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ARTICLE INFO ABSTRACT

Available online 19 January 2011 We study the gradual covering location problem on a network with uncertain demand. A single facility

is to be located on the network. Two coverage radii are defined for each node. The demand originating

fg{:;?gﬁs' from a node is considered fully covered if the shortest distance from the node to the facility does not
Network exceed the smaller radius, and not covered at all if the shortest distance is beyond the larger radius. For
Covering a distance between these two radii, the coverage level is specified by a coverage decay function. It is
Probability assumed that demand weights are independent discrete random variables. The objective of the

Optimization problem is to find a location for the facility so as to maximize the probability that the total covered
demand weight is greater than or equal to a pre-selected threshold value. We show that the problem is
NP-hard and that an optimal solution exists in a finite set of dominant points. We develop an exact
algorithm and a normal approximation solution procedure. Computational experiment is performed to

evaluate their performance.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The maximal covering location problem [7] is one of the
classical models in facility location theory. A demand point is
considered completely covered if it is within a reasonable travel
distance, i.e., the coverage radius from at least one facility, and not
covered at all if it is outside the coverage radius from any facility.
The objective of the model is to establish facilities so as to cover
as many customers as possible. The model can be applied to
various settings, including the location of fire stations, retail
stores, etc. Readers are referred to ReVelle and Williams [11] for
a recent review of related literature.

As an extension of the above model, the gradual covering
location problem [8,1] relaxes the all-or-nothing coverage
assumption. Two coverage radii are specified. A demand point is
“fully” covered if it is within the smaller coverage radius from the
facilities and not covered if it is at or beyond the larger coverage
radius away from the facilities. It is deemed “partially” covered if
its distance to the closest facility is between the two coverage
radii. A coverage decay function is introduced to determine the
proportion of customers at a partially covered demand point that
are covered by the facilities. The coverage decay function is
usually non-increasing with distance.
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In network location models, demand weights are used to
gauge the number of potential customers originated from nodes.
Demand weights are generally assumed to be constant and
known. It is noted, however, that treating demand weights as
random variables is more reasonable [9].

The expected value optimization model is commonly used to
solve stochastic decision making problems. This model is appro-
priate for a decision maker who can make the decision repeti-
tively. However, it is usually costly or infeasible to change a
strategic decision such as locating facilities. Thus the model to
maximize the probability of achieving a given threshold value
(referred to as “P” model by Charnes and Cooper [6]) shall be ideal
for the decision maker in such a situation who is concerned with
the risk of poor performance.

As Charnes and Cooper [6] commented, a “P” model can be
linked to the concept of “satisfying” (in contrast to “optimizing”)
that was developed by Simon [12] in behavior theories. In this
perspective, the specified threshold value can be interpreted as an
“aspiration level”, while the objective is to maximize the like-
lihood of attaining the target.

There have been a few investigations of the “P” model
formulations in location theory (see, e.g., [9,2,3,5]). Berman and
Wang [4] motivated and discussed the maximal covering location
problem with probabilistic demand weights.

In this paper, we study the gradual covering problem on a
network where demand weights are independent discrete ran-
dom variables. The objective of the problem is to locate a facility
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so as to maximize the probability that the total demand weight
covered exceeds a pre-selected threshold value.

In the next section, a mathematical formulation is introduced
and the problem is shown to be NP-hard. In Section 3, we develop
an exact solution procedure to search for the optimal solution. As
a generalization, we also discuss the case where coverage decay
functions are piece-wise functions. Since the problem is NP-hard,
a normal approximation approach is suggested in Section 4.
In Section 5, a computation experiment is conducted to evaluate
the performance of the normal approximation approach for linear
coverage decay functions.

2. Problem statement

Let G be an undirected network with a set of nodes N (|N| =n)
and a set of links L (|| =I). Denote by I; the length of link (i,j) e L
and by d(h,x) the shortest distance between a node h and an
arbitrary point xeG. When there is no ambiguity, the same
notation x € [0,l;] represents both, a point on link (ij), and the
distance of the point from node i.

Two coverage radii 7, and 7, (f, <7y) are defined for every
node heN. If d(hx) is between 7, and 7, node h is partially
covered by x with the level of coverage given by a coverage decay
function A,(d(h,x)). It is intuitive that the function A,(-) is non-
increasing with A,(f,) =1 and A,(F,) = 0. Here we require that the
coverage decay function A,(-) for every node h is monotone
decreasing and continuous.

We assume that demand generates from the nodes only. The
demand weight W, associated with node heN is a discrete
random variable with possible values wy[k], k=1,2,...,K,, where
K, represents the number of realizations of W;. Let py[k]=
P(Wj, =wy[k]). Without loss of generality, it is assumed that
0< Wh[l] < W,,[Z] < - e < Wh[Kh]v Vh e N.

Denote by cp(x) the proportion of demand weight at node h
that is covered by the facility established at the point x. cu(x) is
expressed as

1, d(h,x) <1,
/lh(d(h,x)), fh < d(h,X) < fh,
0, d(h,x) > T.

