s’

(60)

respectively. Controller sampling time has been chosen equal to
% = 40. In that case there is a loss of controllability both for the
S
proposed PID type control law, Figs. 12(a), 13(a), since the step re-
sponse exhibits an overshoot of ovs ~ 35% with unacceptable dis-
turbance rejection. This is due to the fact that the integral gain of the
explicit solution gets a very small value T, ~ 0, see (60)° resulting in a
very fast response leading to an almost uncontrollable closed loop. The

6 Integral gain is around unity and will approach the zero value if the sum of
zeros in the open loop transfer function becomes equal to the sum of poles of the
same function again.

aforementioned example result is justified theoretically if we see the
explicit solution for the integrator's time constant both for the analog
and digital controller implementation.

The revised definition of the integral gain regarding the analog
implementation is defined by

n m
Ean = Zkth( Z TPi + Td - Z T:Zi - X)'
i=1 i=1 (61)
from which it is apparent that T;  becomes negative (T, < 0) when
the sum of poles of the open loop transfer function becomes less or
equal the sum of zeros of the same function again,

DTy+Ty < Y @)+X .

i=1 i=1

sum of poles of Fp;  sum of zeros of Foy (62)

According to (48), T, =T

ldig lan

— 2kyk,3T; the digital control loop
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Fig. 12. Control of a process with large zeros. Step response of the closed loop control system. Output disturbance d,(s) = 0.75r(s) is applied at = 872. Sampling time is forty
T, T,
times smaller than the dominant time constant, % =40 (a) Output y(r) of the control loop at the presence of output disturbances, % = 40. (b) Control action u(r) at the
'S S

T,
presence of output disturbance, % =40.
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Fig. 13. PID controller turns into PID-Lag control to stabilize the control loop. Choosing a slow time constant t,=16 stabilizes the control loop. Step response performance

metrics, i.e[rise time t,, settling time t,; can be improved by gradually reducing t, and making the control loop faster (a) Step response y(z) for various values of the t, lag time

gonstant, B - g0, 0VSgig o = 33%, 0Vsg; = 5.2%, ovsg; = 0%, ovsg; = 0%. (b) Command signal response u(r) for various values of the t, lag time constant,
Ts ty=0 Sty=16 Sty=24 Sty=28

P _
T5_40'

becomes uncontrollable again for the same aforementioned reason. T, — 0and T, g = 0, the PID controller proposed in (2), (34) can be

To that end, T, becomes negative (T, < 0) when turned into PID-Lag controller of the form
n m
1
2T +Ty < YT +X + T, C oo LEXHSY 1
i=1 i=1 an(S) = ,
—_— ST (1 +sT,)( + sT,
sum of poles of Fp;  sum of zeros of Fo (63) Im,( pn) ( ) (64)

Therefore, for regulating such a process, the control law has to
force the sum of poles of the open loop transfer function Fg(s) to 1 45X 4 s2Y * 1 7513\ 1

become greater than the sum of zeros of Fy,(s). To achieve this, the Caig(s) = tSA+S —¢ .

PID controller is turned into PID-Lag control, see (64). The tuning S’I;dig(l +5Ty,) sT; }(1 +5T) (65)
of the lag time constant T, is presented in the following section. Of

course the price paid in this case is that the control loop becomes  respectively by adding a first order filter with time constant T. In
slower, but finally controllable. this case the new integrator's time constant for both analog and
digital implementation are given by

3.4.1. Tuning of lag time constant Ty
To overcome the loss of controllability in both cases when
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Fig. 14. Process G,, is defined by (74), analog controller is defined by (75) and digital controller is defined by (76) (a) Output y(z) of the control loop at the presence of output

T, T,
disturbances, % = 1.25, ovsy, = 7.6%, ovsgig = 16.3%. (b) Control action u(z) at the presence of output disturbance, % =1.25.

