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1. Introduction

Switched systems have emerged as an important class of hybrid
systems representing a very active research area in the field
of systems and control (Chesi, Colaneri, Geromel, Middleton, &
Shorten, 2012; Dehghan & Ong, 2012; Duan & Wu, 2014; Geromel
& Colaneri, 2006; Hu, Shen, & Zhang, 2011; Lee & Dullerud, 2007,
Lin & Antsaklis, 2007, 2009; Lu, Wu, & Kim, 2006; Margaliot,
2006; Shorten, Wirth, Mason, Wulff, & King, 2007; Zhang, Hu, &
Abate, 2012). Switched system can be efficiently used to model
many practical systems that are inherently multi-model in the
sense that several dynamical subsystem models are required to
describe their behaviors, e.g. see Morse (1996). A basic issue
in control of switched systems is the mode identification to
implement mode-dependent controllers. The mode identification
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is necessary in practice, and the process with multiple operating
modes has to be controlled by a set of multiple controllers along
with a mode estimator. Therefore, to determine the admissible
mode-identifying time for concrete switched systems will be of
great significance as a priori information to evaluate different
identification methods. However, note that the problem still
remains largely open in the area.

In most of real applications, the value of switching signal o, (t)
is unavailable once the switching of process occurs. One would
naturally try to first identify the switching signal at the beginning
of each time interval using a short time period [t, t,+7) (generally
T K tgp1 — ty), e.g. some design results for mode estimator in
Baglietto, Battistelli, and Tesi (2013), Battistelli (2013), and then
control the identified system in the rest of the time interval. As
what has been suggested in numerous articles (Mahmoud & Shi,
2012; Vu & Morgansen, 2010; Xiang, Xiao, & Igbal, 2011; Zhang &
Gao, 2010; Zhang & Shi, 2009), the very first and important concern
is that the inappropriately large (inadmissible) mode-identifying
time t would turn the stable closed loop to be unstable since the
correct controller cannot be activated in time. Thus, the problem
arises here:

e Problem A. Given a set of feedback controllers, how to esti-
mate the admissible mode-identifying time 7 by which the sta-
bility of closed loop holds?
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Then, from the control point of view, designing a set of controllers
stabilizing the closed loop in the presence of a mode-identifying
time (producing switching delay) 7 is of interest. Furthermore, the
controller is expected to tolerate the switching delay as large as
possible. Therefore, as an opposite to Problem A, the switching-
delay tolerant control problem considered in this paper is:

e Problem B. How to design a set of stabilizing feedback
controllers, which is capable of being tolerant to the switching
delay 7 as large as possible?

Due to the inevitable and necessary existence of mode-identifying
process in actual applications, both of above problems are not only
theoretically interesting and challenging, but also very important
in practical applications, which motivates the present study in this
paper.

Inspired by the discretized Lyapunov function approach widely
used in time-delay systems (Gu, Kharitonov, & Chen, 2003), and
also inspired by the recent articles for switched system with dwell
time constraint (Allerhand & Shaked, 2011, 2013), the elementary
time unit (ETU) approach is proposed to solve the problems
presented in this paper. Briefly speaking, the ETU is the activation
interval being classified by mode-identifying interval and normal-
working interval, and both of which consist of a finite number of
segments with different resolutions. It is worth mentioning that
some previous results such as Mahmoud and Shi (2012), Zhang
and Gao (2010), Zhang and Shi (2009) and Xiang et al. (2011),
concerned with asynchronously switched system are covered by
our ETU approach. The remainder of this paper is organized as
follows. In Section 2, the considered systems and problems are
formulated. In Section 3, the ETU technique is introduced and the
mode-identifying time estimation is studied. The switching-delay
tolerant control is studied in Section 4. Conclusions are given in
Section 5.

Notations: Let R denote the field of real numbers, R>( stand for
non-negative real numbers, and R" be the n-dimensional real
vector space. ||-|| stands for Euclidean norm. The notation P >
0 (P >) means matrix P is real symmetric and positive definite
(semi-positive definite). PT denotes the transposition of matrix P
and He{P} = PT + P. Function int[x] rounds the x to the nearest
integer towards zero. &;(-) [0, 0) — {0, 1} are indication
functions for switching signal o (t), it is defined as &(t) = 1 if
o (t) = i, otherwise &;(t) = 0.

