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Estimators for differential entropy are proposed. The estimators are based on the second
order expansion of the probability mass around the inspection point with respect to the
distance from the point. Simple linear regression is utilized to estimate the values of density
function and its second derivative at a point. After estimating the values of the probability
density function at each of the given sample points, by taking the empirical average of
the negative logarithm of the density estimates, two entropy estimators are derived. Other
entropy estimatorswhich directly estimate entropy by linear regression, are also proposed.
The proposed four estimators are shown to perform well through numerical experiments
for various probability distributions.

© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Let X be a p-dimensional randomvariablewith probability density function (pdf) f (x), then its differential entropy (Cover
and Thomas, 1991; Shannon, 1948) is defined by

H(f ) = −


f (x) ln f (x)dx. (1)

We assume that H(f ) is well-defined and finite. The differential entropy plays a central role not only in information and
communication theory, but also in statistics (Tarasenko, 1968; Vasicek, 1976; Hino et al., 2013), signal processing (Comon,
1994; Learned-Miller and Fisher, 2004), machine learning and pattern recognition (Mannor et al., 2005; Rubinstein and
Kroese, 2004; Hino and Murata, 2010, 2013). For a concrete example, the differential entropy is used as a criterion for
independence in the literature of independent component analysis (ICA; Comon, 1994; Hyvärinen et al., 2001). In ICA,mixed
signals are decomposed into statistically independent signals. A sumof themarginal entropies

p
k=1 H(Xk) is anupper bound

of the joint entropy H(X1, . . . , Xp), where p is the number of observed source signals. Since the gap between the sum of
marginal entropies and joint entropy is zero if and only if signals are independent, signal decomposition is sometimes done
by transforming the p observed signals into p signals Xk, k = 1, . . . , p so that the quantity

p
k=1 H(Xk) − H(X1, . . . , Xp)

is minimized. The entropy can be estimated by plugging in the estimate of a pdf, however, density estimation for high
dimensional data is difficult and computationally demanding. Direct entropy estimators often offer better results.

Consider the problem of estimating the entropyH(f ) using a set of observed samplesD = {xi}ni=1, where xi, i = 1, . . . , n
are realizations of a random variable X with a pdf f (x). Since entropy estimation is often required in exploratory data
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analysis, it is preferable not to assume any specific form of probability distribution behind the data, and therefore non-
parametric approach is often of the choice. There are several non-parametricmethods for estimating the differential entropy
of a continuous random variable. One of the simplest methods is the plug-in estimate, which is based on a density estimate
f̂ (x) of f (x). Once we obtain an estimate f̂ (x) using samples D , the differential entropy can be estimated by numerically
integrating f̂ (x) ln f̂ (x). Since numerical integration is unstable and computationally demandingwhen p, the dimensionality
of X , is large, it is suggested by Joe (1989) to use re-substitution

Ĥ(D) = −
1
n

n
i=1

ln f̂ (xi) (2)

instead of numerical integration. With a kernel density estimate f̂κ(x), which will be defined later, some asymptotics are
investigated for the plug-in estimator Ĥ(D) with univariate (Ahmad and Lin, 1976) and multivariate (Joe, 1989) cases,
respectively.

Another popular approach for entropy estimation is based on the k-nearest neighbor (k-NN) method. An entropy
estimator using 1-NN is proposed by Kozachenko and Leonenko (1987), and its mean-square consistency is proved for any
dimension. This result is extended to develop a k-NN-based estimator (Goria et al., 2005),which includes the spacing entropy
estimator (Vasicek, 1976; Dudewicz and van derMeulen, 1981; Hall, 1986) as a special case of p = 1. Formore extension and
theoretical developments, see Beirlant et al. (1997); Györfi and van der Meulen (1987); Paninski (2003); Pérez-Cruz (2008)
for examples. Due to the resemblance to the proposedmethod, the k-NN entropy estimator is explained later in more detail.

In this paper, we propose novel non-parametric entropy estimators based on the second order expansion of probability
mass function and simple linear regression. The proposed methods are conceptually simple with almost no tuning
parameter.

The rest of this paper is organized as follows. Section 2 formulates the problem of density and entropy estimation.
In Section 3, novel entropy estimators based on second order expansion of probability mass function and simple linear
regression are proposed. Experimental results are given in Section 4. The last section is devoted to concluding remarks.

2. Preliminary and notation

As a building block of an entropy estimator, consider the problem of estimating pdf f (z) at an inspection point z ∈ Rp

from a set of observations D = {xi}ni=1.
Let ∥xi − z∥ be the Euclidean distance between the inspection point z and the ith sample xi, and let b(z; ε) = {x ∈

Rp
| ∥x − z∥ < ε} be an ε-ball centered at z with volume |b(z; ε)| = cpεp, where cp = πp/2/0(p/2 + 1), and 0( · ) is the

gamma function. Denote the probability mass contained within the ε-ball centered at z by

qz(ε) =


x∈b(z;ε)

f (x)dx. (3)

Expanding the integrand, we obtain

qz(ε) =


x∈b(z;ε)


f (z) + (x − z)⊤∇f (z) + O(ε2)


dx

= |b(z; ε)|

f (z) + O(ε2)


= cpεpf (z) + O(εp+2).