n m
T, =2kky( Y T, + Ty + T, = T, = X),
i=1 i=1
sum of poles of Fop, (66)
n m 1
Ty = 2kikp( XS ) + Ty + T, = D) = X = ST
i=1 i=1
sum of poles of Fgp. (67)

and X, Y PID controller parameters remain with the initial values
calculated from the explicit proposed solution. For the process de-
fined by (58) the initial PID controller for t, = 0 is equal to (60).
However and since such a design leads to an unacceptable response,
the controller becomes PID-Lag with t, = 28, ty = 24, t, = 16,
where t, = % Initially we start with a high value of t, in order to

stabilize the control loop and start reducing its value gradually by
achieving the proper performance depending on our application. In
Fig. 13(a) the step response of the control loop is presented for three
different values of parameter t,. The command signal u(z) is also
depicted in Fig. 13(b). The calculated PID-Lag controller is given by

* —s’
Coai (s’)| _[1+sx+ sy (1 - ) 1
T =8 | s+ STt ) s (145t (68)
_ 1+ 6047 s’ + 12765”
24365 + 73.3s + 147.55% + 5.174 s’ (69)
c , [ 1+sx+5%y *(1‘9_5/) 1
PID-dig$ )|t =24 | s't(1+5't,) s (1+s1)
X i Pn + 5k (70)
_ 1+ 6047 s’ + 1276s”
18.65"* + 565 + 112.85> + 4.603 s’ (71)

“ »
c (s’)| 1+ sx+5%y (1—95) 1
PID-di; - ’ ’ ’ ’
7 =16 | S+ st ) ' (1+5ty) 72)
_ 1+ 6047 s + 1276s?
9.37s* + 2825 + 57.15% + 345’ (73)

for all three different values of the t, time constant.

4. Sampling time effect investigation

In this section the effect of the sampling time T to the quality of
the proposed PID control action, compared to the optimal analog
design is investigated.

In the sequel, two curves are plotted within each figure. Given
the transfer function of the plant G(s), the response of the output
y(r) and the command signal u(r) are investigated. To do this, both
control loops are normalized with the sampling time T; and the
digital controller is implemented according to the relation s’ = sT..
In Sections 4.1, 4.2, 4.3, 4.4 the transfer function G(s) is considered

T

the same and different ratios of - are investigated.
i i T _

4.1. Sampling time —! = 1.25

In this case the plant is given by
1

Gs) =
(1412551 +0.97s)(1 +0.845s')1 +042s')1 +0.37s) (74)

and analog and digital controllers are equal to
Cop (5= L+ 285+ 2.11s?

PIb-an 0.295” + 2.36 5’ (75)
and
o (') = 1+ 3225 + 2.99s7

P-4 7 5285 1 6.7952 + 4.52 5" (76)

respectively. In Fig. 14(a), (b) the output y(r) and command signal
response u(z) at the presence of output disturbance d,(z). Peak
overshoot for digital control action is 16.3% whereas for analog
control action is 7.6%. The corresponding settling t;; time is
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Fig. 15. Process G, is defined by (77), analog controller is defined by (78) and digital controller is defined by (79) (a) Output y(z) of the control loop at the presence of output

T T
disturbances, % =2, ovsg, = 7.6%, 0vsgi = 13.3% (b) Control action u(z) at the presence of output disturbance, % =2.
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Fig. 16. Process G, is defined by (80), analog controller is defined by (81) and digital controller is defined by (82) (a) Output y(z) of the control loop at the presence of output
1

T _

disturbances,
Ts

t,s = 7.67 for analog and ¢, = 21¢ digital control action respectively.

i i Ty _
4.2. Sampling time — = 2
In this example the transfer function of the plant is defined by

1
G(s') =
(s) (1 +2s)(1 + 1.555)(1 + 1.345)(1 + 0.67s)(1 + 0.595")

77)
whereas the analog and digital control actions are defined by

1+ 4.48s' + 5.4s”