Ch(X) =

Given the point x, >, _yCch(x)W), is the total demand weight
covered by the facility located at x. Since W, associated with
each node h follows a discrete probability distribution,
S heNCh(X)W), is also a discrete random variable. The objective
of the probabilistic gradual covering problem (referred to as the
problem (P) hereinafter) is to locate a facility at some point x so as
to maximize the probability of the total covered demand weight
exceeding a pre-determined threshold value t > 0O:

maxf(x)=P Cchx)Wp >t ). P
maxf(x) (%h(u ) (P)

Note that f(x) = 0 if c,(x) = 0 for every node h e N (that is, none
of the nodes is even partially covered). If the demand weights are
deterministic, the problem (P) reduces to the deterministic
gradual covering problem,

maxf'(x) = hze;vch (OWp. (1)

Suppose that the random demand weights are independent.
Given the facility location x, every node out of coverage can be
excluded from consideration without affecting the computation
of the objective value f(x). Let W(x) be the random vector of
demand weights associated with the nodes in the set E(x) = {h € N|
cp(x) > 0}. Denote by B(x) the Cartesian product of realizations of
Wy, Yh € E(x). We note that every vector w in B(x) is a realization

of W(x) and can be expressed as W = (Wya),Wy, . . . ,Whaewn ). Given

a vector w, we define

Bl = 1 if Y .EE(X)CIIW X)Wha = t, @
0 otherwise.

The objective value f(x) is calculated as

f®= Z Sw(X)Pw, 3

W e B(x)

where pw = [Tho ¢ 5 PWho = Whe) for a given vector w e B(x).

We note that the problem (P) reduces to the probabilistic
maximal covering problem studied by Berman and Wang [4] if
t, =7y, for every node h. They prove that computing the objective
value for the probabilistic maximal covering problem is NP-hard
when the demand weights are discrete random variables. This
conclusion can be easily generalized to the problem (P). There-
fore, the problem (P) is also NP-hard.

We next discuss some special cases for which an optimal
solution can be easily determined. Suppose that x> and x® are,
respectively, the optimal solutions to the deterministic gradual
covering problem (1) with W;, = wy[1] and W}, = wy[K}], Vh e N. Let
t1 =3 h e NCEDWR[1] and & = 37, L NCr(XP)W[K}]. In the follow-
ing lemmas we show that the problem (P) can be solved easily if t
is sufficiently small or large.

Lemma 2.1. If t <t;, XV is optimal to the problem (P).
Proof. It is easy to see that f(x")=1. O

Lemma 2.2. If t > t,, the objective value f(x)=0 at every point
xeG.

Proof. Since Yy . g Chio XP)Wha < t for any w e B(x@), we have
fx@)=0. Note that >y o Cho Wi [Kn] < 3o ¢ pee) Cro (X))
Who[Ky] <t holds at every point xe G. In a similar way, we can
show that f(x)=0atx. O

Next, ranges of radii are established for which an optimal solution
to the problem (P) can be easily identified. Suppose that X is the
1-center of the network [10], i.e., xX© = argmin, . ; maxj, . yd(h,x) and
hence maxj, . yd(h,x©?) is the network radius.

Lemma 2.3. If min,.nfp>max, .y d(h,x©), X is an optimal
solution to the problem (P).

Proof. For every node h, we have d(hx©®)<#, and hence
cp(x9) = 1. Therefore, ¥ is optimal. O

Let node fi = argmaxy . y P(W}, > t) and link (a,b) = argmin;j, . ; I
(ties are broken arbitrarily). That is, (a, b) is the shortest link.

Lemma 24. If max,.yfp< il node hois optimal to the
problem (P).

Proof. Because at most one node is fully or partially covered by a
facility established at every point, one of the nodes must be
optimal. The problem (P) reduces to maxy . nf(h)=P(W;, >t). O

3. Exact solution procedure

In this section, we consider solving a general instance of the
problem (P) where miny, .y < maxy . yd(h,x®), maxy, .y 7 > 31,
and t; <t <t,. It is sufficient to solve the problem on every link of
the network. We now develop a procedure for finding an optimal
solution on an arbitrarily selected link (i,j) e L. Without loss of
generality, we assume d(i,j) = I because otherwise link (i) can be
eliminated without affecting optimality.

Suppose that the facility is located at x. Given a vector w € B(x),
Ow(X) = >"p ¢ gy Cn(X)Wy, is the total demand weight covered by the
facility. As will be shown later, the objective function f(x) is a
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step-wise function of the facility location x along link (i,j) with a
finite number of jump points x =y, where 6y (y) = t holds for some
vector w e B(y). Furthermore, the optimum within the link can be
found at one of the jump points of f{x). In order to identify these
jump points, we develop a procedure in Section 3.1 to divide the
entire link into primary intervals over which the closed form
expression of function 6y(x) for every w e B(x) is invariant. It will
become clear later that since all functions Ow(x) have identical
break points along the link, such a method enables us to simplify
the computational process and also focus on a subset of potential
solutions by taking advantage of dominance relations between
these jump points within each primary interval.