In the above expansion, (x− z) is of order ε because the integration is within the ε-ball. The termwith first derivative of the
density function vanishes due to symmetry. Ignoring the second term in the expansion and approximating the probability
mass qz(ε) with the ratio of the number of points within the ε-ball, we obtain a density estimator

f̂ε(z) =
kε

ncpεp
, (4)

where kε is the number of samples that fall in the ε-ball. This estimator is nothing but the kernel density estimator (Wand
and Jones, 1994b)

f̂κ(x) =
1

nεp

n
i=1

κ(∥x − xi∥/ε) (5)

with the hard window kernel function

κ(x) =
1
cp
1{∥x∥ ≤ 1}, (6)

where 1{·} is the indicator function. Here ε is the bandwidth parameter in the context of kernel density estimator. On the
other hand, when k, the number of neighbors from the inspection point z, is fixed instead of ε, the estimator f̂ε(z) in Eq. (4)
is rewritten as f̂k(z) = k/(ncpε

p
k), where εk is determined by the distance from the inspection point to its k-th nearest point.

The estimator f̂k(z) is called the k-NN density estimator (Loftsgaarden and Quesenberry, 1965; Mack and Rosenblatt, 1979;
Moore and Yackel, 1977).
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By averaging − ln f̂k,i(xi), where f̂k,i(xi) is estimated using D \ {xi}, we obtain the k-NN entropy estimator

Ĥk(D) = −
1
n

n
i=1

ln f̂k,i(xi). (7)

3. Proposed entropy estimator

In this section, we will propose entropy estimators based on the second order expansion of the probability mass qz(ε),
and simple linear regression.

Proposition 1. The probability mass qz(ε) of the ε-ball centered at z is expressed in the form

qz(ε) = cpf (z)εp
+

1
4(p/2 + 1)

cpεp+2Tr∇2f (z) + O(εp+4). (8)

See Appendix A for the proof of Proposition 1.

By empirically approximating qz(ε) in Eq. (8) by the ratio kε/n, and dividing the equation by cpεp, we obtain

kε

ncpεp
= f (z) + C(z)ε2

+ O(ε4), C(z) =
Tr∇2f (z)
4(p/2 + 1)

. (9)

Furthermore, denoting Yε = kε/(ncpεp) and Xε = ε2, and ignoring the higher order term with respect to ε, we obtain the
following linear relationship

Yε ≃ f (z) + C(z)Xε (10)

with respect to the explanatory variable Xε and the response variable Yε . Based on this relationship, we derive entropy
estimators in the following sections.

3.1. Leave one out estimator with least squares

The relationship in Eq. (10) is regarded as a linear equation between an explanatory variable Xε and a response variable
Yε . We propose to select a small number of radii of the balls, E = {ε1, . . . , εm},m < n, and fit a linear model to the set of
points {(Xε, Yε)}ε∈E by minimizing the sum of squared residuals

R =
1
m


ε∈E

(Yε − f (z) − C(z)Xε)
2 (11)

with respect to f (z) and C(z). The line fitting is possible with at least two points, but for stable fitting, the number of samples
m should be larger than two. Each value εj ∈ E must be within [0,max{∥xi − z∥}ni=1]. In this work, we randomly select
m = 30 radii for the sake of simplicity and computational efficiency. More sophisticatedmethod for selecting the set of radii
E might improve the estimation accuracy, with possible increase of computational cost. In the fitted model, the intercept
is an estimate of f (z) and the coefficient of Xε is an estimate of C(z), from which we can estimate Tr∇2f (z) as a byproduct.
We denote the fitted intercept value as f̂s(z).

Now that we have density estimate f̂s(z) at point z, we can derive an entropy estimator based on the density estimate by
leave-one-out estimation

Ĥs(D) = −
1
n

n
i=1

ln f̂s,i(xi), (12)

where f̂s,i(xi) is the density estimated by minimizing Eq. (11) without using sample xi. We call this entropy estimator as
Simple Regression Entropy Estimator (SRE) henceforth.

To see how the proposed method works, in Fig. 1, for some simple probability distributions, we show the estimated
densities and the plot of Xε = ε2 and Yε = kε/(ncpεp) together with fitted lines (shown in solid lines) and the ground truth
density (shown in dashed lines) at inspection points.