@ s =

PD-an(S") 0.75s% + 3.78 5’ (78)
G sy 14895+ 6.665"

PID~dig 6.96s3 + 8.9552 + 597 5’ 79

respectively. After reducing controller's sampling time T, both step
and command signal responses are improved compared to the
previous example as observed in Fig. 15(a), (b) respectively. Peak
overshoot for digital control action is 13.3% whereas for analog

4, ovsqy = 7.6%, ovsgig = 8.5% (b) Control action u(z) at the presence of output disturbance,

T;
Py
T

control action is 7.6%. The corresponding settling t;; time is
ts = 7.6t and t, = 177 for analog and digital control law respec-
tively. Digital command signal response depicted in Figs. 14(b), 15
(b) does not exhibit undesired peaks as observed in the analog
control action.

. . Tp1 _
4.3. Sampling time - =4
S

In this example the transfer function of the plant is defined by

1
G(s') =
(s) 1 +4s)1 +311s)1 +2.69s5)1 + 1.35s5)1 + 1.18 ")

(80)
whereas calculated analog and digital control actions are given by

1+ 8975 + 21.657

@ s =

PID—-an(S") 30252 1 7565 @1
and
Cor 1) = 14945 +24.2557

PID- dig 11.3252 + 145552 + 9.7 5 82)
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Fig.17. Process G, is defined by (83), analog controller is defined by (84) and digital controller is defined by (85) (a) Output y(r) of the control loop at the presence of output

T T
disturbances, % =10, ovsyy, = 7.6%, 0vsgig = 6.9%. (b) Control action u(z) at the presence of output disturbance, % =10.
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Fig. 18. Frequency response diagrams for analog and digital control loops as those presented in Sections 4.1 and 4.2 respectively (a) Frequency response of sensitivity IS(ju)!

T T
and complementary sensitivity IT(ju)l for % = 1.25 (b) Frequency response of sensitivity IS(ju) and complementary sensitivity IT(ju)l for % =2.
S S

respectively. By further reducing sampling time T; the trend of the
responses of y(z), u(z) is similar to the ones observed in Section 4.2
respectively. Step response characteristics are further improved:
overshoot value for digital control action is 8.5% and settling time
is t, = 34.3¢ for digital control compared to t, = 24.4¢ regarding
analog control action. Peak value for digital command signal re-
sponse depicted in Fig. 16(b) has been slightly increased.

4.4. Sampling time % =10
S

In this example the transfer function of the plant is defined by

G(s) = 1
1 +10s)1 +7.79s)1 + 6.73s)(1 +3.39s)1 +297s) (83)

and the calculated analog and digital controllers are given by

1+ 22435 + 135.1s”
18.9s? + 18.91 ¢

Coip_an(s)) = 84)

and

1+ 22965 + 143.65”
24325 + 312657 + 20.8 s’

Cpp—dig(s) = 85)
respectively. In this case both responses of y(z) are almost identical
as observed in Fig. 17(a). However, further sampling time reduction
compared to previous examples has led to an increase in the
command signal's peak value as observed in Fig. 17(b) regarding
the digital control action.

In Figs. 18, 19 the frequency response diagrams for sensitivity S
and complementary sensitivity T are presented, [27]. From there it
is apparent that reduction of sampling time T, shortens the region
for which IT(ju)l ~ 1. This behaviour is against the target of the
Magnitude Optimum criterion, for which IT(ju)l ~ 1is desired in the
widest possible frequency range. Therefore, sampling time T; must
be chosen such, so that step response y(z) approaches the analog
control loop response in such a manner which does not lead to
high peak values of the command signal. Frequency response of the
final control loop must also be observed, since shortening of the
region for which IT(ju)l ~ 1 makes the control loop more sensitive
to possible disturbances in the low and high frequency region.