3.1. Primary intervals

The shortest distance from node h to the point x is computed
as d(h,x) = min(d(h,i)+x, d(h,j)+l;—x). Define four network inter-
section points for every node h: y,=rty,—d(h,i),y, =7 —d(h,),
Zh = d(h.j)-l—l,‘j—f'h. and 2;] = d(h,j)-l—l,‘j—f'h.

To help conceptualize a network intersection point, we note
that the length of the shortest path connecting y, (¥,) and node h
via node i is exactly 7, (#4), if ¥, (¥,) is between 0 and [; (i.e., if it is
an internal point of the link). Similarly, if z, (Z,) is an internal
point, then the shortest path from z, (Z;) to node h via node j has
a length of 7, (7). In addition, y,, (¥,) <O or Z, (Z,) > l; means
that node h is out of the coverage radius 7, (7,) from node i
or node j, respectively. Therefore, node h is not within the
coverage radius 7y, (7,) from any point on link (i,j) if y, (7,) <O
and 2]1 (Zh) > lU

The next two lemmas are introduced to facilitate our analysis.

Lemma 3.1. Given node h and a constant r, d(h,x) <r holds at every
point x e (i,j) if d(h,j)+lj—r <r—d(h,i).

Proof. Since d(h,x) = min(d(h,i)+x, d(h,j)+l;—x) at a given point
xe(ij), it follows that min{d(h,i), d(hj)}<dhx)< I[d(hj)+
lj+d(h,)]. Since d(h,j)+lj—r <r—d(h,i) is equivalent to 1[d(h,j)+
lij+d(h,i)] <1, we have d(h,x) <r at every point x. [

Lemma 3.2. Given node h and a constant r, d(h,x) > r holds at every
point x € (i,j) if r—d(h,i) <0 and d(h,j)+lj—r > l;.

Proof. Note min{d(h,i), d(hj)}>r. It follows that d(h,x)> min
{d(h,i), d(h,j)} > holds at every point x. [

We now divide N into four subsets:

Np={heNz, <y},

Nyc=theN|y, <0 and Z, > I},

Npc = {h e Nlj’h <0, 2}, > l,'j, and Zh S_f’h},
Nyc = N—Ng—Nyc—Npc.

The next lemma characterizes Ny, Nyc and Np..

Lemma 3.3. For every point x € (i,j), ch(X) =1 if he Ng, cs(x) =0 if
heNyc and 0 <cp(x) <1 if he Ny.

Proof. The lemma is a natural result of Lemmas 3.1 and 3.2. O

Lemma 3.3 suggests that node h is fully covered, not covered,
and partially covered by a facility sited anywhere on link (i) if
heNg, he Ny and h e Ny, respectively.

As the potential facility location x moves along the link, the
closed form expression of cp(x) in terms of x for some node h
changes when (i) the coverage class of h in the set N, varies (e.g.,
from full coverage to partial coverage, or from partial coverage to
non-coverage) at a corresponding network intersection point; or
(ii) the shortest path to h in the set Ny or Ny shifts (hence the closed
form expression of the function d(h,x) varies). These changes pose

difficulties to formulate function Oyw(x) for any given vector w.
Next we identify segments of the link where the above changes
cannot occur.

According to Lemma 3.1, we note that the coverage class of a
node h in N,. does not change at j, and Z, when Z, <j, even
though they are internal points of the link. We call such network
intersection points redundant. Let | be the collection of the two
nodes i and j, and the non-redundant network intersection points
that are between 0 and [; on the link for every node h e Ny.. Sort
the elements in the set J in ascending order and arbitrarily select
two adjacent elements, denoted by X and k. For a given segment
[%, ], Ny is further divided into three subsets,

My = {h € Nyc|yp > X or Zp <R},
Myc ={h e Ny |y, <X and z;, > X},
Mpc :ch_Mfc_Muc'

Similar to Lemma 3.3, we have ¢,(x) =1 if he Mg, ¢,(x) =0 if
heMy and 0<cp(x)<1 if he My, at every point xe(X, X). In
words, node h is fully covered, not covered, and partially covered
by a facility established everywhere inside the segment (%, X) if
heNg UMy, heNy UM,y and he Ny UMy, respectively. It fol-
lows that E(X) = N—Nyc U M. It is easy to show that the random
vector W(x) and the set B(x) do not change with x within the
segment [X, X]. For simplicity, we use the notation B to replace B(x).

The antipode on link (i,j) with respect to node h is obtained as a
point x such that d(h,i)+x=d(h,j)+1;—x. In other words, the
shortest paths from x to node h through node i and node j have
the same length. Note that the closed form expression of the
function d(h,x) in terms of x changes at the antipode with respect
to h. In the segment [%, X], let J' be the set of the two end points %,
X and the antipode within the segment with respect to every node
he Npc UMjpe.