3.2. Leave one out estimator with weighted least squares

The rationale behind the k-NN density estimator Eq. (4) is the assumption that the number of points that fall within the
ε-ball centered at the inspection point z follows the Bernoulli distributionwith parameter θε , which is empirically estimated
by θ̂ε = kε/n. The variance of the Bernoulli distribution is estimated by σ̂ 2

ε = θ̂ε(1 − θ̂ε) = kε/n(1 − kε/n), and we can
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Fig. 1. (a) and (c): probability densities of normal and bimodal distributions. Solid curves and dashed curves are the estimated density and the ground
truth densities with 300 samples, respectively. (b) and (d): for estimating f (z) at z = 0.5, points (Xε, Yε) are marked as ◦, fitted regression lines are shown
in solid lines, and ground truth density values f (z = 0.5) are shown in horizontal dashed lines, respectively.

utilize σ̂ 2
ε for weighting residuals to obtain the weighted least square formulation

Rw =
1
m


ε∈E

wε(Yε − f (z) − C(z)Xε)
2, wε = 1/σ̂ 2

ε . (13)

The fitted intercept obtained by minimizing Rw is denoted by f̂w(z). We can estimate entropy with the pdf estimated by
weighted least square fitting as

Ĥw(D) = −
1
n

n
i=1

ln f̂w,i(xi), (14)

where f̂w,i(xi) is the estimated density obtained by minimizing Eq. (13) without using a sample xi. We call this entropy
estimator Weighted Regression Entropy Estimator (WRE).

3.3. Direct entropy estimation

We next derive another entropy estimator based on direct estimation of entropy after plugging the relationship in
Eq. (10) into the re-substitution formula for the differential entropy in Eq. (2).

Consider the relationship in Eq. (10) at z = xi ∈ D for a fixed ε. Since

Yε =
kε

ncpεp
, and C(xi) =

Tr∇2f (xi)
4(p/2 + 1)
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depend on the inspection point xi, we denote Yε and C(z) at z = xi as Yε(xi) and C(xi), respectively. To obtain an entropy
estimator based on Eq. (2), we take the negative of logarithm of Yε(xi) = f (xi) + C(xi)Xε , and take the empirical average
over all xi ∈ D as

−
1
n

n
i=1

ln Yε(xi) = −
1
n

n
i=1

ln {f (xi) + C(xi)Xε}

= −
1
n

n
i=1


ln f (xi)


1 +

C(xi)
f (xi)

Xε


= −

1
n

n
i=1

ln f (xi) −
1
n

n
i=1

ln

1 +

C(xi)
f (xi)

Xε



≃ −
1
n

n
i=1

ln f (xi) −
1
n


n

i=1

C(xi)
f (xi)


Xε. (15)

The approximation in the last line is due to the first order Taylor expansion of the function ln(1 + ξ). The validity of the
use of the Taylor expansion is briefly discussed in Appendix B. The first term of Eq. (15) is nothing but the re-substitution
estimate of the entropy. Hence, rewriting Ȳε = −

1
n

n
i=1 ln Yε(xi), H(D) = −

1
n

n
i=1 f (xi), and C̄ = −

1
n

n
i=1 C(xi)/f (xi),

we obtain another linear relationship

Ȳε = H(D) + C̄Xε (16)

for any ε > 0. Now, in the same manner as the previous section, we select a small number of radii E = {ε1, . . . , εm} and
fit a linear model to the set of points {(Xε, Ȳε)}ε∈E by minimizing sum of squared residuals. The intercept of the fitted linear
model is our estimate of the entropy, which is called Direct Regression Entropy Estimator (DRE) henceforth.

3.4. Weighted direct entropy estimation

It is also possible to take weights into account for least square fitting in DRE, which is referred to as Weighted DRE
(WDRE). There are some possible ways for defining weights for WDRE, and we show here one simple method.

We consider the random variable ηi
ε which follows the Bernoulli distribution with parameter θ i

ε estimated as θ̂ i
ε =

kε(xi)/n, where kε(xi) is the number of samples that fall within the ε-ball centered at xi. For a fixed ε, Ȳε in DRE is summation
of Yε(xi), i = 1, . . . , n, hence, the first possibility for the weighting scheme is that we assume that the error is characterized
by σ̂ 2

ε =
1
n

n
i=1(kε(xi)/n)(1 − kε(xi)/n). We can set weight wε ∝ 1/σ̂ 2

ε for residuals to obtain the weighted least square
formulation. In our experiments, as is seen from the experimental results in the next section, the improvement of the
estimation accuracy obtained by weighting is marginal because DRE includes only one linear fitting.

Before investigating the performances of our proposed methods, we note that it is possible to consider higher order
expansions in Eq. (8). In our preliminary experiments, we considered 4-th and 6-th order Taylor expansions of f (z), and
hence fitted 2nd and 3rd order polynomials of Xε , respectively. Basically the estimation accuracies are almost identical with
those of simple regression, and these results are omitted in this paper.