370 K.G. Papadopoulos et al. / ISA Transactions 70 (2017) 357-377

oL ITUW TN 15 (ju)|
~ 10
2]
Q
&
)
g
=}
et
Eo PID—analog control
S -1 4
s 10

PID-digital control
1 i\

10t 102

1

u = wTlg

2

10 10

(a)

T T
[T ()l 1S (Gu)l
~ 10°
1}
Q
K
]
ol
=
£
)
2.1 ,
1
< 10
-2 1
10
10 100 10t 102
uw = wTyg
(b)

Fig. 19. Frequency response diagrams for analog and digital control loops as those presented in Sections 4.3 and 4.4 respectively (a) Frequency response of sensitivity IS(ju)l

T, T,
and complementary sensitivity IT(ju)l for % = 4 (b) Frequency response of sensitivity IS(ju)l and complementary sensitivity IT(ju)l for % =10.
S S

5. Conclusions

An explicit solution regarding the tuning of digital PID type con-
trollers has been presented. The proposed control law can be applied in
any linear stable SISO process regardless of its complexity. The pro-
posed solution allows for 1) accurate examination of the effect of the
controller's sampling time to the control loop's performance 2) decide
when the control has to be I, PI or PID 3) optimal disturbance rejection
at the output of the controlled process as it is frequently desired in
many industry applications. To this end, control engineers would be
capable of making accurate simulation of an industrial model, before
integrating the PID controller within the software of a real time ap-
plication. Examination of the effect of the controller's sampling time T
to the control loop's performance revealed interesting trade—off fea-
tures observed in the time and frequency domain responses. Future

Appendix A. Optimization conditions

work will concentrate on 1) proposing solutions for handling the
detrimental effects on the command signal that may appear because of
the choice of sampling time 2) the definition of explicit PID digital
control action for type-ll, type-llI” control loops along with
experimental evaluation on a specific industrial application 3) examine
how different transformations from the s to z domain affect the control
loop's performance.
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In this section the optimization conditions that the proposed PID tuning method uses as a principle for developing the optimal control law are

presented. Let the closed loop transfer function be defined by

$"by, + 8" by g + o +5%by +sby + by N(S)

T(S) = n n-1 2
sa, + 5", + o + 570, + 50, +ag  D(S)

AD

where m < n. The target of the (MO) design criterion is to maintain IT(s)l ~ 1 in the widest possible frequency range. Substituting s = jw into (A.1)

N

and squaring IT(jo)! results in T(jw)? = % where
D(jw)

N(jo) _ (jo)"by + -+ + (jo)*by + (jo)b + by

T(jw) = — = .
(o) D(jo)  (jo)'a, + - + (jw)*a, + (jw)a; + a,

Polynomials N(jw) and D(jw) are rewritten as follows

N(jw) =~ ... + bga® — bsa® + byo* — bya® + by +]( o = by + bsw® — byw® + b]a))

and

D(jw) = ... + ago® — age® + a0 — 10 + aq +j( = G0 + A5 — G30° + alw)

or

(A2)

(A.3)

(A4)

7 Control loops with two and three integrators in the open loop transfer function, see [27]
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Do) ~ (a2)o'® + (a? - agagl' + (@2 + 20,05 — 2a5a)0'?
+ (@2 + 2a30, - 2,05 — 20,4a5)0"°
+ (a2 + 20405 + 20,06 — 24,0, — 20305)0®
+(@3 + 20,05 — 2040y — 20,09)0° + (@F + 2000, — 2a,05)0”
+ (@ - 2040,)0” + age” (A.5)
and
INGw)? =~ bZa'® + (b7 — bghg)w'* + (b2 + 2bsbg — 2bsh)w'
+ (b2 + 2bsb, — 2bybg — 2bsbg)w'°
x (b? + 2bybg + 2bybg — 2b1b; — 2b3be)e®
+ (b2 + 2b;bs — 2bgby — 2b,byw® + (b2 + 2bybs — 2b,b)ew?
+ (b? = 2bghy)a? + (by)e. (A.6)