A sub-interval [X, X'] is called a primary interval if X’ and X’ are
two adjacent elements in J'. Note that [x’, X'] coincides with the
segment [X, X] if X and % are the only two elements in J'. For every
vector w € B, we have Ow(x) = >, c v, m, ChOWh + 3 NeuM Wh at
any point xe[%X, X]. It becomes obvious that the closed( form
expression of Ow(x) in terms of x is invariant within any primary
interval.

Link (i,j) can now be regarded as a union of primary intervals.
On the link, there are at most four network intersection points
and one antipode with respect to every node. Hence, the number
of primary intervals is of the order of O(n). Subsequently, we seek
the optimum within a primary interval [X’, X'].

3.2. Critical points

Define a critical point x, if available in the primary interval [X’,
X'] with respect to a vector w € B such that 6 (x) = t. Note that one
of the following four scenarios applies at a critical point x:
(1) Ow(x—e) <t and Ow(x+¢€) > t; (2) Ow(x—e) >t and Ow(x+¢€) < t;
(3) Ow(x—e) < t and Ow(x+¢€) < t; (4) Ow(x—€) >t and Ow(x+¢&) > t (&
is a positive number sufficiently small).

The critical point in the primary interval [%’, X'] with respect to
each vector w can be obtained by solving the equation Oy (x) =t
for x (note that the equation may have no root, one root or
alternative roots within the primary interval). Denote by S the set
of all these critical points with respect to every vector in B at
which one of the first three scenarios applies. The theorem below
claims that the objective function f{x) is step-wise with the
critical points in the set S as break points.

Theorem 3.1. If the set S is not empty, then one of the elements in S
is optimal to the problem (P) over the primary interval [X', X'].



1496 0. Berman et al. / Computers & Operations Research 38 (2011) 1493-1500

Proof. If S is empty, then the objective function f(x) is constant
over [X', X']. Otherwise, suppose that X € S is a critical point inside
[%’, k'] with respect to a vector W. It is evident that 6z (X) =t,
Om(x—¢e) #t, Oz(x+¢) #t, and gg(x) changes value only at X when
x moves from x—¢ to x +¢ along the link. By (3), f(x) is a step-wise
function that breaks at the critical points in S. Hence, one of the
elements in S is optimal. O

By the above theorem, any critical point is a jump point of the
objective function f(x). A straightforward approach to find the
maximum within a primary interval is to evaluate and compare
values of f{x) at the critical points in set S. However, we note that
dominance relations in S can be developed so that some critical
points could be excluded from further consideration.

Sort all the elements in S in ascending order and denote by s,
the gth element. We further construct the following three subsets
of S:

S;={x|x is a critical point with respect to w, Oyw(x—¢) >t and
Ow(x+¢) <t},
Sg = {x|x is a critical point with respect to w, Ow(x—¢) <t and
Ow(x+¢) >t}
Sm = {x|x is a critical point with respect to w, Oyw(x—¢) <t and
Ow(x+¢) < t}.

We note that a point in S may be “critical” with respect to various
vectors in B and thus may belong to one, two or all three of the
subsets defined above.

We now introduce two lemmas that characterize the domi-
nated points in the set S,.

Lemma 34. If sq, 5411 €S with g< |S| and sq;1¢Sg U Sm, then
f(sq) >f(5q+1)-

Proof. There exists a vector WeB such that Og(sq—e)>t¢,
Ow(sg)=t and Og(ss+¢e)<t. The Lemma follows because
Zw(sp) =1 and gg(sq+1)=0. O

Lemma 3.5. If s; € Sg U Sy, Sq11 €S with g < |S| and sq1.1¢Sg U Sm,
then f(sq) > f(Sq1)-

Proof. If s; €S, by Lemma 3.4 we have f(sq) > f(S¢+1). In a similar
way to the proof for Lemma 3.4, we can show that f(sq) > f(Sq+1)
also holds if s;eSm, and f(sq) =f(sq+1) holds if s;eS,, but
Sq¢SIUSm. O

The above two lemmas suggest that a critical point s, belong-
ing to the set S, is dominated and can be ignored in the
optimization process unless it is the smallest element (g=1) or
it is also in the set S, or the set Sy,.

The next two lemmas on the set S, can be proven easily.

Lemma 3.6. If s, Sq+1€S; with q< |S| and sq¢S;USnm, then
f(sq) <f(Sq41)-

Lemma 3.7. If s;€Sg, Sq1€Sm with q<|S| and s¢¢S;U Sy, then
f(sq) <f(5q+1)-

Lemmas 3.6 and 3.7 imply that a critical point s, in the set Sg
can be excluded from consideration unless (1) it also belongs to
the set S; or the set S,,;; or (2) it is the largest element in the set S,;
or (3) its neighbor sy is in the set S; only.