4. Numerical experiments

We conducted experiments to compare the performance of the proposed entropy estimators to conventional estimators.

4.1. Univariate case

We used 15 different one-dimensional continuous distributions which are called (1) Normal, (2) Skewed, (3) Strongly
Skewed, (4) Kurtotic, (5) Bimodal, (6) Skewed Bimodal, (7) Trimodal, (8) Claw, (9) 4th Power Exponential, (10) Logistic,
(11) Laplace, (12) t with df = 5, (13) Mixed t, (14) Exponential, and (15) Cauchy shown in Fig. 2. Explicit pdfs for these
distributions are shown in Appendix C.

We compare the proposed four entropy estimators ‘‘SRE’’, ‘‘WRE’’, ‘‘DRE’’, and ‘‘WDRE’’ with the formerweighting scheme
to three other entropy estimators. The first two entropy estimators are obtained by plugging in the pdf estimated by kernel
density estimators and re-substitution shown in Eq. (2). Density functions are estimated by kernel density estimators with
Gaussian kernel functions. For selecting the bandwidth for the kernel, we adopted the plug-in bandwidth selector proposed
by Sheather and Jones (1991), and unbiased least square cross-validation proposed by Rudemo (1982) and Bowman (1984),
both are popular bandwidth selectors. The entropy estimator using pdf estimated by using kernel density estimators with
bandwidth selected by the plug-in method and cross-validation are indicated by ‘‘KDE.p’’ and ‘‘KDE.cv’’, respectively. The
last estimator is the k-NN entropy estimator indicated by ‘‘kNN’’ with k = 3, where the value k = 3 is chosen according to
the suggestion in Khan et al. (2007).
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Fig. 2. Plots of 15 probability density functions for generating samples.

For evaluating the estimation performance, we calculate absolute error defined by

AE = |H(f ) − Ĥ(D)| (17)

between the ground truth entropy H(f ) of the random variable with pdf f (x) and the entropy Ĥ(D) estimated by using
the observation D = {xi}ni=1 generated from f (x). For some pdfs without explicit formula for the differential entropy, we
computed the ground truth entropy values by numerical integration. We repeated random sampling from the underlying
distribution 100 times and calculated absolute errors for each sample set. The number of observation n is set to n = 300.
For the sake of legibility, we plot the experimental results for 15 distributions separately in Figs. 3 and 4.

From Figs. 3 and 4, and Table 1, we see that there is no single best method that consistently outperforms the others.
However, we can see that plug-in entropy estimators do not perform well for many distributions.

Since the proposed methods take into account the second order derivative of the pdf, it is expected to show better
performance than the conventional k-NN method when the curvature of the density function is not negligible. To see the
effect of the curvature on the improvement of the estimation accuracy from that of the k-NN method, we perform a simple
experiment using the Cauchy distribution,

f (x; γ ) =
1

πγ (1 + (x/γ )2)
,



78 H. Hino et al. / Computational Statistics and Data Analysis 89 (2015) 72–84

KDE.cv KDE.p kNN SRE WRE DRE WDRE

0.
00

0.
05

0.
10

0.
15

Normal
M

ea
n 

A
bs

ol
ut

e 
E

rr
or

KDE.cv KDE.p kNN SRE WRE DRE WDRE

0.
00

0.
05

0.
10

0.
15

Skewed

KDE.cv KDE.p kNN SRE WRE DRE WDRE

0.
0

0.
5

1.
0

1.
5

2.
0

Strongly Skewed

KDE.cv KDE.p kNN SRE WRE DRE WDRE

0.
0

0.
5

1.
0

1.
5

2.
0

Kurtotic

KDE.cv KDE.p kNN SRE WRE DRE WDRE

0.
00

0.
02

0.
04

0.
06

0.
08

0.
10

0.
12

0.
14

Bimodal

KDE.cv KDE.p kNN SRE WRE DRE WDRE

0.
00

0.
05

0.
10

0.
15

0.
20

Skewed Bimodal

KDE.cv KDE.p kNN SRE WRE DRE WDRE

0.
00

0.
02

0.
04

0.
06

0.
08

0.
10

0.
12

0.
14

Trimodal

M
ea

n 
A

bs
ol

ut
e 

E
rr

or
KDE.cv KDE.p kNN SRE WRE DRE WDRE

0.
0

0.
5

1.
0

1.
5

Claw
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Fig. 4. Boxplots of absolute errors obtained by six different entropy estimators. The ground truth probability distributions are (9) Power Exponential,
(10) Logistic, (11) Laplace, (12) t with df = 5, (13) Mixed t, (14) Exponential, and (15) Cauchy. Sample size n is set to 300. The bottom right panel shows
improvement of estimation accuracies obtained by SRE over those obtained by the k-NN method, when the maximum curvature of Cauchy distribution is
increased.

where γ > 0 is the scale parameter. The second derivative of this density function is

∇
2f (x; γ ) =

2
πγ 3

3(x/γ )2 − 1
(1 + (x/γ )2)3

.