By making equal the terms of &, (j =1, 2, ..., n) in polynomials ID(jw)?, IN(jw)?* results in

ay = by (A7)
at - 2a,ay = b? — 2b,b, (A.8)
a? - 2a,a, + 2a,a, = b? — 2bsb, + 2b,b, (A9)
a2 + 2a,a5 — 2agay — 20,0, = b? + 2b,bs — 2bghy — 2b,b, (A.10)

(@2 + 20905 + 2060, — 20,07 — 20305)= (bf + 2bgbg + 2bgb, — 2b1b; — 2bsbs) A1
= e 1T1)

Further optimization conditions are not presented on purpose, because the current analysis sticks to the PID control law. However, if higher order
controllers are designed, then further optimization conditions would essentially be required.

Appendix B. The revised digital PID control law

Given the process defined by

sTy

m m-1 2
G(s)=sﬂ’”+s /}m71+~-~+s[32+s/)’]+le_
s" a4 o+ 5% + S20y + sag + 1 (B.1)

the PID type controller

Ed
1+sX+52Y] (1 —esTs]

—_— * —_—
Cs) = C()CGop(s) = [ STl + 5T, ST

(B.2)

is considered. C*(s) controller stands for the digital representation of the analog PID control action and Gy(s) stands for the zero order
hold unit with sampling period T;. For the needs of the mathematical analysis, the product is rewritten in the form of

m m-1 2
S, + ST By e+ ST+ Sp+ 1 STy
g+ =+ Sy + S%ay + say + 1)(1 + 5T, )

(1 +sX + SZY)*[ 1- eSTS)
sT, sT; (B.3)

C(5)G(S) =

sn—l

which is equal to

SR+ SR e+ 2By + SB + 1_

Cs)Gls)= —-= 5 ) sTa
("py + - +Sp; + 5Py +sp;+ 1)
(1 +5X + szY)*(l - eSTS]
sT; ST (B.4)

where
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"oy g+ -+ Sy + Py + 5o+ 1)(1 + 5T, )=

S"Ty 1+ 5" Ty @y + @) + - + 5% (a3 + Ty ap)+

%oy + Ty ap) + S(ay + T, ) + 1=

"D, + o+ $°py +5°p, +5p, + 1. (B.5)
After normalizing all time constants in the frequency domain with the sampling period T; and substituting
s’ =sT, (B.6)

the resulting expressions for (B.2) and (1) are

Sz + - + 5424 + 5723 + 5725 + 571 + 1 _sd
G = kp 2 3 2 €
B A E T P SRt S g gy | (B.7)
and
* ,
1+ s'x + 57 1-¢7
C(s") = CX$")Cpop(s) = ( ; y] [ ; )
s't; s (B.3)
respectively, where
X=£,y=%,t,=£,d=£,
I T; s I (B.9)
p; : .
== vj=1,.n, z,»=£’,, vi=1,..m.
T! T! (B.10)
have been set. The transition from the Laplace domain to the z domain is accomplished by making the transformation
,_z-1
== (B.11)
and since z = e* then
|
s = —.
& (B.12)
Therefore, the digital PID type controller at (B.8) takes the form
Cs)= C*s)Cyou(s)
_ 1A +x+ye* - x+2ye° +y
t e’ - 1) ' (B.13)
By setting
X=x+2y and J=1+x+y (B.14)
results in
x=2y-X—2 and y=X-9 +1. (B.15)
By substituting Eqgs. (B.15) into (B.13) results in
, , 1A -eR+ € -1 +1
C(s") = C*(s")Cyop(s") = 1 ) - (S W .
t; e’ -1 (B.16)
In addition, the respective open and closed loop transfer functions become
F(s") = k,C(s)HG(S") B.17)
or
Es) =k ky 5™z, + - + 5725 + 572, + 52, + DI = )X + €25 = 1y + 1]
o "t ™y 4 -+ 5+ 5% + 5+ DS @D — 1) (B.18)
and
T(s") = CENGEsH)  _ NG) _ N(s")