2. System description and problem formulation

In this paper, the switched system is in the form of

X(t) = A, 0X(t) + Bg,ryu(t) (M)
where x(t) € R" is the state vector and u(t) € R™ is the control
input. Define index set { := {1, 2, ..., N} where N is the number

of subsystems. o,,(t) : [0, 00) — J{ denotes the switching signal,
which is assumed to be a piecewise constant function continuous
from right. A; € R™" and B; € R™™ are known matrices
of appropriate dimension. The discontinuities of o;,(t) are called
switches and the switching sequence is expressed by

8 = {(o, to), ..., (i, &), ... lik € L, k=10,1,...}

where ty denotes the initial time, t; is the kth switching instant and
dy = tgr1 — t, k =0, 1, .. .. Itis assumed that there exists a lower
bound of di, i.e., dy > dmin > 0,Vk =0, 1, ..., where dy,;, is called
minimal dwell time.

The mode-dependent controller is considered as

u(t) = Ky, 0yx(t) (2)

where K; € R™ " for o.(t) = i € J are constant matrix
gains already designed. o.(t) : [0,00) — [ is the switching

signal of controller. In the presence of mode-identifying process,
the identification time is denoted as t which directly leads to
oc(t) = op(t — 7). Trivially, it is assumed 0 < 7 < duy;n. Hence,
the switching sequence generated by o, (t) can be expressed by

8 = {(io, t0)y .oy (ks t)y .- lik € 4, k=0,1,.. }

in which fy = ty + T < tiyq, Yk = 0, 1,.... Combining the
sequences 4, and 4. and inspired by the idea in Vale and Miller
(2011), each interval [, ty+1) can be essentially classified into the
mode-identifying period M; = [t, ty + T) with op(t) # oc(b),
and the normal-working period M; = [ty + 7, tiy1) With o, (t) =
oc(t). _

LetA;j := Ai+BiK;and 42 := & x 4, #3, be the set of all indices
in 42 such thati # j, Vi,j € 4, and I?MZ = 42\ J@] includes all
indices such thati = j, Vi,j € {. Substituting controller (2) into
system (1) and considering the mode estimator, the dynamics of
closed loop in interval [ty, tiy1) With o, (t) = i, t € [t, tk1) and
o.(t) =j, t € [ty, ty + T) can be derived as follows:
() = {{‘i,jx(t) telty,ty+1), (1,)) € l,le (3)

Apix(t) £ € [he+ T, bgr), (D) € 23,

where 0 < 7 < dp;, is the mode-identifying time.

Definition 1. System (3) is said to be exponentially stable with a
decay rate 8 > 0if ||x(t)]| < Ce= P~ ||x(ty)|| holds for any x(ty),
any t > tg and a constant C > 0.

Then, given a mode-identifying time t, the first problem is restated
as follows.

Problem 1. Find sufficient conditions on the controller (2) for
system (1) and on the mode-identifying time 7 such that the closed
loop (3) is exponentially stable.

When 7 is uncertain, one could expect that an upper bound on
it denoted by 7*, below which the stability of the closed loop is
guaranteed.

Problem 2. Given the controller (2) for system (1), estimate the
upper bound of admissible mode-identifying time t* such that the
exponential stability of closed loop (3) can hold for any t < t*.

As to switching-delay tolerant control problem, the following
time-varying controller covering (2) is considered

u(t) = Koo (H)x(t) (4)

where X;(t),i € J are time-varying gain matrices to be

determined. The closed loop system can be expressed by
n . s 2

x(t) = in,j(t)x(t) t e[t tx+1), (l,]? 6 1M12 (5)
Aii(Ox(6) t € [te+ T, tkr), (1) € 2,

where J{)i.j(f) =A; + B,’Kj(f), J’I),',,'(I') = A; + B X;(t).

Problem 3. Consider switched system (1) with a switching delay
7, design a state feedback control scheme (4) guaranteeing the
exponential stability of closed loop (5).

At last when 7 is uncertain, Problem 3 can be developed
accordingly as follows.

Problem 4. Consider switched system (1) with switching delay,
design a state feedback control scheme (4) with maximal ability
of tolerating switching delay t* guaranteeing the exponential
stability of closed loop (5).

The above four linked problems are the main concerns to be
addressed in the rest of this paper.
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Fig. 1. ETUs for the time interval [ty, tiy1).