We varied γ from 0.01 to 0.9 and performed entropy estimation 100 times with independent datasets composed of n = 300
samples using both k-NN method and SRE. In the bottom right most panel of Fig. 4, we plot the averages and one standard
deviations of |Ĥk(D)−H(f )|−|Ĥs(D)−H(f )| evaluated by using 100 independent datasets, namely, absolute error obtained
by the k-NN method minus that obtained by SRE. This quantity indicates how the estimation error is reduced by using
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Table 1
Averages of absolute errors of entropy estimations for different seven methods. Sample size n is set to 300. The best results are shown in boldface.

KDE.cv KDE.p kNN SRE WRE DRE WDRE

Type 1 0.033(0.0252) 0.033(0.0253) 0.042(0.0322) 0.068(0.0376) 0.038(0.0251) 0.040(0.0279) 0.040(0.0280)
Type 2 0.044(0.0347) 0.039(0.0307) 0.051(0.0392) 0.068(0.0416) 0.042(0.0307) 0.044(0.0310) 0.044(0.0307)
Type 3 0.262(0.3304) 0.107(0.0936) 0.043(0.0368) 0.086(0.0374) 0.085(0.0406) 0.180(0.0259) 0.185(0.0247)
Type 4 0.252(0.3027) 0.169(0.1960) 0.049(0.0393) 0.152(0.0538) 0.075(0.0448) 0.119(0.0468) 0.122(0.0458)
Type 5 0.026(0.0206) 0.024(0.0192) 0.039(0.0335) 0.025(0.0152) 0.033(0.0268) 0.026(0.0158) 0.026(0.0159)
Type 6 0.039(0.0340) 0.032(0.0246) 0.042(0.0342) 0.031(0.0235) 0.035(0.0275) 0.028(0.0207) 0.028(0.0205)
Type 7 0.024(0.0216) 0.023(0.0207) 0.039(0.0310) 0.021(0.0165) 0.038(0.0274) 0.024(0.0149) 0.025(0.0152)
Type 8 0.247(0.2936) 0.088(0.0430) 0.051(0.0382) 0.031(0.0220) 0.039(0.0280) 0.059(0.0354) 0.059(0.0356)
Type 9 0.027(0.0209) 0.025(0.0180) 0.039(0.0312) 0.027(0.0198) 0.031(0.0219) 0.024(0.0177) 0.023(0.0175)
Type 10 0.064(0.0861) 0.053(0.0467) 0.052(0.0413) 0.092(0.0524) 0.048(0.0386) 0.047(0.0375) 0.048(0.0380)
Type 11 0.202(0.3054) 0.143(0.1937) 0.060(0.0430) 0.133(0.0583) 0.069(0.0470) 0.052(0.0405) 0.052(0.0406)
Type 12 0.143(0.2549) 0.096(0.1247) 0.056(0.0396) 0.107(0.0533) 0.061(0.0379) 0.054(0.0369) 0.054(0.0370)
Type 13 0.290(0.3998) 0.289(0.3396) 0.054(0.0419) 0.088(0.0492) 0.047(0.0349) 0.043(0.0326) 0.043(0.0325)
Type 14 0.574(0.6199) 0.300(0.3641) 0.064(0.0430) 0.077(0.0524) 0.086(0.0559) 0.137(0.0537) 0.144(0.0526)
Type 15 2.595(1.4603) 6.643(4.8738) 0.475(0.1158) 0.123(0.0798) 0.246(0.0993) 0.315(0.0883) 0.307(0.0870)