"1+ kCsHGS) T D’y Dy(s) + kyN(s) (B.19)
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or

Kp(s™zpy + - + $323+ 5%, + 57 + 1)[(1 — e+ (25 - 1)) + 1]

T =

3

£y + - + 5713 + 57215 + 5+ 1es @D — 1y

Kikp(s ™z + - + $323+ 52, + 54 + 1)[(1 — e+ €25 -1 + l]

Approximating the time delay constant by the Taylor series

eS=1+s+ zl!s’2 + %5’3 + 4l!5’4 + %s’s + és@ + o

results in

eI+ = 1 4 g5’ %d’zs’2 + %das’3 + %d"‘s’4 + %(1’55’5 + éd’ss’6 4o
where

d=1+d.

Additionally,

eSS _ 1) =dis’ + dps? + dys”® + dys'? + dss” + dgs® + dys7 + -

where
_ ’ ,

o 1,

d, i+d

d; 1 1 1,

d3 _ §+§d +5d

dy 1 1 1152, 14s

h PTIE Th A TH TR Th

: 1 1, 11 ., 11,5 1.4
§+Z!d+2_!§d +2—!§d +4—!d
and with the help of (10)

a, 1

q, n+d;

g3 n+ndy + d;

a, - I3+ dy + 1d; + dy

qs Ty + 1ydy + 1ds + 1dy + ds

For that reason, polynomial D,(s’) and along with the help of (B.26), can be rewritten in the form of

Dy(s)) = ti(- + G487 + qs® + 4s5° + 50 + g,5° + 57 + 5)
Making use of (B.21)—~(B.23), the numerator of C(s’) is then equal to
A-eR+@ -1y +1= 1+ Q) —Rs + %(4}7 — X)s”
1 A A3 1 A A4
+§(8y - X)s” + I!(lsy - X)s
+l(32§/ —R)s” + l(64§ — )58 4 e
51 6!
After some calculus at the numerator of the closed loop transfer function it is obtained

A A6
v+ (Zg + VgV — XX+
NG = ky| (25 + Y5 — x5R)5” + (24 + ¥ — xR)5"+

@ +y,) - X603 + (2 + ¥ - %R+ (7 + 2P - R)s' + 1

where

373

(B.20)

B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)
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1
Z1+E
X z+]zl+l
3!
X3
X z+lz+1 +l
o= sty hit gy
| | zedzelselsel
N AT BT T T
12 + =z +l
2! ETEE RV TECR TR
| : ] (B.30)
and
_ A }
221+2—!
P 222+izl+§
31
Y3
Y, 22+4z + =z +E
y4= 372 ETRURAT,
5 5 4 , . 16 32
Y Zat 5Bt gLt i at o
5 4 8 16 32 64
25+2' §Z3+ZZZ+521+E
| : ] (B.31)

Finally, the corresponding polynomials for both the numerator and denominator of the closed loop transfer function are given by

D(s'y= Dy(s) + kyN(s) = - + [t,-q6 + knky(zs + Ve — xe)'c\)]s’e + [t,—q5 + kky(zs + ys — )<5§)]s’5
+ [t,»q4 + khkp(z4 + y4y’\ - x4)’c\)]s’4 + [t,‘q3 + khkp(z3 + y33A/ - x3)A()]s’3
+ [tiqz + kkp(za + Y, — xzf)]s’z + [t,v + kk (2 + 29 - Q)]s/ + kpk,
(B32)

and

N@) = -+ kyzg + Y9 — XeX)S® + ky(Zs + Ys) — X5K)8” + kyzg + 3,9 — X485

+hy(z3 + 139 = x:R)8 + kyzy + 1,9 — %R057 + ky(zy + 29 - s’ + k. (B33)

For determining the optimal PID controller's parameters, equations (A.7)-(A.10) will be applied to (B.20). For that reason, from the ap-
plication of

Optimization condition: ay = by,

to the closed loop transfer function (B.19) along with (B.32), (B.33) results in
k,=1. (B.34)
which implies that the final closed loop control system exhibits zero steady position error if k,=1.