3. Mode-identifying time estimation

3.1. Elementary time unit approach

Due to the existence of mode-identifying process, each time
interval [t, t,+1) can be classified into two categories as mode-
identifying interval M; = [t, ty + 7) and normal-working mode
interval My = [ty + T, tig1). For each interval M,,p = 1,2,
we define the elementary time unit (ETU) which is the basic
segment constituting the time intervals. Suppose that the interval
[tx, tx + T) is constituted by L; elementary segments, the series
of elementary segments are called the ETUs for .M{, which are
denoted as Ny k. i= [ty + 010, tk +601041),n=0,1,...,L; — 1
of equal length hy. The value of h; is called the resolution of ETU
for M4, and 6, , = nhy. The ETUs for .M, can be defined likewise.
However, since the length of interval [t + 7, t;41) is uncertain,
the interval [t + 7, tyy1) is supposed to be classified into the
certain interval M§ = [ty + 7, ty + dmin) and uncertain interval
M5 = [tk + dmin, tkt1). Obviously, only the certain time interval
M5 can be possibly divided into L, segments with equal length.
The ETUs for M5 are denoted as Ny xn = [ty + T + 20, tk +
T+ 6yp41),n = 0,1,...,L, — 1 with resolution h,, and then
0, n = nhy. Afterwards the rest uncertain interval .M} is denoted
as N r,. Finally, the ETUs in [ty, tiy1) = My U My explicitly
have properties that | ' My, = My, U2y Magn = My and
Nokn NV Npkom = ¥, n # m,Vp = 1, 2. The ETUs in the interval
[tk, ter1) are illustrated by Fig. 1.

Based on ETU, a set of time-scheduled Lyapunov functions
Vi(t, x) = x" (£)Pi(H)x(t), i € 4 is constructed as

XT(t)?l,i,n(al,n)x(t) t € NMyin

'V,'(f,X) = XT(t)j)Z,i,n(aZ,n)x(t) te =N2,I<,n (6)
X" (0)Py1.1,x(t) t € Mk,

where Py in(@1n) = (1 — a1,0)Prin + a1,0Pine With g, =

(t =ty = O1,0)/h1, Prinlozn) = (1 —02.0)Pain + 20P2 i1 With
oy n = (l’ —tk—T— Qz,n)/hz,ande,,‘,n =0,n=0,1,..., Lp,p =
1,2,ie d.

3.2. Admissible mode-identifying time estimation

At first, two useful lemmas are given as below.

Lemma 1. Given a scalar n; > 0 and consider system (3), if there

exists a set of matrices P1;, > 0,n =0, 1,...,L,i € 4 such that
210, <022, <0,Yn=0,1,....L; — 1,¥i,j € 4, where

-Q](l,),, = He(Py i nAij} + Y1in — mPrin (7)
91(2,),1 = He{Py i ni1Aij} + Wiin — MiPrint (8)
Yiin = (Print1 — Prin)/h1, (9)

then during interval My := [ty, ty + T), it follows that
Vi(t,x) < e WVt x), Yt e M;. (10)

Proof. See Appendix. 0O

Lemma 2. Given a scalar n, > 0 and consider system (3), if there
exists a set of matrices Py, > 0,n = 0,1,...,Ly,i € { such that
) <0,2% <0Vn=0,1,...,1) —1,Vie d, 2, <0,
where b

Qél,)n = He{PyinAii} + Wain + n2P2in (11)
92(21),1 = He{Pyin+1Aii} + Wain + 12P2int (12)
2511, = He{P i 1,Ai i} + m2Pai, (13)
Yain = (Print1 — Poin)/h2, (14)

then during interval M, := [ty + T, ty11), it follows that

Vit, x) < e RO Y (k4 TLx),  VEE M. (15)

Proof. See Appendix. O

Based on the above lemmas, we are ready to present our first result
with respect to Problem 1. Since the mode-identifying time t is
given in advance, the resolutions of ETUs h; and h; for Problem 1
are naturally selected by hy = t/Ly and hy = (dmin — T)/L2, where
L1 and L, are the numbers of dividing points for intervals [t, t,+T)
and [ty + T, ty + dmin), respectively.

Theorem 1. Consider switched system (1) with controller (2) and
a mode estimator with mode-identifying time t, given the division
parameters L, p = 1, 2, if there exist scalars 1 > 0, 1, > 0,71 >
0,n, > 0, and a set of matrices Py, > 0,n = 0,1,...,L,,p =
1, 2,1 € {4 such that

i) ), <02, <0,¥n=0,1,....L; — 1;

(i) 237, < 0,27, <0, ¥n=0,1,....L — 1,251, < 0;
(iil) Pyjo = wiP1ir,, Prio = M2Pajr,, 1 #J;
(iv) Inpq +Inpy +mt — n2(dmin — 7) < 0;

where .Q](]i)n, .Q](z,-)n, ‘QZ(]i),n’ .Qz(zl)n £2,i 1, aredefinedin(7)-(9),(11)-

(14), then the closed loob system (3) is exponentially stable.