100 200 300 400 500 600 700

0.
03

0.
05

0.
07

Normal

number of samples

M
ea

n 
A

bs
ol

ut
e 

E
rr

or

SRE
WRE
DRE
WDRE
kNN
KDE.cv
KDE.p

100 200 300 400 500 600 700

0.
04

0.
06

0.
08

0.
10

0.
12

Skewed

SRE
WRE
DRE
WDRE
kNN
KDE.cv
KDE.p

100 200 300 400 500 600 700

0.
1

0.
2

0.
3

0.
4

0.
5

Strongly Skewed

SRE
WRE
DRE
WDRE
kNN
KDE.cv
KDE.p

100 200 300 400 500 600 700

0.
1

0.
2

0.
3

0.
4

0.
5

Kurtotic

SRE
WRE
DRE
WDRE
kNN
KDE.cv
KDE.p

100 200 300 400 500 600 700

0.
02

0.
03

0.
04

0.
05

0.
06

0.
07

Bimodal

SRE
WRE
DRE
WDRE
kNN
KDE.cv
KDE.p

100 200 300 400 500 600 700

0.
02

0.
03

0.
04

0.
05

0.
06

Skewed Bimodal

SRE
WRE
DRE
WDRE
kNN
KDE.cv
KDE.p

100 200 300 400 500 600 700

0.
02

0.
04

0.
06

Trimodal

number of samples

M
ea

n 
A

bs
ol

ut
e 

E
rr

or

SRE
WRE
DRE
WDRE
kNN
KDE.cv
KDE.p

100 200 300 400 500 600 700

0.
05

0.
15

0.
25

0.
35

Claw

SRE
WRE
DRE
WDRE
kNN
KDE.cv
KDE.p

Fig. 5. Averages of absolute errors of entropy estimation when the sample sizes are varied from 100 to 700. The ground truth probability distributions are
(1) Normal, (2) Skewed, (3) Strongly Skewed, (4) Kurtotic, (5) Bimodal, (6) Skewed Bimodal, (7) Trimodal, and (8) Claw.

SRE instead of the k-NN method. The horizontal axis of the figure is the logarithm of the maximum absolute curvature
maxx∈R log |∇

2f (x; γ )|. From this result, it is clearly seen that the magnitude of improvement obtained by SRE increases as
curvature increases.

From Table 1, it is seen that entropy estimators based on kernel density estimators outperform others only for some
simple cases such as Normal distribution. From these experimental results, we can conclude that the proposed estimators
based on simple linear regression are strong candidates for estimating the entropy from observed dataset.

We next varied the number of observations n from 100 to 700 by 200, and plotted the average of absolute errors obtained
by 7 different entropy estimators in Figs. 5 and 6. These figures again support the fact that the proposed methods are
comparable or superior to conventional entropy estimators.

Finally, we evaluated the computational times for conventional methods and those for our proposed methods with
the increase of sample sizes. We varied the number of samples n from 100 to 900 by 200, and plotted the averages of
computational time in second at the bottom right most panel of Fig. 6. The proposed methods SRE and DRE require distance
computation at least m × n times, where m is the number of different radii, and n is the number of samples. Then, n linear
fittings for SRE and one linear fitting for DRE are performed. Although DRE performs linear fitting only once, computation
for Ȳε requires distance calculation against n − 1 points for each xi, hence the total computational cost is of order O(n2). In
our setting, since we fixedm, the computational cost of these methods is of order O(n2), which is seen from the figure. Since
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Fig. 6. Averages of absolute errors of entropy estimation when the sample sizes are varied from 100 to 700. The ground truth probability distributions are
(9) 4th Power Exponential, (10) Logistic, (11) Laplace, (12) t with df = 5, (13) Mixed t, (14) Exponential, and (15) Cauchy. The bottom right panel shows
computational costs for different estimators.

DRE includes linear fitting only once, it is computationally efficient compared to SRE. The gap between the computational
cost of k-NN and SRE is attributed to the cost for linear fittings. The KDE basedmethods are relatively slow, possibly because
of their computational costs for optimizing their bandwidth parameters.

4.2. Multivariate case

To see the effect of dimensionality to the accuracies of entropy estimators, we perform entropy estimation experiments
with different dimensionality. Since it is difficult to calculate the entropy of multivariate distributions in general, we restrict
ourselves to examine the performance for p-dimensional Gaussian distributions with zero mean vector with the following
three different covariance structures.

Isometric: Covariance matrix for Gaussian distribution is Σp = Ip, where Ip is the p-dimensional unit matrix.
Band: Covariance matrix for Gaussian distribution is a tridiagonal band matrix with main diagonal elements 1, and the

first diagonal below and above the main diagonal 0.3.
Full correlation: Covariance matrix for Gaussian distribution is defined as

[Σp]ij = 0.9|i−j|+1, 0 ≤ i, j ≤ p. (18)