Taking advantage of the properties stated above, we can rule
out dominated critical points in our search for an optimum point
within the primary interval [X’, X']. Actually, we can consider only
the dominant points below: (1) sq € S;N Sg; (2) Sq € Sm; (3) Sq € Sg,
if s, is the largest element in the set Sy or 54 1¢Sg U Sm; and (4) s4
if S1 € Sl.

For a critical point x € S, define

> Pw
P50 = 4 wekw
0

if xe Sl,
otherwise,

where R(x)={weB|x is a critical point with respect to w, 6Oy
(x—¢&) >t and Oy (x+¢€) < t}. Note that for every vector w € R(x) (the
cardinality of the set R(x) may be greater than 1), we have
gw(x—&)=gw(x)=1 and gw(x+¢)=0. Similarly, we can define
ps,(x) and ps,, (%).

Since there may exist more than one critical point inside the
primary interval [¥,X'] with respect to a vector w, we further
define a collection of the combinations of critical points and the
corresponding random vectors:

Q ={(x,w)|x e S;, weR(x), x is the only or the smallest critical
point in the primary interval [%, %] with respect to w}. Given
(x,w) € Q, we note gw(y) =1 at every point y € [*',x] and gw(y) =0
at every point y e (x,x'], where x’ is either the second smallest
critical point with respect to w if available, or the right end point
X' otherwise.

Let A={weB|Ow(x) >t for every x e[X,X']}. That is, gw(x)=1
always holds over the primary interval [X',X'] for every vector
weA.

The next lemma is natural.

Lemma 3.8. f(X) ="\, c APw+ D xw) e gPw-

We now introduce an algorithm to solve the problem on link
(ij). The procedure starts with dividing the link into primary
intervals. Then the algorithm formulates the function 0w (x) for
every vector w e B and identifies and evaluates dominant critical
points within each primary interval. The dominant point with the
highest objective value is returned as the optimum. f* and x*
contain, respectively, the incumbent optimal objective value and
optimal solution. To quickly determine whether a specific critical
point s; is the last element in the set S, for a given primary
interval, we introduce a variable g’ to indicate the position of the
current critical point under examination.

Algorithm 1 (Solving the Problem (P) on Link (ij).).

Step 1: On link (i,j) compute the network intersection points
Y In» 2n, and Z,, for every node h and then construct
the sets Ny, Nyc, Npe, Nyc and J as defined above. Sort the
set J in an ascending order. Let f* = —oo.

Step 2: Select a pair of consecutive elements % and X in the set
J. If all such pairs have been examined, go to Step 10.

Step 3: Construct the sets Mg, My, My, B and J' as defined
above for the segment [, % ]. Sort the set J' in ascending
order.

Step 4: Select a pair of consecutive elements X’ and %' in the set
J'. If all such pairs have been examined, go to Step 2.

Step 5: For the primary interval [%’, ®'], construct the sets S, S;, Sg,
Sm, Q and A and compute ps(x), ps,(X) and ps, (x) at
each critical point x € S. Sort the set S in an ascending
order.

Step 6: Let q=q'=0 and ¢=3",  APw+> xwcoPw- If ¢>f*
let x*=%" and f* =c.

Step 7: If >0 and ¢ > f*, let x* =55 and f* =c.

Step 8: Increase q by 1. If g¢>|S|, go to Step 4. Let c=
€—Ps,(Sq-1)—Ds, (Sq-1)+Ds,(Sg) +Ds,,(Sg)  (let  ps(sq-1) =
Ds,.(Sq—1) =0 when q=1). If s,¢S; USy,, repeat Step 8.
If sq € Sg, increase q’ by 1.

Step 9: If any of the following cases occurs, go to Step 7;
otherwise, go to Step 8.

e SqeSUSn;
o q'=1Sg| (i.e., sq is the last element in the set Sg);
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o q'<|Sg| and sg,1¢Sg USm (i.e., sq is not the last
element in the set Sy and s4+¢ is not in the set Sg
nor the set S,;,).
Step 10: Stop. Return x* as the optimal solution with an objec-
tive value f*.

To illustrate Algorithm 1, consider the 4-node network as shown
in Fig. 1. The probabilistic distributions of the demand weights are
defined in Table 1. Assume that the coverage decay function is
linear in d(h,x) and formulated as 2,(d(h,x)) = o, + f,d(h,x) for every
node h. The coverage radii and the coefficients of the coverage
decay functions are presented in Table 2. Let t=11. We next
apply Algorithm 1 to solve the problem (P) on link (1,2).

From the network structure, we can obtain the shortest
distances from any node to the two end nodes of link (1,2):
d(1,2)=d(2,1)=10.0, d(3,1)=6.0, d(3,2)=6.0, d(4,1)=7.0 and
d(4,2) =4.0. The network intersection points on link (1,2) are
summarized in Table 3. By definition, we have Np =0, Ny = (3},
Npc =0, Ny ={1,2,4} and ] ={0,1.0,3.0,4.0,6.0,7.0,8.0,10.0}. Let us
examine segment [6.0, 7.0]. It is easy to derive My = {2}, Myc =90

Fig. 1. A 4-node network.