Proof. For the closed loop (3), the Lyapunov function is chosen to
be V(t) = Zf; & (t)Vi(t, x) where &;(t), i € { are the indication
functions and V;(t, x), i € { are defined in (6). We define notations
V(t7) = lim,, - V(t), V(tT) = lim,_,+ V(t), and Condition (iii)
means that

VE) < i VE), b=tk + T € [t tegr) (16)
V(S < ua V(). (17)

Then, from Conditions (i), (ii) and using (10), (15) by Lemmas 1 and
2, it follows that

V() < Ce PRV, €€ [t tig) (18)
where C = max{u,eM*+m7 eMm+m)7} [ikewise, the following
inequality holds

v(tlj-) < M]Mze(ﬂﬁnz)ffﬂz(fk*fkq)v(tlj-_l) (19)

Combining (18) and (19), we can obtain
V(t) < Ce*ﬂz(f*tk)ﬂlMze(m+'72)T*'72(fk*fk—1)v(t’+ 1)
—
< ... < Ce (1) (M]Mze(nﬁnz)f)k V(to). (20)

If p1 pupe™M*m)T < 1, it is straightforward from (20) that

V() < Ce P T0YV(G),  t e [t tir). (21)
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On the other hand, if wiu,e™™7 > 1, dueto k < (t —
to)/dmin, t € [tk, tkr1), it follows from (20) that

=ty
V(t) < Ce M2(t—to) (Mlﬂze(ﬂﬁﬂz)f)dmm V(to)
which can be rewritten as

V() < Ce"TOV(G), €€ [t tr) (22)

where p =1, — (Inq +In wy + (11 + 12)T) /dmin > 0 according
to Condition (iv). Thus the exponential stability can be established
by (21)and (22). O

Remark 1. Several previous results can be viewed as particular
cases of Theorem 1, such as

(1) Let P; = Ppin,Vn = 0,1,...,L,,Vp = 1,2,i € {,s0it
has w; = 1and u, > 1, which reduces Condition (iii) to
P; < 2P, i # j. Then, Condition (iv) implies the dwell time
dmin has to satisfy dnin > [(n1 + 1n2)T + In @2]/n;2 to ensure
the stability, which is exactly the result for asynchronously
switched systems in Zhang and Gao (2010), Zhang and Shi
(2009) by MLF approach.

(2) Moreover, if further ignore the impact of mode estimator, that
is to say, T = 0, the dwell time condition reduces to dyi, >
In 1¢/n7, which is the well-known result in Morse (1996).

(3) Then, reconsidering Theorem 1 with t = 0, this implies there
only exists M, so that Condition (i) can be eliminated. Then,
if we particularly let 47 = 1 and u, = 1, Condition (iv)
can be also eliminated since —n,dmin < 0 is always satisfied.
Furthermore, by particularly enforcing n, = 0 in Condition (ii),
it directly leads to the results in Allerhand and Shaked (2011,
2013), where the case without mode estimator is considered.

As we move forward to Problem 2 where the mode-identifying
time is unknown and has to be estimated, Condition (iii) in
Theorem 1 has to be modified as follows,

(iii') Pyjo < m1P1in, YN =0,1,..., L1, P10 < U2Prj1,, 1 #J.

Then, the following result can be obtained.

Proposition 1. If Theorem 1 with modified Condition (iii") holds
with ™ and d}, , then it still holds with any T € [0, v*] and diin €
[d*. , 00).

min’

Proof. The modified Condition (iii’) means that V(f,f ) < VY
(&), Vix € [t tx + ), taking place of (16) in the proof of
Theorem 1. Then, the rest of the proof can be conducted through
similar guidelines in Theorem 1, and it is omitted here. O

Based on Proposition 1, the maximal value of t* can be determined.
At first, we pre-specified 1, for some control objectives. Then, we
set w1 = u, = u for the sake of simplicity, and from Condition (iv)
in Theorem 1, it can be seen thatIn . < [72dmin — T (N1 +12)1/2 <
N2dmin/2, which implies p € (0, e”2%min/2)_So it is possible to check
all the values in (0, e"29min/2) with discretized step A . Then, with
each w in (0, e"%min/2) and an n* can be figured out to satisfy

Ny = [n2(dmin — 7) —21In )/t (23)

and n; can be selected as 0 < 17 < 7. Asaresult, the maximal t*
can be computed by

™ = max {t: (), (ii), (iii)’ in Theorem 1 hold}. (24)

0<7<dpip

In summary, the computation on the maximal admissible mode-
identifying time t* is given by Algorithm 1.