We performed experiments using different sample sizes n = 100, 300, 500 and 700. Since the tendencies of the relation-
ship between accuracy and dimensionality are similar in all different sample sizes, we only show the result with n = 300.
For kernel density estimation, we optimized full bandwidth matrices with off-diagonal elements by using both cross vali-
dation (Rudemo, 1982; Bowman, 1984) and plug-in approaches (Wand and Jones, 1994a). In all cases, the performances of
cross validation-based method ‘‘KDE.cv’’ were far inferior to plug-in-based method ‘‘KDE.p’’. For the sake of legibility, we
do not include the result with ‘‘KDE.cv’’ in the plot. The experimental result is shown in Fig. 7. From Fig. 7(a)–(c), we see
that KDE based entropy estimator does not perform well in high dimensional cases. In our experiments with kernel density
estimator, we optimized bandwidth matrices with off-diagonal entries. This explains why the results of ‘‘KDE.p’’ for Band
and Full correlation datasets were relatively better. However, KDE-based estimator is inferior to other methods in all cases,
and our proposed ‘‘DRE’’ and ‘‘WDRE’’ outperform others in two out of three cases. The source of the error in SRE is mainly
in the error due to linear fitting in Eq. (10), which accumulates n times in summation of Eq. (12). On the other hand, the
sources of the error in DRE are both fitting error and approximation error in Eq. (15). The approximation error in Eq. (15)
accumulates n times in summation with respect to xi, however, the fitting error in DRE occurs only once because the en-
tropy is directly estimated by simple regression. The density estimation for Band and Full Correlation cases are difficult
compared to the Isometric case, and the accumulated errors for pdf estimation severely affect to SRE. On the other hand,
the effect of fitting error occurs only once in DRE, and it would contribute to better performance of DRE in the latter two
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Fig. 7. (a)–(c): Averages of absolute errors of entropy estimation when p is varied from 2 to 5. The number of samples is fixed to n = 300, and Gaussian
distributions with three different covariance matrices are investigated. (d): Mean absolute errors and correlation factors (CFs) for Full Correlation data.

cases. Finally, we investigated the relationship between entropy estimation errors and correlations in the Full Correlation
case. We varied the Correlation Factor (CF) α in the covariance matrix

[Σp]ij = α|i−j|+1, 0 ≤ i, j ≤ p

from 0.1 to 0.9 by 0.1, and performed the same entropy estimation experiment described above. Fig. 7(d) depicts the exper-
imental results when p = 5. As expected, the estimation accuracy degenerates with the increase of CF. From Fig. 7(b)–(d), it
is seen that ‘‘DRE’’ outperforms other methods, hence we can conclude that for correlated multivariate data, the estimator
‘‘DRE’’ is a better alternative to conventional methods.

5. Concluding remarks

In this study, we proposed simple non-parametric estimators of the differential entropy. The estimators are based on the
second order expansion of the probability mass function, and simple linear regression. We evaluated their performances
with various probability distributions and compared them to those of conventional entropy estimators. The proposed
methods are shown to be comparable or superior to other conventional entropy estimators.



82 H. Hino et al. / Computational Statistics and Data Analysis 89 (2015) 72–84

The aim of this paper is in proposing a novel non-parametric approach for entropy estimation, and showing that the
proposed entropy estimatorsworkwell for various distributions. Asymptotic theory for our estimators should be established
in our future work, but we briefly mention the asymptotics of entropy estimators. The density estimate based on Eq. (4) is
consistent when kε → ∞ and n/kε → ∞, which suggests ε → 0 as n → ∞ at a certain rate, and under weak regularity
conditions on the pdf, the entropy estimator Eq. (7) is also asymptotically unbiased and consistent (Goria et al., 2005). In our
method, in the limiting case of n → ∞ hence ε → 0, the second and third terms in Eq. (9) vanish and the same argument can
be applied on asymptotic unbiasedness and consistency for density estimation. However, our estimator is based on simple
regression and the term O(ε4), which is neglected to obtain Eq. (10), is dependent on the size of neighborhood ε, and hence
dependent on the dataset {(Xε, Yε)}ε∈E for regression. Because of this dependency of the bias termand the fact thatwe cannot
expect zero mean for this bias term, it is difficult to establish theoretical guarantees of the estimated pdfs and entropies.

The differential entropy considered in this paper is the Shannon entropy. There are other classes such as Rényi (Renyi,
1960) and Tsallis entropies (Tsallis, 1988). The k-NN entropy estimator is also applicable to estimate the Rényi entropy
(Leonenko et al., 2008). Our proposed SRE and WRE can be applied to estimation of the Rényi and Tsallis entropies because
these entropies are based on the power of pdfs, and SRE andWRE is based on the estimates of pdfs. On the other hand, since
the Rényi and Tsallis entropies are defined with integral of f q(x), where f (x) is the pdf and q > 0 is some parameter (q ≠ 1
for Rényi entropy), it is not straightforward to derive a DRE-type estimator for general q. It is possible to derive a DRE-type
estimator for a specific value of q. The Rényi and Tsallis entropies are important classes of information theoretic quantities,
and estimators for these quantities based on our proposed approach remain to be investigated.
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Appendix A. Detailed calculation of second order expansion of probability mass

We prove Proposition 1 in Section 3. The probability mass contained within the ε-ball centered at inspection point z is
defined as

qz(ε) =


x∈b(z;ε)

f (x)dx. (19)

Using second-order Taylor series expansion of qz(ε), we obtain

qz(ε) ≃


x∈b(z;ε)


f (z) + (x − z)⊤∇f (z) +

1
2
(x − z)⊤∇

2f (z)(x − z)

dx

=


x∈b(z;ε)

f (z)dx + ∇f (z)⊤

x∈b(z;ε)