Table 1
Probability distributions of the demand weights.

k whlk] palk]
W, 1 2 0.3

2 4 0.7
W, 1 5 0.6

2 8 0.4
W3 1 0 0.2

2 5 0.8
Wy 1 2 04

2 4 0.4

3 6 0.2

Table 2

Coverage decay functions.

h Fr Ty Oh Bn

1 4 8 2 —-0.25

2 4 9 1.8 -0.2

3 3 6 2 -1/3

4 7 10 10/3 -1/3
Table 3

Network intersection points.

h yh .’7}: 2h 2;,
1 4 8 16 12
2 -6 -1 6 1
3 -3 0 13 10
4 0 3 7 4

and M = {1,4}. Hence for this segment, W(x) = (W;,W,,W,) is the
random demand weight vector of interest. The elements in the
set B are shown in Table 4. Since the antipode with respect to
node 4 is x = 3.5 on the link, we have J'={6.0,7.0}, i.e., [6.0, 7.0] is
a primary interval.

Note that for the vector ws =(2,5,6) in the set B, the total
demand weight covered by a facility at some point x € [6.0,7.0] is
expressed as 0w, (x) =1.5x+1. Solving the equation 1.5x+1 =11,
we obtain x = 6.67 as the critical point with respect to ws. Since
1.5(6.67—¢)+1<11 and 1.5(6.67+¢)+1>11, we add x=6.67
into the set Sg. A similar analysis on all vectors in the set B results
in the set of critical points S={6.0,6.67,7.0} with S;={7.0},
S¢=1{6.0,6.67}, ps5,(7.0)=0.112, ps,(6.0)=0.084 and ps,(6.67)=
0.036. It is easy to see that Q ={(7.0,wyg)} and A= {ws,wg,
W11,W13}. The process of identifying and evaluating the dominant
critical points within the segment is shown below:

Step 6: Let g=q'=0 and ¢=0.048+0.024+0.112+0.056+
0.112=0.352.

Step 7: Go to Step 8.

Step 8: q=1.¢=0.352+ 0.084 =0.436. Because s; € Sg, ¢'=1.

Step 9: Go to Step 8.

Step 8: q=2.¢c=0.436+0.036=0.472. q =2.

Step 9: Because s; is the last element in the set S,, go to Step 7.

Step 7: Because ¢ > f*, let x* =0.667 and f* =0.472.

Step 8: q=3. Repeat Step 8.

Step 8: q=4. Since q > |S| =3, go to Step 4.

In the above process, x=6.67 is found to be the dominant
critical point and an optimal point within the segment.

An optimal solution within any other segment can be obtained
in a similar way (see Table 5). Comparing these optimal points,
we obtain x =6.67 as an optimal solution on the entire link.

3.3. Piece-wise coverage decay functions

Though not stated explicitly, it is assumed in the previous two
sub-sections that the closed form expression of any coverage

Table 4
Elements in the set B for the segment [6.0, 7.0].

m Wi pw,,,

1 (2,5,2) 0.072
2 (2,5,4) 0.072
3 (2,5,6) 0.036
4 (2,8,2) 0.048
5 (2,8,4) 0.048
6 (2,8,6) 0.024
7 (4,5,2) 0.168
8 (4,5,4) 0.168
9 (4,5,6) 0.084
10 (4,8,2) 0.112
11 (4,8,4) 0.112
12 (4,8,6) 0.056

Table 5
An optimal solution within each segment.
Optimal point x fx)

[0,1.0] 0 0
[1.0,3.0] 1.0 0
[3.0,4.0] 3.5 0
[4.0,6.0] 6.0 0.436
[6.0,7.0] 6.67 0.472
[7.0,8.0] 7.0 0.472

[8.0,10.0] 8.0 036
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decay function A,(d(h,x)) does not change in terms of d(h,x) € [F'1,71].
Now consider a generalized case where for any node h, A,(d(h,x)) is a
continuous piece-wise function with #,—1 break points. Suppose
Jn(d(h,x)) = 249 (d(h,x)) for any d(h,x) e [r¢",r'], where 74 = 11” <
<. < r,{”"’ =7, and A{(d(h,x)) is a monotone decreasmg
function with no break points inside the interval (r{*"",r®).

Since cp(x) = Ap(d(h,x)) if 7, <d(h,x) <7, we note that piece-
wise coverage decay functions may also cause functions Oy(x) to
break along link (ij). To identify such additional break points, we
examine an arbitrarily selected primary interval [%’, X'] defined
in Section 3.1. Given node h, define coverage intersection points
Yy =r—dhi and z¢=dhj+l-r? for e=1,2,....;m,~1.
Followmg our analysis in Section 3.1, we regard y{ and z¢ as
redundant if z(e’ gy(e) holds. It turns out that any function 6y(x)
breaks within the primary interval [X’, X'] at each non-redundant
coverage intersection point, if available, associated with some
node h e Nyc UMp. These break points divide [x’, ¥'] into non-
overlapping sub-intervals. It follows that the closed form expres-
sion of any function 6y(x) remains the same in each of these sub-
intervals. Algorithm 1 can be easily adapted for this case.