Algorithm 1 Computation on t* with dy,;, and 7,

1: Initialize u = 0, loop counter M = 0, and set a variation
Ap > 0;
2: while i < e™9min/2 do
3: SetM=M+1landu = u+ Au;
4:  Solve (24) to obtain t*;
5. if (24)is feasible and n > 0 by (23) then
6: Record D(M) = t*;
7. else
8: Record D(M) = 0;
9: endif
10: end while
11: ifdm =1, 2, ..., M such that D(m) # 0 then
122 % = maXp=12,.. m{D(m)} and exit;
13: else
14:  The stability cannot be established and exit;
15: end if
Table 1
Admissible mode-identifying time t* with L; and L;.
T* Lz:] L2:2 L2:3 L2:4 L2:5
L= 0.200 0217 0.228 0.230 0.243 Small
L= 0.209 0.224 0.236 0.242 0.252 I
Li=3 0214 0.230 0.240 0.249 0.256 I
L = 0218 0235 0.246 0.254 0.259 [l
=5 0.222 0.238 0.249 0.257 0.264 Large
Small large

3.3. Numerical example
Consider the switched system with two subsystems as
02 -05 0.2 0.3
Ar= [0.5 - 0.3] o = [—1 0.4}
Bl =[-0.4 18], By =[-0.1 05].

The switching signal o,,(t) is assumed to have a minimal dwell time
dmin = 5. At first, the feedback gains to ensure a decay rate n, = 2
are given as

K; =[5.8524 — 0.6080],

By the MLF approach (Zhang & Gao, 2010), it is estimated as t* =
0.143. From Theorem 1, the T* with different L, and L, are listed
in Table 1. It can be observed that less conservative results can be
obtained in contrast to MLF approach. Furthermore, the estimated
T* tends to be larger as L; and L, are increased, which implies
the denser divisions of intervals lead to a less conservative result.
Finally, a periodical switching signal o,(t) satisfying ty; — tx =
5, k=0,1,2,--- is given. Supposing the mode-identifying time
T = 0.29, the exponential stability should hold according to t* =
0.298 with L; = L, = 10. Given an initial state as x' (0) = [15 30],
the switching instants and state responses are shown in Fig. 2. It
can be seen that state trajectories converge to the origin in the
presence of a switching delay ¢ = 0.29, though some divergence
of the state can be observed during the mode identifying interval.

K; =[—56.5114 1.9070].

4. Switching-delay tolerant control synthesis

4.1. ETUs for control synthesis problem

The interval [f, fi;1) concerned with the switching signal of
controller o, (t) is considered, which can be classified as normal-
working interval M, = [fy, ty+1) and mode-identifying interval
My = [tgy1, fk+1). The intervals M, and M, are constituted by a
series of ETUs Ny i= [f,<—|—02,n, fk—|—92,n+1), n=0,1,...,Land
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40 = ==X

x(t)

Fig. 2. Switching instants of system and controller.

Nikn = [tkr1 +60105 b1 +601.041),n =0, 1, ..., L1 —1,in which
6, = nh, and 6; = nh; with resolutions h, and h,. Moreover, M,
consists of MS := [ix, ty + dmin) and MY = [tx + dmin, ti1)-

Then, a set of continuous matrix functions @;(t),i € J{ is
introduced. In the ETUs M, p,n =0, 1, ..., L, — Tin M5, Q;(t) is
defined by

Qi(t) = @z inloy) = (1 — @20)Q2in + 02,0Q2,int1 (25)

where oy , = (t — t — 62,n)/h2. Also, in M3 which is equivalent to
Mk 1y, Qi(t) is determined as

Q;(t) = Qi1
Then, as to Ny k. in M1, Q;(t) is defined by

Vt € NZ,k.Lza ied. (26)

Qi(t) = Qi) = (1 —o1,1)Quin + @1,0Q1,int1 (27)

where oy, = (t — b1 — 01,0) /I

Letting Qp;n > 0,Yn = 0,1,...,L,,Vp = 1,2,Vi € {
which implies @;(t) > 0,Vi € J{ and straightforwardly leads
to (Qi_l(t) > 0,Vi € J, the time-scheduled Lyapunov function
candidates V;(t, x) = xT(t)(fzi_l(t)x(t),i € J can be constructed
as

X (D@5 (@2)x(t)  t € Nogen
Vit x) = 1 X" (0Q 1, x(t) t € Mo, (28)
X1 (0@ ] (a1)x(t)  t € Mg

4.2. Feedback control with detectable switching instants

The following assumption on the detection of switching signal
is needed.

Assumption 1. The switchinginstantst,, Vk = 0, 1, ... generated
by o,(t) can be detected online.