Optimization condition: af — 2a,ay = b} — 2b,b,.
The second optimization condition results in

t; = 2kyky(ry + dy + X = 2§ - 2y), (B.35)
or according to (B.14), (B.15)

t;=2kk (r+d—-2z,—x 1

0= 2R+ d =2 =X = o). (B.36)

Optimization condition: a2 — 2a;a, + 2a4a, = b — 2bsb, + 2byby,.
The application of the third optimization condition to the closed loop transfer function results in

[@ - a) - @ - xR -[265 -4 - @y, - )]
= (G271 — G2y + 23— q)) — (G5 — 24,)(q, — Z)). (.37

Optimization condition: af + 2aas — 2agag — 2a4a; = b3 + 2b1bs — 2bghy — 2bgb,.
Finally the application of the fourth optimization condition to the closed loop transfer function leads to
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(@~ 100, - @~ %08, ~ @ ~ %), + 65— %5 ]}
—[2q32 — 40,0, + Yy — Y5 — Vs + 205 + q4y2]3'}

= —(qF - 20,4, + 245)(q, — 29
+(q224 - q323 + q422 - CISZ] —Zs+ q6)'

To that end, the optimal PID controller's parameters are given by

kh:]'
t;=2kk (r+d-z —x—l)
i~ h"p\ 1 2

X-aq,y=b and X-a,y =b,
where

a4 = 2(q22 - qg) - (q2y2 - y3)
U@ -4 - G-

_ @7~ G5 + 23— 4) — (@) ~ 245G, — 2)

b, 2
(qz - q3) - (qZXZ —X3)
205 - 40,0, + QY — 3V — Vs + 205+ 4, Y,
27 (G- X905 — (A — X9y — (G, — %), + G5 — X
b, = —(q32 = 2q,q, + 2G5)(qy — 1) + (424 — G373 + Q42 — GsZ) — Z5 + q)

(G5 = X3)q3 — (44 — X4)qy — (G5 — X)q4 + (g5 — Xs5) (B.45)
By solving (B.40), (B.41) parameters X, y are determined by

)/(\_ albz—azb] ﬁ_ bZ_bl
G—-a a4 -0

From the definition of the integrator's time constant (B.40) it is critical to point out that
T 1

f =2kpk,(n+d -2z, - x - 5)
or according to (B.9), (B.10)

Ti= 2kyky(Tir + Ted = Tezq = Tox — %Ts)

1
Zkhkp(p] + Td - /)7.1 - TSX - iTS)

n m
1
ke 2 (D) + Ty = 3 (L) = X = 5Ty
i=1 i=1

In other words as it was proved in (18), integrator's time constant is equal

T =T - 2kk,=T.

ldig = Jign

where T,
di;

Appendix C. Calculated controller parameters

" and T; = the optimal values for the integrator's time constant regarding the digital and analog design respectively.

375

(B.38)

(B.39)

(B.40)

(B.41)

(B.42)

(B.43)

(B.44)

(B.46)

(B.47)

(B.48)

(B.49)

In this section the calculated controller parameters for the examples discussed in Section 3 for the analog and digital implementation
are presented. All plots can be easily reproduced in Matlab/Simulink. Specifically, Figs. 3(a), (b) can be easily reproduced if all transfer
functions (G, G., ZOH, k) are defined as LTI blocks in Matlab/Simulink workspace. For Section 3.1, G, is defined by (49), G. is defined by
(51), and k,=1 as proved in (B.34). Since sampling time of the control loop is inherited®, when inserting the ZOH block, its parameter

should be set to 1.
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T
C.1. Controller parameters for Section 3.1: % =20
S