4. Normal approximation

For each primary interval [X’, X'] examined in Algorithm 1, the
cardinality of the set B and the set S in the worst-case is in the
order of K", where K = maxj . yKj. Note that the basic principle
underlying Algorithm 1 is to identify, evaluate and compare the
critical points in S for each primary interval [X’, X']. We realize that
this exact solution procedure will consume lots of CPU time and
computer memory when the number of nodes n increases. In this
section, a normal approximation approach is developed to solve
the problem (P).

Denote by u;, and o2, respectively, the mean and variance of
the demand weight W), which are calculated as follows:

K
=Y palkiwak],

k=1

Ky

Z PAlkI(Whlk]— 1)

According to the Central Limit Theorem, the total covered
demand weight 3, _ g, Ch(X)W,, at a given point x on link (i) is
approximately a normal random variable with a mean u(x)=
S h e B Ch®) i (X) and a variance 62(x) = 2, gy ()02 if [E(X)| is
sufficiently large. P(3_y . pyCn(®)Wp > t) can therefore be com-
puted as

N t—p(x)
P( > ch(x)tht) ~1—¢[ o0 }

h e E(x)

where @() denotes the cumulative distribution function of the
standard normal variable.

Let f(x):(t—,u(x))/a(x). Since @() is increasing in f(x), the
problem (P) is equivalent to minimizing f(x). For the primary
interval [%',%'] defined in the previous section, divide the set Nyc U
M), into two subsets N; and Ng, where

Ny = {h € Nyc U Mp|d(,h)+ & < d(,h)+1;—%'},

Ng = Npc U Mpc—N;.

It is obvious that the two sets N; and N remain the same and
the functional form of d(x,h) for every node h € Nyc U M), does not
change within the primary interval. Therefore, the closed form
expression of f(x) remains unchanged inside the primary interval

[%, X']. We next discuss minimizing the function f(x) over such
a primary interval. An analytical form of the stationary point
for f(x) is derived below when the coverage decay functions
Ap(d(h,x)) = o + fd(h,x) are linear. A similar approach can be
applied when the coverage decay functions are nonlinear.

For a given node he N, UM,, we have d(x,h)=d(i,h)+x if
heN; and d(x,h) = l; +d(j,h)—x otherwise. Let kj = ay, + fpd(h,i) if
heN; and xc, = o + B, d(h.j)+ Bl if h e Ng. Given a point x e [X',%],
f (x) is expressed as

t=3"h e Neum =2 n e N, (K + By =3k N (Kn—PrX) iy
\/Zh c foqucaﬁ + 3 h e, (Kn+ BrX)* 0%+ Y o, (cn—Br)° 02
4

fx=

Taking the first-order derivative of (4) with respect to x, we
have

dfx) x+1
dx 3’
(\/Zh € NeUMye 0%+ hen, Kn+BrX)? 0+ . NR(Kh_ﬂhX)ZU%)
%)
where

0= puop {Z (Bricg—Bgknitg+ > (Bpicg+Bekn)itg—Prt+Br > /lg]

heN geN, geNg g € N UM

+Y Buon [Z Bricg+Bekntig+ > Bukg—Pekn)tg—Prt+Pr > ,“g}

heNg geNy geNg & € N UMy

and

n= Z Knoh [Z (Bricg—Bgkntig+ Y (Buicg+Bgkmitg—PBrt+By > Hg}

heN geNu geNg g e NpUMye

+ Z Knop [Z (=Bricg—Bgicn)iig + Z (—Brig + Bgkn) g + Brt—Ph z ,“g:|

h e Ng geN geNg g€ NelUMp

b3 (- hs 3 ).
h e N UMy geN geNg

Equating (5) to O gives us a stationary point x* = —#/. Since ¢
and n are constant over the primary interval, the numerator of (5)
is a linear function of x. The first-order derivative df (x)/dx
changes sign at x* and therefore x* must be a minimum or
maximum (not an inflection point) as long as x* is inside the
primary interval. The conclusion of the above discussion is that
function f(x) is unimodal within the sub-interval [X’,X'].

We recommend the following algorithmic approach to solve
the problem (P) with linear coverage decay functions using the
normal approximation method: divide link (ij) into non-over-
lapping primary intervals as defined in Section 3; for each
primary interval [,%], f(x) at the two end points X, X and the
stationary point x* (if x* is an internal point) are calculated and
compared to find the minimal solution. By comparing these
minima obtained for all the sub-intervals, we identify an opti-
mum point on the link.