At first, Problem 3 is taken into account, where the switching delay
T is available.

Theorem 2. Assuming Assumption 1 holds and there exist scalars
M1 > 0,y > 0,1 > 0,1, > 0, and a set of matrices Qp;n >
0,Xpin.n=0,1,...,L,,p=1,2,i € 4 such that

(i) 7y, <0, 72 <0,Vn=0,1,....L — I;
(i) 13, <0, 7,7, <0.¥n=0,1,....L, — 1, V1, < 0;

(iii) Qi, = #1Qu,i0, Qujr; = U2Qai0, 1 F#J:
(iv) Inpq +In g + 1t — 92(dmin — 7) < 0;

where

Tf,]i,)n = He{A;jQqin + BiX1,in} — Y1in — M Quin

Tl(,zi,)n = He{A;Quint1 + BiX1int1} — Yrin — mQuins1
Tz(l,)n = He{AiQain + BiXzin} — W2,in + m2Qaiin

1,3 = He{AiQoin1 + BiXoini1} — Wain + 12Qains1
Y21, = He{AiQu i1, + BiXai1,} + m2Qui 1,

Yiin = Li(Quine1 — Quin)/T

Yyin = L2(Qz.i,n+1 - Qz,i,n)/(dmin - 1)

then the closed loop system (5) is exponentially stable, and controller
gains are given by Ki(t) = Xi(t)(,‘zi_l(t),i € 4, where Q;(t) is
defined by (25)-(27) and X;(t) is

Xoin(ozn) tE€Mp,n=0,1,...L,—1
Xi(t) = X2.iLp t € N, (29)
X],i,n(al,n) te Nl,k,na n= Oa 1s . 'Ll -1

with oy p, a1, defined in (25), (27), and Xy in(02n) = (1 —
a2,0)X2,in 021X, i nt1, X1,in(@1,0) = (=01, 1) X7 i n 01 1 X1, 0410

Proof. By constructing Lyapunov function Vi(t,x) = x'(t)
@; ' (t)x(t), i € J defined by (28), and following the guidelines of
Theorem 1, we have to prove that

Vi(t, x) < e WY@ x), Ve e My (30)
Vi(t, x) < MU DY (6, X) VE € My (31)
which can be implied by

Q; (1) + He{@[ ' (1) Aii(0)} + n2@ ' (1) < 0 (32)
@;1(6) + He{@ ' () Aji(D)}) — m@ (1) < 0 (33)

where #4;;(t) = Aj + B;Xi(t) and A;;(t) = A; + BiXi(t). Due to
fact @;'(t) = —@; ' ()Qi(t)@; ' (¢), i € 4, multiplying both sides
of (32) and (33) by @;(t) and from X;(t) = K;(t)Q;(t), (32) and
(33) become

—Q;(t) + He{AQi(t) + BiXi(t)} + n2Qi(t) < 0 (34)
—Qi(t) + He{Aj@;(t) + B;Xi(t)} — m@(t) < 0. (35)
Due to hy = (dmin — 7)/L> and hy = /L4, it is obtained

Qi(t) = Ly(Q,in+1 — Qin)/ (dmin — ),
Qi(t) = Li(Quint1 — Quin)/T, € M.
From Conditions (i), (ii) and by simple manipulations, (34) and (35)
can be established, hence (30) and (31) hold.

Then, we construct V(t) = Zf':] &(t)Vi(t, x) where &;(t),i € 4
are the indication functions for controller. If Qy;;, =< 11Qy,0 in
Condition (iii) holds, we have —Q; ;o + ,u;le,i,Lz =< 0. By Schur
complement, it equals Qf:o =< M]Qz_,:Lz, leading to V(t,f) <
niV (). Similarly, Q1j;, =< w2Quo in Condition (iii) yields
V(&) < pwaV(&,). Then, Condition (iv) has 41 o™ =12 min =0 <
1. By similar guidelines in Theorem 1, the exponential stability can
be proved. O

t e My

Two points have to be clarified for controller realization.

(1) The first one is to determine the working ETU at t,t €
[k, fig1). Since ty, fi are detectable, one sees:
(@Iffy, < t < ftiy1, we have t € Ny, where n =
{int[(t —f/h] 0<n<l
Ly n>1lp :
() Iftyq < t < fiy1, we have t € Npy, Wheren =
int[(t — ti1)/h].
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(2) The second point is to calculate oy , and oy , as:
(a) Fort € Ny q one has ay, = (t — & — 62.4)/hy. Then, by
62.n = nhy, we can obtain oy , = (t — fy)/hy — n.
(b) Fort € Ny k.n, we see that oy, = (t — tgp1 — 601.0)/h1, and
due to 01 , = nhy, we get oy, = (t — tgy1)/hy — .