In this case the plant is defined by (49). The analog control action is given by

1+sx+s? 1 1+44855 +540.4s”
s't; (1+5s't,)  75.63s%+37.825 (C.1)

Cop—an(s) =

and the digital control action is given by

* ,
1+s%+ s’zy] (1-e®)  1+4557s + 564.55>

Cop—_gig(8) = =
Pi0—dig(5) [ St +5't,) s’ 45.955” + 59.085” + 39.39 s’ €2

The step response and the command signal response of the closed loop control system and along with its response to input and output
disturbances is presented in Figs. 4(a), (b).

T,
C2. Controller parameters for Section 3.1: ' = 100
S

In this case the plant is defined by (49). The analog control action is given by

1+sx+s%y 1 142245 +13515?
s't; (1+st,)  1891s? +189.1' (C.3)

Cop—an(s) =

and the digital control action is given by

- ,
1+s%+ s’zy] (1-e®) 1422655 + 13925

Coip—dig(s) = =
p-d(S) [ st +st,) | S 21957 + 281557 + 187.7 ' C4)

The step reponse and the command signal response of the closed loop control system and along with its response to input and output
disturbances is presented in Figs. 5(a), (b).

C.3. Controller parameters for Section 3.2: % =20
S

In this case the plant is defined by (52). The analog control action is given by

1+sx+s? 1 1+5217s +930.2s"
s't; (1 +5't,) 19452 + 96.94 s’ (C.5)

Cop—an(s) =

and the digital control action is given by

* ,
14+sx+ s’zy] (1-e*)  1+5857s + 1124s>

Crip_gigs") =
PID-dig(S) [ St +5't,) s’ 99.05s° + 127.35” + 84.9 s’ (C.6)

The step response and the command signal response of the closed loop control system and along with its response to input and output
disturbances is presented in Figs. 7(a), (b).

CA4. Controller parameters for Section 3.2: % =100
S

In this case the plant is defined by (52). The analog control action is given by

T+sx+s” 1 1+2609s + 232552
s't; (1+5t,) 48475 + 484.7s’ C.7)

Cop—an(s) =

and the digital control action is given by

* ’
14+sx+ s’zy] 1-e) 1429255 +2812s>

G (S = =
piD-digS) [ St +5't,) s’ 479.1s? + 615.9s2 + 4106 5’ (C8)

The step response and the command signal response of the closed loop control system and along with its response to input and output
disturbances is presented in Figs. 8(a), (b).

T,
C.5. Controller parameters for Section 3.3: % =20

In this case the plant is defined by (55). The analog control action is given by

8 T, is the normalization time constant of the control loop
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1+sx+s? 1 1+54795s +834s”
s't; 1 +5s'ty) 18152 + 90.49 s’

Cop—an(s) =

and the digital control action is given by

* '
T+sx+sty| d-e 1+ 55.58 s’ + 86757

Chip—dig(s) =

St +5'ty) s 107.8s" + 138,652 + 92.38 5’

(C.9)

(C.10)

The step response and the command signal response of the closed loop control system and along with its response to input and output

disturbances is presented in Figs. 10(a), (b).
C.6. Controller parameters for Section 3.3: % =100
S

In this case the plant is defined by (58). The analog control action is given by

T+sx+s? 1 1+27395s + 2085s>
s't; (1 +5s't,) 452452 + 45245’

Cop—an(s) =

and the digital control action is given by

* ’
1+sx+s%y| d-e) 1427625 +2137s?

G (S =
PID-dig(S) 61 + 5, 9

"~ 525.65 + 675.7s2 + 450.5 5’

(C11)

(C12)

The step reponse and the command signal response of the closed loop control system and along with its response to input and output

disturbances is presented in Figs. 11(a), (b).
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