Our previous analysis suggests that there are O(n) primary
intervals on each link. Hence, f (x) is a piece-wise function on a
link with O(n) break points. It takes O(n) steps to compute these
break points and O(nlogn) steps to sort them. For each primary
interval [X',%"], determining the coverage class for all nodes and
computing the stationary point requires O(n) time and O(n?) time,
respectively. It takes O(n) time to evaluate f (x) at a given point.
Hence, the time complexity of the normal approximation
approach is in the order of O(n®) on every link and O(n°l) on the
entire network.
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5. Computational experience

We conducted a computational experiment to evaluate the
solution quality and CPU time of the exact solution procedure and
the normal approximation approach for the problem (P) with
linear coverage decay functions. Test instances of the problem (P)
were randomly generated. We chose the number of nodes n=>5,
10,15 and 20; the number of links | randomly selected from the set
{n(n—1)/8,n(n—-1)/4,3n(n—1)/8,n(n—1)/2} or n—1, whichever is
larger; and the number of realizations of the random demand
weight associated with each node he N is K=K, =2, 3 and 4. For
each combination (n, [, K), 12 instances were randomly generated (in
total we had 576 test instances). For each instance, n points were
produced at random in a square with 100 units length in each side.
These points served as the nodes of the network. The node-distance
matrix {dj} was calculated using Euclidean distances. For every
node h, wy[k] values were selected randomly in the set {1,2, 3,...,
10} and pplk] values were first generated from the uniform
distribution in the interval (0,1) and then normalized. The two
coverage radii 7, and 7, were randomly generated from the intervals
(0, r1) and (ry, r2) for every node h, respectively, where ry is the
network radius and r, =max;.y MaXycc d(i,x) is the longest
distance between a node and a point of the network. The value of
t for each test instance was randomly generated from the uniform
distribution in the interval (t;, t;), where t; and t, (defined in
Section 2) were obtained by solving the corresponding deterministic
gradual covering problems.

Denote the exact solution procedure and the normal approx-
imation procedure, respectively, by EP and NA. Both procedures
were employed to solve the 576 test instances on a Pentium IV PC
with 512 MB memory. EP was terminated and the incumbent
solution was returned if 10,800s (3 h) CPU time had been
reached. The following performance measures were computed
for these two methods:

Hit rate: The proportion of test instances for which the best
solution was returned. (EP returned the exact optimal solution if it
stopped within the specified time limit. Otherwise, NA might
obtain the best solution.)

Error: The average relative deviation of the objective value
returned by a procedure from the best solution obtained.

Time: The average CPU time in seconds that a procedure took
to solve an instance.

A summary of the computational results in terms of n is
presented in Table 6. We can clearly see the effect of n on the
performance of EP. As n increased, the CPU time required to solve
an instance grew dramatically and thus the procedure was often

Table 6
Summary of computational results in terms of n.

Measure n EP NA
Hit rate 5 100% 60.42%
10 98.61% 78.47%
152 90.62% 72.92%
20° 75% 100%
Error 5 0 0.0297
10 3.15x1077 1.20x 1073
152 0.0129 5.60 x 10~4
20° 3.99x 104 0
Time 5 <1 <1
10 1098.82 <1
152 6733.62 <1
20° 3483.33 <1

2 Instances with K=4 were not solvable by EP.
b Instances with K=3 and 4 were not solvable by EP.

Table 7
Summary of performance measures when n=15.

Measure K EP NA
Hit rate 2 100% 85.42%
3 81.25% 60.42%
Error 2 0 1.02x 1073
3 0.0259 1.06 x 1074
Time 2 27.23 <1
3 10,800 <1

terminated after reaching the time limit. As a consequence, the
solution quality of EP deteriorated. We note that the effect of K on
the performance of EP shows a similar pattern, but the effect of
| is not significant (this observation is based on summaries of
the computation results in terms of K and [, which are not
shown here).

In the experiment, EP failed to run when n=15, K=4 and n=20,
K=3 and 4 due to insufficient memory. Though it could run to solve
the test instances with n=20 and K=2, it did not stop within 8 h
CPU time for 25% of them. The above observations validated our
remark on Algorithm 1 made at the beginning of the previous
section. Since the set B(x) at some point x is in the order of K", to
store and evaluate the critical points in the set S makes EP very
demanding with respect to the system memory and CPU time. We
therefore conclude that EP is generally not appropriate for instances
where K" is greater than 2 x 10 or n is greater than 20.

NA performed well even for medium-sized instances. Com-
pared to EP, the solution quality of NA improved in general as the
problem size increased. Table 7 shows that the Error measure of
NA dropped rapidly and that NA and EP became comparable in
terms of solution quality as n reached 15. In addition, NA solved
all the test instances within 1 s. The experiment suggested that EP
became less efficient when K">3!>=143x 10”. Note that
neither the time complexity nor the space complexity of NA is
dependent of K". Therefore, we recommend the normal approx-
imation method for solving the problem (P) with linear coverage
decay functions if the number of nodes n is 15 or above or if K"
reaches the magnitude of 1 x 10”. The exact solution approach is
recommended for solving smaller instances.
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