Furthermore, as to Problem 4, we have to reformulate Condition
(iii) in Theorem 2 as

(iii") Qzir, = M1Q1i0, Qujn = M2Qui0, YN =0,1,..., L1, i 5]

Then, we can derive the following proposition.

Proposition 2. If Theorem 2 with Condition (iii’) holds with a
switching delay ©* and minimal dwell time dy,, ., then it still holds for
any T € [0, T*] and dmin € [d};,, 00).
Proof. It can be demonstrated by similar proof lines in Proposi-
tion 1, which is omitted here. O

Remark 2. By the similar discussion for Problem 2, if the Lyapunov
function decay rate 1), for subsystems is prescribed and we let u =
1 = M2, the feedback controller (4) maximizing the switching-
delay tolerant capability * can be obtained by

h = . maj( {tr : (i), (ii), (iii)’ in Theorem 2 hold} (36)
<T<dmin

in which u is fixed and n; is computed by (23). By checking

the values  in (0, e”2¢min) with a step Apu, the feedback gains

maximizing t* can be obtained by executing Algorithm 1 with (24)

replaced by (36).

4.3. Feedback control with undetectable switching instants

As to the case with undetectable switching, X;(t) has to
maintain its value in M, to wait for the correct identification for
the o, (t). Thus, the controller gains become

xz,i.n(az,n)@ﬂn(az,n) t € Min
X2.i,L2Q2T,'TL2 t € Mk, Y Nin

where @3 i n(@2.1), X2.in(0t2,n) are defined by (25), (29). The time-
scheduled Lyapunov function is constructed as

Xi(t) = { (37)

X (D@5 (a)x(t) t € Nkn

2 38
X' ()@, x(t) t € NMogr, UNgn. (38)

Vi(t) = {
Then, the following theorem can be obtained.
Theorem 3. Assuming Assumption 1 holds and there exist scalars

uw > 0,11 > 0,n2 > 0, and a set of matrices Qin > 0,X;n, N =
0,1,---,L,i€ 4 such that

(i) 11, < 0;
(i) 737, <0, 7,7, <0.¥n=0,1,....L— 1,03, < 0;

(iil) Qjr < uQio, I #J;
(iv) In o +m7 — n2(dmin — 7) < 0;
where
11 = He{AjQi; + BiXi1} — mQi;
Tzul)n = He{AiQi,n + BiXi,n} - lIIi,n + 772Qi$n
T2(21>n = He{AiQi ni1 + BiXin1) — Win + m2Qint1
T3 = He{A;Qi; + BiXi 1} + n2Qis
lIli,n = L(Qi,n+l - Qj,n)/(dmin —-1)

3.6
—o— L=
—=—L=2
34f v Li=s]]
—A—L =4
321
3
e 3r
2.84
2.6 ;/./’421
2.4 ; : ;
1 2 3 4 5

L

Fig. 3. Capability of tolerating switching delay * with detectable .

then the closed loop system (5) is exponentially stable, and the
controller gains X;(t), i € { are given as

xi,n((xn)a,’;l] (Oln) te e/\'/k,n
Xi1Q' t € MinUNMin

where (Qi’n(a”) = (] - O‘n)Qi,n + anQi,n—H, xi.n((xn) = (1 —
an)xi,n + (ani,n+] and oy = ([ — tk)/h — nin which h = dml+_f
andn = {iLm[(f —f)/hl 0<n< L

n>L
Proof. By settingQinp = Qi,Vn=0,1,....Li, i1 =1, ua = p
Q2.in = Qin, h = hy and L = L, Theorem 3 becomes Theorem 2,
which completes the proof. O

Ki(t) = { (39)

The following property of Theorem 3 can be obtained.

Proposition 3. If Theorem 3 holds with a switching delay t* and
minimal dwell time dy,, , then it still holds for any = € [0, t*] and
Amin € [d}n, 00).

Proof. It can be proved by letting Q;;, = Q;,Yn =0,1,...,L;
and Qi = Q; in Proposition 2. 0O

Remark 3. Similar to (36), if n, is prescribed, the controller with
maximal 7* can be obtained by

t* = max {r: (i), (i), (iii) in Theorem 3 hold} (40)

0<7 <dmin

where p is fixed and 11 < [172(dmin — 7) — In u]/7.