(x − z)dx +
1
2


x∈b(z;ε)

(x − z)⊤∇
2f (z)(x − z)dx

= cpεpf (z) +
1
2
Tr

∇

2f (z)

x∈b(z;ε)

(x − z)(x − z)⊤dx


, (20)

where cp = πp/2/0(p/2+1). The integrand of the quadratic term iswritten as

x∈b(z;ε)(x−z)(x−z)dx =


x∈b(0;ε) xx

⊤dx, and
by symmetry, the off-diagonal elements become zero when integrated in the ball, and only diagonal elements


x∈b(0;ε) x

2
i dx

remain. It is easy to see that the remaining integral is
x∈b(0;ε)

x2i dx =
πp/2

20(p/2 + 2)
εp+2.

Substituting the above results back to Eq. (20), we obtain

qz(ε) ≃ cpεpf (z) +
1
2
Tr

∇

2f (z)
πp/2

20(p/2 + 2)
Ip


εp+2

= cpεpf (z) +
πp/2

40(p/2 + 2)
εp+2Tr∇2f (z)

= cpf (z)εp
+

1
4(p/2 + 1)

cpεp+2Tr∇2f (z),

which proves the proposition.
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Appendix B. Validity of the Taylor expansion for DRE

We consider the appropriate range of ε for DRE andWDRE based on the validity of the Taylor expansion of ln(1+ξ)with
ξ =

C(xi)
f (xi)

Xε in Eq. (15). Since Xε = ε2 and C(xi) =
Tr∇2f (xi)

4(p/2+1)f (xi)
, ε is written in terms of ξ as

ε =


4(p/2 + 1)f (xi)

Tr∇2f (xi)
ξ . (21)

This implies that values of εm ∈ E should be small enough, and they should decrease at the rate of O(ξ 1/2) with respect to
the required precision of the approximation for the Taylor expansion.

The appropriate value for εm is a function of values of the ground truth density f (xi), Tr∇2f (xi), the dimensionality p of
the samples, and the value of ξ which is determined based on the required accuracy of the Taylor expansion. Sincewe do not
know the ground truth probability density function f (x), Eq. (21) cannot be used for determining the range of εm. However,
it is possible to estimate f (xi) and Tr∇2f (xi) by using SRE with a set of randomly sampled εm, and the estimated f (xi) and
Tr∇2f (xi) can be plugged into Eq. (21) to obtain an estimate of appropriate value of εm with additional computational cost.

Finally, we note that Eq. (21) is derived solely based on the precision of the approximation of the Taylor expansion, and
it does not depend on n. In general, the radius of the ball for probability mass function should decrease with the increase of
the number of samples n.

Appendix C. Probability density functions for numerical experiment

We enumerate the probability density functions of 15 distributions used in Section 4.1. For the sake of notational
simplicity, we use a conventional notation N (x; µ, σ) =

1
√

2πσ 2 exp(− 1
2σ 2 (x − µ)2).

(1) Normal: f (x) = N (x; 0, 1).
(2) Skew: f (x) =

1
5N (x; 0, 1) +

1
5N (x; 0.5, 2/3) +

3
5N (x; 13/12, 5/9).

(3) Strongly Skewed: f (x) =
1
8

8
i=1 N (x; 3(2/3)l−1

− 3, (2/3)l−1).
(4) Kurtotic: f (x) =

2
3N (x; 0, 1) +

1
3N (x; 0, 1/10).

(5) Bimodal: f (x) =
1
2N (x; −1, 2/3) +

1
2N (x; 1, 2/3).

(6) Skewed Bimodal: f (x) =
3
4N (x; 0, 1) +

1
4N (x; 3/2, 1/3).

(7) Trimodal: f (x) =
9
20N (x; −6/5, 3/5) +

9
20N (x; 6/5, 3/5) +

1
10N (x; 0, 1/4).

(8) Claw: f (x) =
1
10

5
l=1 N (x; l/2 − 3/2, 1/10) +

1
2N (x; 0, 1).

(9) 4th Power Exponential: f (x) =
1

2p1/p0(1+1/p)
exp(−|x|p/p), p = 4.

(10) Logistic: f (x) =
exp(−x)

(1+exp(−x))2
.

(11) Laplace: f (x) = exp(−|x|)/2.
(12) t with df = 5: ft(x; d) =

0((d+1)/2)
√
dπ0(d/2)

(1 + x2/d)−(d+1)/2, d = 5.

(13) Mixed t: f (x) =
1
2 ft(x + 4/5; 3) +

1
2 ft(x − 4/5; 3).

(14) Exponential: f (x) = exp(−x), x ≥ 0.
(15) Cauchy: f (x) = 1/(π(1 + x2)).
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