4.4. Numerical example

Consider a switched linear system with 3 subsystems as
—0.6

~10 1.3 23
—0.1 01|, B =]18
|—02 03 -05 0.4

A =1|-10
[1.6 0.6 0.2 0.0
A,=(08 —-05 06 |, B, =|-0.4

0102 0.8 -—1.0 —-1.5
r15 04 1.3 0.2
A;=1| 04 12 13 |, B3 =|—-1.3]|.
|1—-1.9 06 -0.9 —0.8
Assume dp;, = 5 and n; = 2, both cases with detectable

and undetectable t;, are considered. Given different L, L, and L,
the obtained t* are shown in Figs. 3 and 4. The capability of
tolerating switching delay t* increases monotonicallyas L, L, or L
increases. This is consistent with the mode-identifying estimation
problem, that is, a denser division of intervals leads to a less
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0.7 T T T

30

20

x(t)

Fig. 5. State response with switching delay 7 = 5.

conservative result. In addition, the t* obtained with detectable
t, is larger than that with undetectable t;. This phenomenon is
because Theorem 3 is only a particular case of Theorem 2. From
the practical point of view, the employment of information t; can
provide less conservativeness, but its cost is an online detection of
switching instants of controlled plant.

Finally, assume t; is undetectable and the maximal switching
delay is 10% of the minimal dwell time, i.e. T* = 0.5. From Fig. 4,
the controller with L = 1 (z* = 0.54) can tolerate this switching
delay. Given a o,(t) with tipy — & = 5,k = 0,1,..., the
subsystem activating order is cyclic,ie,3 >2 —>1— 3 — ...
The switching instants and state responses are shown in Fig. 5, by
which the closed loop system is asymptotically stable.

5. Conclusions

In this paper, an elementary time unit method (ETU) is proposed
to solve mode-identifying time estimation and switching-delay
tolerant control problems. A class of time-scheduled Lyapunov
functions involving the information of switching signal are
constructed to deal with the problems. By deriving a sufficient
condition guaranteeing exponential stability in the presence of
mode-identifying time, an algorithm is proposed for the estimation
on the maximal admissible mode-identifying time. Then, the
switching-delay tolerant control is studied, where the cases
with detectable and undetectable switching instants are both
considered. Several numerical examples are used to validate our
results. Some extension based on ETU can be directly made
such as to the case with all modes unstable (Xiang & Xiao,
2014a), asynchronously switching control (Xiang & Xiao, 2012;

Zhang & Shi, 2009), and discrete-time switched system (Briat,
2014; Xiang & Xiao, 2014b). As in Allerhand and Shaked (2011,
2013), the proposed ETU approach is particularly suitable to deal
with uncertainties. Moreover, this paper only considers the state
feedback with all states accessible, the extension to more general
case with output feedback control such as in Duan and Wu (2014)
and Lu et al. (2006) will be our future study.

Appendix

Proof of Lemma 1. Considering the time-scheduled Lyapunov
function Vi(t, x), i € 4 defined by (6), and in each ETU W x », One
has Pi(t) = (P1in+1 — P1in)&t1,n. Due to oy n = (¢ =ty — 01,0)/h1,
we have &7, = 1/h; and further #i(t) = Y1, t € Ny kn. Thus,
we obtain

Vi(t, X) = X" (£) E1 (01, 0)x(0)

where &y n(a1,n) = A,‘-;g)l,i,n(al,n) + <7)l,i,n(0[1,11)12\1‘,]' + Yin
By the linear interpolation relationship as shown in Subsection
3.1, we have &y iq(a10) = (1 — al,n)El(’lifn + al_nEl(?i?n. where
El(,]i?n = Ai,jpl,i,n + Pl,i,nAi,j + ’1’1,1'," and El(,zz?n = Ai—,rjpl,i,ﬂﬂ +
PL,-,HHA,;]» + ¥1,in. Thus, from 91(1,);1 < 0, 91(2,),1 < 0,vn =
0,1,...,L; — 1,Vi € 4. it follows that V;(t,x) < g1 V(t,x),t €
Uneo.1 1.—1 M.kn = [t, tx + 7). Thus the inequality (10) can be
established. 01

Proof of Lemma 2. As for certain interval M constituted by ETUs
N = 0,1,..., L — 1, from 2§} < 0,27, < 0,vn =
0,1,...,L, — 1,Vi € { and the similar guidelines for interval M
in Lemma 1, we obtain that "'Ji(t,x) < —mVi(t,x), YVt € M.
Similarly, as to the uncertain interval M5, £2,;;,, < 0,Vi € {,
ensures V;(t,x) < —nVi(t, x), Yt € MY At last, since My =
M5 U MY, we can conclude (15) holds. O
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